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FE0:M the AUTHOE'H peeface to the thied 
EDITIOH. 

Hl^merous additions hare been made to Section IX.. which 
treats of multiply connected surfaces. If Eieinann’s fuiida- 
nieiital proposition on these surfaces be enunciated in such 
a form that merely simply connected pieces are formed by 
both modes of resolution, — as is ordinarily, and was also in 
§ 49, the case, — then it must be supplemented for further 
apx)lieations. Such supxoleinentary matter was given in § 52 
in the classification of surfaces, and in § 53, Y. But if we 
express the fundamental proxiosition in the form in which 
Eiemann origiiULlly established it, in which merely sinphy 
connected pieces are formed by only one mode of resolution, 
while the X)iece3 resulting from the other mode of resolution 
may or may not be simpily connected, then all difliculties are 
obviated, and the conclusions follow^ immediately wuthout 
requiring further exx)edients. 

This was shown in a sux)plementaiy note at the end of 
the book. 



AUTHOR^S PEEEACE TO THE EOUETH EDITIOX. 


In the present new edition only slight changes are made^ 
consisting of brief additions, more numerous examples, differ- 
ent modes of expression, and the like. 

In reference to the above extract from the preface of the 
preceding edition, I have asked myself the question, whether 
I should not from the beginning adopt the original Eiemann 
enunciation of the fundamental proposition instead of that 
which is given in § 49. Nevertheless, I have finally adhered 
to the previous arrangement, because I think that in this way 
the difference between the two enunciations is made more 
prominent, and the advantages of the Eiemann enunciation 
are more distinctly emphasized. 

H. DEEEGE. 

Prague, April, 1893. 
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ELEMEXTS 


OF THE 

THEORY OF FUXCTIOXS OF A 
COMPLEX YARIABLE. 


IXTRODUCTIOX. 

"Po follow tlio gradual doivelopnient of the theory of imagi- 
iiary fju;uititi(^s is (^s])ecially interesting, for the reason that 
w(‘- (‘0,11 (‘,l(‘ai‘ly i)(U'(‘,eive with what difiiculties is attended the 
introdiU'Tioii of id(ui,s, either not a,t all known before, or at 
((‘list; not siillii'ie.iitly cairrent. The times at which negative^ 
fr;u'Moiia,l and irrational qnaiitities tvere introduced into 
iiialh(‘iiuili(‘S are so far removed from ns,^ that wm can form 
IK) ad('(jua.l,e eoii('.(‘])li()n of the difiiculties tvhich the intro 
diK'tioii of those (luaiitities may liave encountered. Moreover, 
t,he luiowhalge of the nature of imaginary quantities has 
h(‘lj)('d us 1.0 a, better uiKh'rstanding of negative, fractional and 
irratloiia.l ([luiiii i( ies, a. eoiirmon bond closely uniting them all. 

Among llie oldm* niathematicians, the view almost univer- 
sally piau'ailed that, imaginary quantities were impossible. 
Ill glaiie.iiig ov(‘r the earlier matlumiatical tvritings, tve meet 
with (he sla.t,eiiient aga.iu a.nd again that the occurrence of 
i iiiagiiairy (iiiaiililies has no other significance than to prove 
the impossibility or insolubility of a problem, that these 
(pia.iii.iticm ha,ve no nuvuiing, hut may sometiines be profitably 
mil ployed, the form of the results being then merely stmiboli- 

1 
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cal. In this connection it is interesting to observi^. liio <h'- 
velopnient of Caiichrs process. Tliis great ^uatlienial icia n, 
togetiier with the ••Ihnnceps inathematicoruni,-’ (jauss, 'a1i<> 
Iiad hrst, and probably Anry early, recognized the grea.t impor- 
tance of imaginary cpiantities in all parts of nuLtheiiuii i('s, iiia\ 
he considered the joint-creator of the theory of Iniuddons o{ 
imaginary A'ariables. Yet, both in Iris AhjiRjrauud ^ l/zo/ysva 
and also in Exercises of the year 1844, ho still f()Iho\(‘(I 
entirely the Anews of the older inatheniaticians. hi one { > 1: i ( *< ' 
Ave readh ‘- Toyte equation imaginaire idest aiitia*. (dioso <im‘ 
la re'presentation syinbolique de deux equations tadna' - 

tes reelles. L'emploi des expressions inuiginairtcs, (ui per- 
mettant de remplacer deux equations par uik‘ siniha ofl’ro 
souvent le moyen de semp)lifier les calculs et d'ec- r i r( i sons i n i ( • 
forme abregee des resultats fort compliques. T(d ost. iiirinc 
le motif principal pour lerpiel on doit continuer a s(‘ s(‘rvir do 
ces expressions, qui prises a la lettre et inteiyrdtdias (hapi’d;; 
les coimentions generalement etablies, ne signilii'ut rim ot 
nont pas de sens. Le signe V— 1 irest en queh(iici soidm (pihni 
oiitih tin instrument de calcuh cpti peiit-Gtre (unplov(‘ asoc 
succes dans un grand nombre de cas pour roiidm, hca.m'oiip 
plus simples non-seulement les formules aiialytiipucs, mais 
eiicoie les inethodes a haide desquclles on ])arviiuit a h'.o 
etablir.’’ 

The.^e AAords indicate A^eiy clearly the standpoiid, ol’ ilir 
older ^ mathematicians, AAdiicli, as may he soeip wrns still main- 
tainea by some at a much later period, hi ouo only of Hi.* 
mathematical branches ha.Am imaginary quantitiics always hem 
recognized, namely, in the theory of algobrahml ('(pia.i i( >ii:; ; 
fo here it Avas far too important to considur all tla^ roofs 
together, for the imaginary state of any of the laftcr io infor 
nqu die investigations, hleyertheless, individual imui, us 
^•0 Yoivre. Beriionlli, the tAA'o Ihignano, dh\lem])(u-t and bhilur, 
seemed to turn to imaginary quantities wd.li (*sp<M-iuI 

r. ^analyse et dc Avysiqne malldmatAuc Toms III. 
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predilection, gradually discovered the distiiiguisliiiig proper- 
ties inherent in these quantities, and more and more developed 
their theory. Still, as a whole, these investigations were 
looked upon rather as scientific pastimes, as mere curiosities, 
and were held to be of value only in so far as they lent them- 
selves as aids to other investigations. And there have not 
been wanting those who opposed the employ in ent of imaginary 
quantities altogether, on account of their supposed impossi- 
bility.^ 

The opinion that imaginary quantities are impossible has 
its true origin in mistaken ideas of the nature of ]K=^.ga,tive, 
fractional and irrational quantities. Por the application of 
these mathematical ideas to geometry, mechanics, physics, 
and partially even to civic life, g>i‘G-senting itself so readily 
and so spontaneously, and in many cases no doubt even 
giving rise to some investigation of tliese quantities, it came 
to be thought that in some one of these api'ili cations should 
be found the true nature of such ideas and their ti’ue ])Osi- 
tion in tlie field of mathematics. Xow, in the case of imagi- 
nary quantities, sucVi an application did not readily present 
itself, and owing to insufiicient knowledge of the same it was 
thought that they should be relegated to the realm of impossi- 
bility and their existence be doubted. 

Put tlicrel)}' it was overlooked that pure mathematics, tlie 
science of addition, liowever important may be its applications, 
has ill itself nothing to do ivith the latter; that its ideas, once 
introduced by complete and consistent definitions, have their 
existence based upon these definitions, and tliat its ])rin(uples 
arc', (Kpudly true, wlietlier or not tluw admit of any applica- 
tions. Whether and when this or tliat principle will find an 
application cannot always he determined in advance, and the 

‘• hVus.si a-t-oii vn quel(xues geometre.s dnm rang distingue nc xi>oinl 
goTiun' ce genre do calciil, non. qauls clouta.s.seiit dc la ;justA;s,se dc son 
resultai, niais parce qu’il paraissait y avoir uiic sortc (lunconveiiance a 
employer dos cxjucssions dc ce genre qui n'onr jamais servi qu'a annon- 
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present time especially is rich enough in instanc.es in u hull 
the most important applications — even those, oi iia,., 

influeiice on the life of nations— have sprung from pru.cM.los 
at the diseoverv of which there was certainly no suggestion ol 
such results. But so firm had the belief in the impossihiiity 
of imaginary quantities gradually become that, when i.he^ hlea 
of representing them geometrically^ first arose in the mnhiie ol 
the last century, from the supposed impossibility of the same, 
was inferred conversely the impossibility of representing t hem 


geometrically." 

To i^iderstand tlie position -wliicli iinagiricary ([iiaiit it it‘s 
occupy in the held of pure inatlieniatics, and to ]‘oc()giiiz(^ that 
they are to be put upon precisely the same footing as ii(‘gat i\‘'a 
fractional and irrational quantities, we must go biudv sonu*- 
what in our considerations. 

The first mathematical ideas proceeding inriuediatniy (I'om 
the fundamental operation of mathematics, i.e., addition, ar<‘ 
those whiclp according to the present way of spc.aikiiig, aia*. 
called positive integers. 

If from addition we next pass to its opposite'^ vSuhtracl.ioii, it 
soon becomes necessary to introduce new Jiuitlumiath'a.l (-( in- 
cepts. For^ as soon as the problem arises to subtract, a, gTimti-r 
number from a less.it can no longer be solved by uuaius of 
positive integers. From the standpoint in wbicdi we (bail with 
only positive integers, we have therefore the alteriuLti vm eit len- 
to declare such a problem impossible, insoluble', atul thus to 


^Ontlie history concerning the geometrical representation of inmginary 
guaiitities, compare Hankeh T'heorie dtr co 7 nplex(')i, yd(t/i.lc'iisi/^'l(‘jrn\ 
Leipzig, 18(37. S. 81. It deserves to be noted that A hoi and da.o(d)i, in 
oppo.sitioii to the view that only a geometrical representation (oiild sociiiv 
for imaginary quantities a real existence, already made uiiliinitod iiso of 
imaginary quantities in their first investigations on elli])iic functions, :ind 
this at a time when that representation was ail hut unknown. Fully 
conscious of how essential the consideration of imaginary ([uantit.ic's wa,-, 
and how incomplete their investigations would remain without, thoin, 
the} disregaided oiitirelv the question of their pjossihility or iinpossiliil it w 
-Fonceiiex, -mieflexions sur les quantites imaginaircs, ■’ MhecU a nrn 
Taurineiisia, Tome I. p. 122. 
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put a stop to all furtliei* progress of tlie science in tliis direc- 
tion ; or, on the other hand, to render the solution of the 
pruhdeni possible by iutroducing as neu’ concepts such inatlie- 
niatic'al idcais as enable us to solve the problem. In this may 
negative quantities at first arise through subtraction as the 
difterenccs of positive integers, of mhich the subtrahends are 
greater than the minuends. Their existence and meaning 
for ])ure mathematics, then, is not based upon the opposition 
between right and left, forward and Ijachward, affinnation and 
negation, debit and credit, or upon any other of their various 
ax)pli cations, but solely upon the definitions by which they 
were introduced. 

Xovvg although the idea of impossibility is not at all con- 
tained in our conceptions of negative (luantities, it may happen 
tluit tlie occurrence of negative ciuantities indicates the impos- 
sibility or insolubility of a problem, namely, wlien the nature 
of th(' problem! Diecessarily recpiires positive (puantities for its 
solution. If, for instance, the following proldem be given: 
Si.x balls aiH! to be distributed in two urns, so that one shall 
contain eight more than the other: then the folloAving purely 
mat h(miati('.a,l problem is contained in it: to find two numbers 
of wliidi the Sinn is ecpial to six and the difference to eight. 
Now. if it 'inercly be desired that the numbers sball be mathe- 
matical conei'.pts witliout limiting them to a special kind, and 
if, ni()r('()V(‘r, tin! eoiiception of negative Cjiiantities has been 
li xod bd’onliand by defining tliem, the solubility of the purely 
matlnmiatacal problem! is (piite obv'ious — tlie positive iniiiiber 7 
and tli(', negutivc' number —1 are the cpiantities Avliich satisfy 
Iho. pi'obhmi. Xeverthcless, it is impossible to solve the 
problem oi'iginally set, for it requires that eacli of the niuii- 
bers sought shall staiul for a qiiantity, and therefore neces- 
sarily !)(' positive'. If the impossibility were not so obvious as 
ir is in this si in pile exai!i]!le. the oe'currence of the negative 
iiiniibeu - - 1 . would show comdusively the insolubility of the 
preibhmi. 

hxae'i.ly the same ('ouelitions arise hi every other inverse 
epe'iuliejii. The next inverse oiieration is divusion. If sve set 



6 


THEORY OF FUNCTIONS. 


the problem to divide a whole number by another Avliieli is 
not a factor of the first, there arises the inipossibi liiy ^ of 
solving this problem by positive or negative integer's, ddie 
progress of the science therefore again requires the possibi lit \- 
of the solution to be brought about by introdiicdng and (bbiiiing 
the quantities necessary to that end. Here these ii<‘\v coti- 
cepts are rational fractions. But here, too, the ease may (»e(nir 
that the appearance of such quantities proves the inijiossibility 
of solving a particular problem ; and again, as before*, \v lum by 
the nature of the problem it does not admit of a soliiiion in 
terms of the new concepts. Take as an example the fol lowing 
problem: A wheel in a inachine or clock work, which has lOO 
cogs and revolves once a minute, is to set directly in motion 
another wheel, so that the latter shall make 111 revolutions in a. 
minute; how many cogs must we give to tlio second \vh(‘(d b 
In this case the underlying purely matheinatic'al iii'obhon con- 
sists merely in dividing 100 by 12; ami if tlie deiijiil ion of 
fractions has once been given, the solution presents no dilli- 
culty, the result being 8^-. But the occurrence of this firnction 
proves at once the impossibility of solving the ])r()b]ein origh 
iially proposed, as the number of cogs oji tlie second -wIkuI to 
be determined must be an integer. 

The third inverse operation is the extraction of roots. 


Given 


in which denotes a positive integer: the problem to find ;i 
quantity rr satisfying this ecxuation can no longcn* be* sol vim I 
111 terms of whole numbers or rational fractions, us soon us 
a is not the nth power of such a quantity. In this cus(‘ 
therefore the necessity again arises of reiideriii- tlie, pi-,,!.!.'!,, 
soluble liv the introduction of new concepts. IN'ow, if i-ith.-i- 
o be positive, or in case a is negative, if n bo an (kI.’i iiuuiIm-,-. 
the new concepts to be introduced are irrational quantit ii-s ; 1 ,iii 
II <•' he negative, and ?( at the same time an even muiibor, ilu- 
new concepts to be introduced are imaginary fpuuititics. N on- 
It IS no more an impossibility to define these latter tl,u.n to 
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define irrational quantities, or, to go back still farther, than to 
define rational fractions and negative quantities, for in none 
of these definitions do tve meet with any inherent incon- 
sistencies. Should such occur, should properties be put in 
conibiiiation with one another which we can prove to be incon- 
sistent, then, it must be admitted, we should have actually 
to deal with an impossibility. G-auss ^ adduces as an example 
of such an impossibility a plane rectangLilar equilateral tri- 
angle. And indeed it can be proved that a plane equilateral 
triangle cannot at the same time be rectangular. Something 
impossible would therefore actually be proposed. If now, in 
fact, the occurrence of negative quantities, or of fractions, 
indicate sometimes the impossibility of particular problems, 
it is easily conceivable that such an impossibility can also 
be ])roved by means of imaginary quantities, as in the follow- 
ing examj)le : A given straiglit line two units long is to be 
divided into two such ^larts, that the rectangle formed by 
them shall have the area 4. The purely mathematical con- 
tent of this probleiii is to .find two numbers of which the sum 
equals 2 and the product 4. If uoav it be required merely 
tliat these inunbers sliall be mathematical quantities, without 
specifying the particular kind, tlien, the detinitio]! of imagi- 
na.ry quantities having once been given, the solution presents 
no difliculty. It leads to the solution of the quadratic equa- 
tion, 

of which, the roots are the imaginary quantities 
1 -r 5 and 1 — V — o. 

lUit if wc attempt to satis-fy the conditions of the 0 ]igina] 
])r()])h‘m, that the quantities sought shall represent parts of a 
straight lijie and hence be real quantities, it is impossible, 
to solve the problem, becc.ruse the greatest rectangle foinied 

^ ‘U)e]no)i.strntio .nova tlieoi’CDiaiis oinnem functioneni algebraicam 
rationa.lcm inugrain iinius vai'iabilis in factores realc-s priini vel sccmidi 
gradus rosolvi i:)Osse.'” — Inciwj. Dlss. p. 4, Aotcn 
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1)V two parts of the line 2 has the area 1, and tlierofore noiu^ 
can have the area 4; and this impossibility is iiulio.atod in 
this case bv the occurrence of imaginary quantities, hlon- 
tncla^ has chosen this very example in support of liis vi(‘\v 
that the meaning and origin of imaginary quantities are to 
be looked for altogether in the impossibility of a probbnn, 
because tkese quantities occur when a problem is given wide* 1 1 
contains an impossible or absurd condition. AYe have already 
seen that exactly the same can be affirmed of negative quanti- 
ties and fractions, and the words: ••Ainsi toutes hts fois quo 
la resolution dhm probleme conduit a de semblables (nx[)r('s- 
sions et qiie parmi les ditferentes valeurs de Innconniie il ii’y 
en a que de telles, le probleme, on pour inieux dire, co 
demande est impossible,-'* and further on, ''Le ])roblenu‘, (pii 
eonduirait a tine pareille equation, serait inq)ossil)le. ou in^, 
presenterait qirune demande absurde,-’ can be applied afniost 
literally to the two examples adduced above, in whicdi the, 
impossibility of the problem was indicated by a negalAu^, 
number and by a fraction respectively. 

It is evident from the foregoing considerations that iinagi- 
nary, irrational, rational-fractional and negative quantities, 
have all a common mode of origin, namely, by moans of 
inverse operations, in which their introdactiou is r(nd(‘rml 
necessary by the further progress of the scieiiC'O. ddny all 
have their existence based upon their dehnitions, no oiu' o{‘ 
which includes anything impossible: but it niay happen t hat, 
the occuiience of each of them proves the inipossihilitA' of 
solving a given problem, on account of tlie peculiar chaaViotor 
of the same. 

before ve take up the subject proper, some r(niarks on i Ik*, 
calf'uLinmu hy means of i3naginai'y Jiuiy !.(> 

luiitod. Here, too, we can start from qnantitk's I'cl.-Ucd t,, 
tbeiti. Every time a new concept is introduced into mathc- 
maiic.-. It IS m many respects absolutely a matter of clmice, in 
tvliat way the operations upon wliich tlie former concepts 

^ III St 017' e des Hathhnatiqiies. Tome III. p, 27. 
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depend shall be transferred to the nena Tor instance, after 
the definition of powers with positire integral exponents has 
been derived from the repeated multiplication of a quantity by 
itself, the question arises as to what is to he understood by a 
povxu' Avitli a negative exponent. In itself the answer is abso- 
lutely a matter of choice, for there is nothing A\diich compels 
us to understand by it one thing and no other. But if in tliis 
and all similar cases we had proceeded quite arbitrarily, and 
had not been guided l)y any dehnite x^ianciple, the structure of 
inathenmtics Avotikl surely have assumed a strange form, and 
the survey of it enormous difficulty. -Mathematics OAves its 
external consistency and the harmonious agreement of all its 
parts to the adherence to the principle that every time a 
ncAAdy introduced concept depends upon operations previously 
employed, the propositions holding for these operations are 
assumed to be valid still Avhen they arc appdied to the new 
concepts. This assumption, arbitrary in itself, it is permissible 
to make, as long as no inconsisteiicies result from it.^ Xow 
Avlnm this principle is adhered to, the dehnitions which have 
been discussed above are no longer arbitrary, but follow as 
necessary results of that priiici})le. In the case of poAV’crs, for 
instance, it is proved that Avhen m and 71 are tAvo positive 
intcigers, and we a,ssume that 777. > 71, then 



a" 


Xow we arliitrarily assume that this theorem remains true 
also w]\e\\ 7ii, < //■; that is, Avhcm 771 — 77 =p is a ]icgative ]nim- 
hev ] and it follows that Ave have to put 

. 1 

((.. ' = — , 

1)}' wlii(‘ii tlu' meaning of a power Avitli a negative exponent is 
now (Uhinitchy deteiniined. 

^ this is ilu' sani(.‘ nssumniion that. Avas called by lla.nkel the priiunhjb'- 
of ])(‘rmari(Mi(;e of the formal laws. Jliporie der crriTtp'lpU'.eii ZaJdan- 
1S(57, S. 11. 
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No further argument is needed to prove that the ahov.> 
principle is of the greatest importance for matlieinat:es, iu>t.- 
withstauding the fact that its assumption is by no means 
iiecessarv but arbitrary. 

We need only realize bo^u tire system of mathematio.s y^oiibl 
be constituted, were tliat principle not adhered to, in onWr t.o 
see at once tvbat distinctions we should be forced to niak(' at. 
each step, and how cumbersome w^ould become the inot.hods 
of proof. The generalizations of mathematical ]iriiu'.i pies 
brought about by the prevalence of this principle to tlu^ widi'si. 
extent explain also anotlier phenomenon in the hisi, ory o{ 
mathematics, namely, that for a long time the views in n\gar’(l 
to the meaning of divergent series differed so radiisilly. As it; 
had been the habit to accept all mathematical propositions as 
holding generally, it rerpiired some time for the conviction 
to prevail that in the development of series tin*. r(‘,snlts hold 
only under certain limiting conditions, and tliat in gcina’a.l on 
the introduction of infinity into mathematics, tln^. jirinciph^. 
stated above does not admit of as unconditional ap])li('atioiis as 
before. 

But in transferring mathematical processes to inaiginary 
quantities, the above principde admits of the fullest, a.pplica,- 
tion, and it has been conclusively proved tliat tlu'ndiy no 
inconsistencies arise. It is not our purpose lun’c to r(‘p(‘at. tin*. 
proof; it may, however, he mentioned that that princ.iphu 
although in other respects always followed, ycu-. in 1h(‘ ('as(^ 
of imaginary quantities has not always and g(m(u-ally bcmi 
accepted. As late as Eulers time mathematicians w('r(‘ not 
unanimous in regard to the meaning of the j^rodiict of i,\vo 
square roots of iiegatiTe eprantities. Euler liinnscdt ta, light,, 
conformably with the above principle and as now gviKu-ally 
accepted, that, if a and b denote two positive (piiautities, 

V— a ‘ V — = V ah ; 

he., that the product of these two imaginary quantities is 
eipial to a real quantity. But this view wars not gmierallv 
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accepted, and Emerson, an English matlieniaticiaii, taught on 
the contrary that we are forced to assume that 

V — a • V — = V— ah, 

because it would be absurd to assume that the product of two 
impossible quantities should not also be impossible ; and 
Hutton in his IMathematical Dictionary " that in his time 
the views of mathematicians were about equally divided on 
this point. 

One of the remarkable properties possessed by imaginary 
quantities, is that all can be reduced to a single one, namely, 
the V — i, for wdiich Gauss has introduced the now generally 
accepted letter By means of it, moreover, we can also 
reduce every imaginary quantity to the form 

^ + iy, 

in which x and y denote real C[uantities. A quantity of this 
form (hiuss has called a complex cjiumtityp divesting this 
tc'-rni of the general meaning in which it had sometimes been 
uscid before, and according to which it denoted any cpiantity 
('()m])Osed of heterogeneous parts, and employing the term to 
(hwigiuitc a special heterogeneous compound, in which a quan- 
tit.v consists of a real and an imaginary part connected by 
addition. 

T]\c com [lex quantities comprise also the real ones, namely, 
in tin; cas(i Avhen tke real ciuantity y has the value zero. If, 
on th(' otlu'r hand, the other real quantity be equal to zero, 
a, ml tlierel'ore be of the form 

ili(', c,()m])lcx quantity is called a pure im.cfgmciry. If, in the 
(piaidity z — x-pry, either one or both of the real quantities 

1 1 hit ton, Nnthamatical Dictionaru, 170G. 

-a’hc dr, St ])]ace in whicli this notation is employed is found, Dis- 
(j'lu'sitfoiK'.s (irLthuicticcic. Sect. \ II. Art. bb<. 

--a'lieoria rc.^idnorurn biquadraticorum,” 
tinanm^ Vol. VII. (ad. 1828-E), p. 96. 


Comment, societatis Got- 
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X and jf be variable, 2: is callecl a complex xariahle. In order 
that this shall assume the value zero^ it is necessary ior botdi 
the real quantities x and ^ to vanish simultaneoasly, ])(‘(aMise, 
it is not possible for the tv^o heterogeneous quantities, the. 
ival X and the imaginary fy, mutually to cancel each othtu-. 
Oil the other hand^ in order that the complex quantity ,2^ shatl 
become infinitely large, it suffices if only one of its two riml 
components x and ?/ become infinitely large. Liketvise, ai 1 ( itl uu* 
interruption of continuity occurs in 2: as soon as either one of 
the real quantities x and y sufi'ers such an interruption. I>ut 
as long as both x and y vary continuously, 2^ is also called a 
continuous variable complex quantity. 

Even the consideration of real variables and their fiinc-tions 
is materially facilitated and rendered most intelligible b\' tla^, 
geometrical representation of the same. In a nnudL liiglnu* 
degree is this the case with complex variables; tvc will 
fore first examine the methods of graphically re})res(uitiiig 
imaginary quantities. 


SECTIOX I. 


THP. GEOMETRICAL REPRESEAT AXIOM OF XMAGIXAK.V 
QUAXTITTES. 

1. In order to form a geometrical picture of a real varia,l)lc, 
-.ye conceive, as is well known, a point moving on a, straight 
line. ^ On this, which we may call the ,y-axis, or also tin' 
principal axis, we assume a fixed point o (the origin), nnd 
represent the value of a variable quantity by the distance 
ye of a point p on the a-axis from the origin o. At tlic sarnie 
: line attention is paid to the direction of the distance o/- start- 
nig .roni o, a positive value of « being represented bv a distaiu'e 
OJI toward one side (say, toward the riglit, if the .r-a,xis he 
sypiiosed to be horizontal), a negative value of a- by a distance 
oil loward the opposite side (toward the left). Aheii now x 
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cliaiiges its value, tlie distance op also changes, the x^oint 
2) chaiiging its x>osition on the anaxis. We can therefore say, 
either that every value of rr determines the position of a point 
p on tlie foaxis, or that it determines the length of a definite 
straight line in either of two directions exactly op^aosite to 
each other. 

A complex variable quantity z = x iy depends ux3on two 
real variables x and y, which are entirely independent of each 
other. Hence for the geometrical reqDresentation of a com^^lex 
quantity a range of one dimension, a straight line, will no 
longer suffice, but a region of tv'o dimensions, a x^lane, will be 
required for that puiqoose. The manner of variation of a com- 
plex quantity can then be represented by assuming that a x^oint 
p) of the plane is determined by a complex value 2; = a: + iy in 
such a way that its rectangular co-ordinates, in reference to 
two co-ordinate axes, assumed to be fixed in the plane, have 
the values of the real quantities x and y. In the first place, 
this method of representation includes that of real variables, 
for when once becoines real, and therefore y = 0 , the repre- 
senting ])oint p) lies on the n’-axis. Next, the co-ordinates of 
the point p) can vary independently of each other, just as the 
variables o' and y do, so that the x^oint p can change its posi- 
tion in the plane in all directions. Further, one of the two 
quantities, 0: and y, can reinain constant, ‘while only the other 
chaiig('.s its value, in Avhich case the x^oint’p tvill describe 
a liiK' [iarallel to the x- or y-axis. Finally and conversely, for 
evejy point in the ])lane the corresponding value of is fully 
d(der mined, since by the x^osition of the point p its two rec- 
tangular co-ordinates are given, and therefore also the values 
of and y. 

Instead of determining the position of the point p repre- 
s(mting the (piantity by rectangular co-ordinates and y, tve 
can av.comxhish the same by means of polar co-ordinates. For, 
by ])utting 

a; = r cos (/) and y = r sin (/>, 


we obtain 


= r (cos ch 4 - sin ch). 
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Tlie real quantity n whicli is always to be taken positively, 
and wkich is called the modulus of the complex variable 2 ;^ 
represents then the absolute length of 
the distance bp (Fig. 1), and called 
the ampUtvAe or argument of 2 ;^ the in- 
clination of that stroke to the principal 
axis. Hence we can also say that a 
complex quantity r(cos + i sin cj)) re23- 
resents a straight line in length and 
direction, namely, a straight line of 
which the length is equal to r, and which forms an angle 
with the principal axis. The quantity 



cos 4 ^ -\~ 'I' sin 

which depends upon this angle and therefore only upon the 
direction of the stroke, is usually called the direction-coefficient 
of the complex quantity 2 . 

Just as we can express by a real number any limited straight 
line, without regarding its direction and position in the plane, 
or, at most, taking into account only directions exactly oppo- 
site to each other ; so we can express by a complex quantity 
a straight line which is determined both in length and direc- 
tion, but of which the position in the plane is not important. 
Two given limited straight lines in a plane can actually differ 
completely in three particulars : in length, direction and posi- 
tion, be., the position of that point at which the line is assumed 
to begin. Vhe can, hoAvever, leave out of consideration ttvo of 
these distinguishing marks, and consider two distances as 
equal, if they have only equal lengths ; this is the case in the 
representation of distances real quantities. But in the 
representation by complex quantities, we dispense with only 
the third distinguishing mark, namely, the position, and call 
two distances equal when, and only when, they have equal 
lengths and directions. 

Since the modulus of a complex quantity determines the 
absolute length of the straight line representing that quantity, 
it is analogous to the absolute value of a negative quantity 



and serves as a measure in comparing complex quantities vitli 
one anotlier. 

2 . rrom the property of complex quantities that a combina- 
tion of two or more of them by means of mathematical operations 
always leads again to a complex quantity, it follows thap if 
given complex quantities be represented by points^ the result 
of their combination is capable of being again represented by 
a X)oint. We wall now in the following examine the first four 
algebraical operations, — addition, subtraction, multiplication 
and division, — and inquire how the points resulting from 
these operations can be found geometrically. In this the 
complex quantities, and the points representing them, will 
always be designated by the same letters; the origin, which 
represents the value zero, will be designated by o. 


1 . Addition. 


Let 


u = X iy and v = x' iy' 


be two complex quantities, and let ?/j denote their sum ; then 
ic =:u-^v={x-\- 0 :')+ i(yj -f- y'). 

The point w therefore has the co-ordinates it -j- x' and y + if. 
It follows that it is the fourth vertex of the parallelogram 

formed on the sides on and ou, or u 

that by the quantity is rep- 

resented the diagonal Tju: of this par- 
allelogram in inagnitude and 
diiaauioii (Fig. 2). Since the 
straight lines uv: and ov are 
e([iud and directly parallel, ^ ^ 
and since therefore vor is like- 
wise re])reseuted by the complex quantity v. we arrive at the 
identical point v:, it we draw from the end-point v. of the fi.rst 
line oil the second line ov in its given length and direction. 
This method of combination, or geometrical addition of straight 
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lines, lias been applied by llobiiis ^ independently of tlie con- 
sideration of imaginary quantities. Accor dinghq tlie sum u-\-v 
is the third side of a triangle, of which the two other sides are 
represented by and Since, however, in every ^ triangle 
one side is less than the sum of the two other sides, and 
the lengths of the sides are given by the moduli of the 
complex quantities, the proposition follows: the inodiilns 
of the sum of two complex quantities is less than (or equal 
to-) the sum of their moduli: 

mod (u + v) ^ mod u -h mod 

The complex quantity + vj itself appears under the 
form of a sum of the real quantity rr and the pure iiuaginaiy 
zy; since the former is represented by a point on the a>axis, 
the latter by a point on the y-axis, is in fact tlie fourtli 
vertex of the rectangle, the sides of which are formed by the 
abscissa x and the ordinate y of the point 


2. Suhtraction. 


The subtraction of the numbers represented by two points 
can easily be deduced from the addition of the same; for. 



ic=^n-rv given vy ==u ~ v, 
It follows that 

li — V -j- ?./d • 


w=u-v 


therefore the point lo' must be so 
situated that oa forms the diagonal 
of the parallelogram constructed 
on ov and ow? (Fig. 2). Conse- 
quently, we obtain to’ by drawing odd equal and directly 
parallel to the straight line he. Since, however, we pay no 
attention to the position of a straight line, but only to its 


1 Mobius, “Uber die Zusammensetzung gerader Linien,” etc. Crelle's 
Journ., Bd, 28, S. 1. 

- When the moduli of u and v are drawn in the same direction, 
mod (it H- v) = mod u -f mod v. (Translators. ) 

2 Mod (modulus of .z) is sometimes denoted hy F'. (Tr.) 
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leiigtli and direction, the difference u — v is represented by 
tlie straight line ^ in length and direction (namely, from 
V to n.). The construction shows that u falls in the middle 
of the straight line But from 


it follows that 


to 'V, lE —U~Vf 

to -{-w ' 


u = - 


therefore the point ^ forms the mid-point of the line 
joining the j3oints vj and 

If tlie point tc coincide with the origin^ i.e., if u ~ 0, then 
lo’ = — V. In this case a line is to be drawn from o equal in 
lengtli and direction to the line 'oo', hence the point — v lies 
diametrically o])posite to the point ■?;, and equally distant from 
the origin. 

Su])traction furnishes a means of referring points to another 
origin. Tor it is evident that a point is situated with refer- 



o X 

Fig. .3. 


OTic(^ to a point a exactly as z~ ais situated with reference to 
tlu; origin (Mg. 1). 

If we put then 

— a = r (cos </> -f - 1 sin 

r demotes the distance (tz, and </> the inclination of the line az 
to the piTiici[)al axis. Tlie introduction of z’ = z — a, or the 
substitution of rci -f- a for transfers therefore the origin to ct 
wdthoiit^ however_, changing the direction of the principal 


axis. 
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3. MultixMcation. 

We employ here the expression of complex quantities in 
terms of polar co-ordinates. Let 

u = r (cos -\-i sin 4>) and v = r' (cos (/>' + i sin (/>') 

be represented by two points by means of polar co-ordinates, 
and let lo be their product ; then 

w = U'V = tt' I^cos (<^ -j” H" sin (<^ -f- 

Consequently, the radius vector of iv forms Avith the principal 
axis the angle (/> + </>', and its length is equal to the product of 

the numbers r and r', A\diich 
denote the lengths of the radii 
vectors of ic and r. Lroni this 
it follows that the position of 
the point w, or ic • v, depends 
essentially upon the straight 
line chosen as the unit of 
length, Avhile the positions of 
u -f- ‘V and u — v are indexjen- 
dent of this unit. This is 
quite in accordance with the 
nature of things, for if in u 
and V the unit of length be 
increased in the ratio of 1 to p, 
p denoting a real number, the 
radii Amctors of u + v and u — v are increased in the same ratio ; 
the radius vector of how'ever, is increased in the ratio 
of 1 to p“. Let ns assume then on the positwe side of the 
prijicipal axis a i^oint 1, so situated that ol is equal to the 
assumed unit of length (Fig. 4). Since then from the equation 

010 — r-F 

AAm obtain the proportion 1 : r = F : oto, 
or 0 1 : Oil = 00 : OV' 


w 
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the position of the point ic is to be constructed by making the 
triangles vo^v and 1 ou directly similar. Instead of thiS; we 
could, of course, also make the triangles uoiv and 1 ov directly 
similar, which analytically is manifested by the fact that in 
the product u-v the factors are commutative. From the 
equation 

IV = u-v 

we can deduce another proportion, namely, 

1 : u = ; 

hence the straight lines o 1, ou, ov, oiv are proportional to one 
another, even if their directions be considered. In connection 
with the preceding, however, it follows that, when straight 
lines are compared with one another, not only with regard to 
length but also with regard to direction, two pairs of such 
lines are proportional, when, and only wFen, they not only are 
proportional in length but also in pairs include equal angles ; 
or, in other words, when they are the corresponding sides of 
directly similar triangles- Xow, if we take this requirement 
into consideration, the last of the above stated propositions 
serves to liricl in the simplest manner which triangles have to 
be made similar to each other ; for, from the proportion 1 : u 
— V : tc, it follows by the insertion of the point o that the 
triangles lou and voio must be similar. 

If ill the product U‘V one of the two factors, say v, be real, 
and if in this case wc denote it by a, then the point representing 
a lies on the principal axis ; hence it follows from the above 
stated construction that the point representing a-u lies on the 
line he, ami at such a distance from o that its radius vector is 
a times the radius vector of u. 

(h.msespieiitly, the geometrical meaning of multiplication is 
the Following : if a quantity u be multiplied by a real quantity 
a, the radius vector of ic is merely increased in the ratio of 
1 to (c\ but if u be multiplied by a complex quantity v, the 
radius vector of ii is not only increased in the ratio of 1 to 
mod v;, but it is also turned through the angle of inclination of 
a in the direction in Avhich the arguments increase. 
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4. Division. 

This operation follows immediately from the preceding 
results. Tor if 

iC ^ 

V 

we obtain therefrom the proportion 

to’ :lz=u:v; 

and hence we have to make the triangles iv'ol and icov directly 
similar (Fig. 4). The geometrical performance of the division 
of u by V therefore consists in changing the radius vector of u 
in the ratio of mod v to 1 and, at the same time, in turning it 
through the angle of inclination of v in the direction in which 
the arguments decrease. 

We will now apply the foregoing considerations to two 
problems which will be of use to us later. 

First: Let 2 , ; 2 'and a be three given quantities, therefore also 
three given points ; we are so to determine a fourth point lu that 

(Fig. 5). 

z — a 

If we put z^—z=u and z — a—v, 
^ we first find the points repre- 
senting ii and V by drawing ou 
equal and parallel to 2 ^^', and ov 
equal and parallel to az. Wo 

^ , then have vj = or : 1 —n: v ; 

Fig. 5, F ’ 

hence we obtain ?/j by making the Aicol similar to A v/o/c 
From this we can also now deduce for the quantity v) a.ii 
expression which is derived from the sides 2 : 2 ;' and (7z and 
the angle azz' of the triangle azF. For, if this angle be denotcul 
by then 

Z 1 ov: — Z vou = ISO""— a, 

moreover, ^ = ~ = 

ov az 
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therefore the modulus of tv is equal to and the direction- 
al 

coefficient to (— cos a + i sin a), and we have 

tr = — (— cos 06-1-1 sin oc). 
az 

In the special case when az is perpendicular to i?, a = 90 °, 
and we obtain 



az 


Second : In what relation stand two groups, of three points 
each, 2;, z'j z" and lo, ir', iv", if between them the equation 

2 :' — 2 _ iv' — IV 
z" ~ z ic" — w 

hold (Fig. 6 ) ? We have immediately the proportion 

z' — z : z" — z = to' — IV : to" — to, 

and since the differences denote the differences of correspond- 
ing points in length and direction, 
it follows directly that the trian- 
gles z'zz" and iv'iviv" are directly 
similar. 

We liere interrupt these con- 
siderations, passing over the con- 
struction of })ower 3 , as not neces- 
sary i'or our [)urposes. It may, 
however, \)(\ noted that in the case ot real integral exponents 
the ('onstrucguon follows directly from the repeated appli- 
cation of multiplication.^ One other remark may not be out 
of plum*, luna*. If we have an analytical relation between 
any (pia.ntities and carry out the analytical operations on both 

^ For powers of any kind we refer to the article: “Ueber die geome- 
trische J)ar.st(dlung der Werthe ciner Potenz mit complexer Basis und 
coirnplexein lexpononten.” (Sclilomilch’s Zrutschrift filr MatkematiJc 
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sides of the equation geometrically, we arrive at the same 
point by two different methods of construction. Hence, every 
analytical equation contains at the same time also a geometri- 
cal ^^foposition. Thus, for example, it may readily be seen 
that the identity 

"T"” ^ 2 

furnishes the proposition that the diagonals of a parallelogram 
bisect each other.^ By means of a geometrical construction 
we can also, among other things, render the difference between 
a convergent and a divergent series quite evident. As is ivell 
known, the geometrical progression 


has for its sum the value 


1 

l-z 


, only when mod 2: < 1 . 


If Ave 


now assume an arbitrary point 2; and construct in the manner 
given above the points 1 , 1 + 2^, 1 + 2: -f r, 1 -j- 2^ 2:“ -|- rd, (dx*., 

and if we join these points successively by straight lines, xvo 
obtain a broken spiral. If then the point 2: be so situated that 
mod 2 < 1 , i.e., c)2<ol, the points of the spiral approach, on 
windings which become more and more contracted, that ])()int 


which can also be obtained by the construction of 



But 


if mod 2: ^ 1 , the windings of the spiral become steadily wid(U', 
and an approximation to a fixed point does not occiu*. 


3. The manner of representing geometrically C()m])lc.x valiu^u 
by points in a plane already discussed, also gives us a. cl(!a-r 
picture of a complex continuous variable. For, if w(‘. imagiiK^, 
a series of continuous, successive values of 2 = re -f b/, and 
therefore also a series of continuous successive vahu'S of and 
y (paired), and if we represent each value of 2 by a point, tlu\se 

1 "W e refer those who wish to follow out still further the line of thought 
connected with this to the remarkahle article by Siebeck: Uebor die 
graphische Darstellung imaginarer Funktionen.” (Crdla's Journ., Bd. 
55, p. 221.) 
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points Avill likewise form a coiitiimoiTs succession^ le., in tkeir 
totality a line. lienee, if tlie variable cliange continuously, 
tlie point representing describes a continuous line. Since in 
tliis process tlie real variables a; and y can eacli vary quite inde- 
pendently of tie other, the point representing 2 ; can also describe 
an arbitrary line. It deserves to be especially mentioned here 
that for the continuity of the variation of it is not at all 
necessary for the line described by the correst)onding point 
to be a curve proceeding according to one and the same niatlie- 
inatical law, i.e., for the quite arbitrary relation in which x and 
y must stand to each other in every position of the point to 
be always expressible by the same equation (or, indeed, by any 
equation whatever). In order that the variation of 2 : may be 
continuous, it is necessary only for the line to form a continu- 
ous trace. A few examples may ^ ^ 

make tliis clear. SupjDOse the 
variable 2 : begins its variation 
with the value z=0, and, after 
passing through a series of 
values, acquires a real X)Ositive 
value a, which may be represented by the point a (Fig. 7) 
on the .r-axis, the distance oa being equal to a. Xow the vari- 
able (to express ourselves more briefly, instead of saying, the 
movable point which represents the corresponding value of the 
varia,ble z) can pass from o to a on veiy different paths. Firstly, 
it may assume bet\veen 0 and a only real values, in Avhich case 
y remains constantly = 0 and x increases from 0 to a. The 
variable describes the straight line oa. Secondly, let the vari- 
able move along the broken line oBCa formed of three sides of 
a rectangle in Avhich oB — h. In this case .u is constantly = 0 
from 0 to B, and y increases from 0 to h, so that at B, z—ih\ 
then let y maintain the acquired value h, and e; increase from 0 
to a, so that at C, z assumes the value a + ih ; finally, from C 
to a, let remain constantly — a and y decrease from h to 0. 
Thirdly, the variable 2 ; may first move on the principal axis 
from o to I- a, and then run along a semicircle described round 
the point -| a as centre with a radius a. This example illus- 
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trates at the same time the transference of the origin. On 
account of the circular motion round the point f a, the course 
of the real variable becomes much simpler, if we put 

— = r (cos + 2 sin (/>). 

The radii vectors are then measured from the point fa. hTow 
at the origin z=0 ; therefore -f a, and consequently r=f a 
and = TT. On the way from o to 4 a, <#> remains constantly 
= 7 r, and r decreases from | a to a, so that at the beginning 
of the circle z' — ~^a, and therefore z = ^a. blow in describ- 
ing the circle, r remains constantly = \a and (/> decreases from 
TrtoO, so that at a, and therefore z=a. We have 

here assumed, as we shall always do in the future, that 
the angle of inclination of a complex quantity increases 
from the direction of the positive n-axis toward the x^ositive 
2 /-axis, and we shall call this way of moving the direction of 
increasing angles. From these examples it can be seen that 
a very essential difference exists between a variable quantity, 
which is allowed to assume only real values and one wdiicli 
may assume also imaginary values. While by means of two 
definite values of a real variable, the intermediate series of 
values, which the variable must assume in order to x)ass from 
the first to the second, is conqffetely determined, this is by 
no means the case with a complex variable ; indeed, there are 
infinitely many series of continuous values, wdiieh lead i’rom 
one given value of a conqfiex variable to another definite val iue 
Geometrically expressed, it may be thus stated: a real variable 
can proceed only by a single path, from one point to anoi.iu'.r, 
namely, on the intermediate pjortion of the priiicix)al axis. 
On the contrary, a complex variable, even when the initial a, ml 
final values are real, can leave the yirincipal axis and x)ass troin 
the one point to the other on an infinite number of limes or 
paths. If the initial and final values, one or both, be coniplc^.x, 
the same, of course, holds; and the variable can take arbitrary 
paths in passing from the one point to the other. 
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SECTION 11. 

FUXCTIO^^S OF A COIMPLEX TARIABLE IN GENERAL. 

4 . In passing next to the consideration of functions of a com- 
plex variable, we begin wuth the elementary idea of a function 
of a variable quantity, by which is understood any expression 
formed by the mathematical operations to which the variable 
is subject; but we shall have to amplify this idea later. In 
former times, the words “ function of a quantity ’’ signified 
merely what is at present called a power. It is only since the 
time of John Bernoulli that this term has been applied in its 
extended meaning, signifying not only the raising to a power, 
but all kinds of mathematical operations, or any combination 
of the latter. In more recent times, however, it has become 
necessary to enlarge still further the concept of a function, 
and to dispense with the necessity of the existence of a math- 
ematical expression for it. For if one variable be expressed 
in terms of another, so that the former is a function of the 
latter, the essential feature of the connection between the two 
ap]')ears in the fact that for every value of the one there is a 
corresponding value (or several corresponding values) of the 
other. Now it is this correspondence of the values of the func- 
tion on the one hand, and of the independent variable on the 
other, wliich we especially keep in viewa It is also this wdiich 
is made prominent wherever we recognize the dependence of 
one quantity upon another, without being able to state the law 
of this dependence in the form of a mathematical expression. 
To take a familiar example, we know completely the depend- 
ence of the expansion of tbe saturated vapor of water upon 
its temperature in such a way that, after the observations made 
and tables constructed from them, we can determine, within 
certain limits, the expansion of the vapor for every value of 
its temperature. But we do not possess a formula derived 
from theory, by means of Avhich we could calculate the expan- 
sion for a given temperature. Notwithstanding, however, the 
lack of such a mathematical expression, we are still justified 
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in considering the expansion as a function of the temperature, 
because to each value of the latter a definite value of the 
former appertains. The case is the same with algebraic func- 
tions in the general sense, i.e., with functions which arise by 
connecting one variable with another by means of an algebraic 
equation. As is well known, equations of higher degrees can- 
not in general be solved, and therefore one variable cannot be 
expressed in terms of the other. But since we know that to 
every value of the latter corresponds a definite number of values 
of the former, we may consider the former as a function of 
the latter. Besides, functions, whether they admit of being 
expressed mathematically or not, possess some characteristic 
properties, usually very small in number, by which they can 
be determined completely, or at least except as to a con- 
stant factor or an additive constant. Hence we can replace 
the expression of the function by its characteristic properties. 

If now we suppose that, within a certain interval of the 
values of the independent variable, a function is determined 
only by giving or arbitrarily assuming the value of the latter 
which corresponds to each value of the former, yet in such 
a way that, in general, to continuous changes of the variable 
correspond also continuous variations of the function, then a 
distinction occurs, according as only real values are assigned 
to the variable in the given interval, or complex values are also 
included in the sphere of our discussion. In the fonner case 
— the variable assuming only real values — we can, indeed, 
assume quite arbitrarily the values of the function wliich are 
to be attached to those of the variable, and let the one set 
correspond to the other conformably with continuity. In tliis 
case ^\e can always find for the function an analvtical ex])res- 
sion which shall represent its values within the interval in 
question ; for, if not in any other way, this is always possible', 
by means of the series which proceed according to the sine or 
cosine of the multiples of an arc. As is well known, this is 
possible even when the function in isolated places suffers an 
niterruption of its continuity. But when complex values enter 
into the discussion, we are no longer at liberty to choose arbi- 
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trarily a series of continuous comx^lex values^ and consider 
tliein as the values of a function belonging to a continuous 
series of values of a complex variable. We shall consider this 
point more fully later. In the meantime we vdsh only to call 
attention to the fact that, even when in a complex variable 
lu = u 4- iv, the quantities u and v are functions of the real 
constituents x and y of the variable z = x -\- yet tv on that 
account need not be a function of z. We shall first discuss this 
condition somewhat more fully in the following paragraph. 

5 : Let us first assume that we have under discussion an 
expression representing a function of a complex variable 
z = x + iy ; then this can be reduced again to the form of a 
comx)lex quantity, i.e.j to the form 

v: = IV, 

wherein u and v denote real functions of a; and y. But now 
every expression of the latter form is not, conversely, at the 
same time also a function of 2: ; for, that this may be so, it is 
necessary for the real variables x and y to occur in xi 4- w, 
oidy in tlie definite combination x 4- iy. It is evident that 
•we can easily form functions of x and y in which this is not 
tlie case, as, for instance, oj — iy, xv 4- xf, 2 x + iy. These 
are, it is true, functions of x and y, but not of a' 4- iy ; they 
are complex functions, but not fimctions of a comjolex variable, 
— concepts, which must therefore be well distinguished. Thus 
the problem arises to inquire what conditions must be satisfied 
by a given expression v: — n I- iv, in which xi and v signify real 
functions of u’ and y, in order that the expression may be a 
function oi z — x d- iy. To find these conditions, we differ- 
entiate v: partially as to ^ and y ; then, if lo shall in the first 
place be a function of we have 

ho __ clic & 
dz ^x 

Sic __ die 8 z 

8 y dz 8 y^ 
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or, since 
tlie follomng 


^-1 ^=j 

8 * ’ hj ’ 

ho __ die Sio __ ^ dio 
8x dz ’ hj dz 


Hence we obtain, as the necessary condition that w shall be a 
function of a:, the equation 

ho __ . ho 
hy 8x 

Conversely, it can easily be proved that this condition is suffi- 
cient, i.e., that a function to of a; and y, which satisfies this 
equation, will always be a function of 2:. For, if in the com- 
plete differential 

7 8^0 -f I 8 to 7 

dto = — dx -j- — dy, 

8x 8y 

we substitute i ^ for 

8 a; 8y 


we obtain 


dio = — (dx -f idy) = — dz. 


' If, however, by means of z = x + ly, the variable x be elimi- 
nated from the function to before differentiation, and if the 
partial derivatives as to y and derived after the elimination, 
be distinguished from the former by parentheses, we have 

*'"■ (!)"»+ (I)*- 

by subtracting this expression for dto from the former, we get 


(8x \8zj) " \8y 


dy. 


But since dy and dz are entirely independent of each other, 
separately must 


_ 0 /82c\ __ 8io 

hj ) ' \8zJ 8x 


From the first of these equations it follows that to, after the 
elimination of x, no longer contains y, but is a function of z 
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only. Then ) and — have the same meaning, and there- 

\hzj 

fore the second equation gives ^ , the same result as 

dz So; 

before. Therefore the above relation 


( 1 ) 


_ . hiv 
Sx 


is the necessary and sufficient condition to ensure the stated 
functionality of vj. From this also follow the equations of 
condition for the real parts u and v. If u + iv be substituted 
for iVy we obtain 




. . f Sic , . Sv 




8^7 


and then by equating real and imaginary parts, 


Su Sv 

Sx Sy Sy Sx 


Finally, we can establish for each of these functions a single 
equation of condition. For, differentiating each of the above 
equations partially as to x and y, and eliminating v and u in 
turn, we obtain 


( 3 ) 


S~ii , She 
Sx^ Sy~ 


0 and ^ + 


8r 


0 , 


so that neither of the functions ic and v is arbitrary, but each 
one must satisfy the same partial differential equation. As 
is well known, partial differential equations do not characterize 
particular functions but general classes of functions. Thus the 
function iv of the complex variable z = x ly is given by equa- 
tion (1), and the real constituent parts of such a function by 
(2) and (3). 


6 . If we still hold to the supposition that the function uj is 
given by an expression, an important inference can be drawn 
from equation (2). To the increment dz of z corresponds the 
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increment — dz of iv. Bv introducing the quantities u, v and 
dz “ 

X, V into the derived function — ^ we obtain 
' ^ dz 


dw 

dz 


du + idv 


Su 7 , Su j , ./8v j , 8v 7 


dx -f- idy dx + idy 

But now^ when the variable 2 : is represented by a point in 
the a;y-plane, this point can move in any arbitrary direction^ 

dz — dx -|- idy 


and the differential 


represents the infinitely small straight line which indicates 
the change of x^lace of in magnitude and direction. This 
infinitely small straight line can therefore be drawn from 2 ; in 
any arbitrary direction. Xow, however^ the 2 :)receding expres- 
sion for — shoAvs that it is not independent of dz, but changes 
dz ^ 

its value Avith the direction of dz. To make it still clearer, let 

us introduce the differential coefficient Avhich indicates the 

dx 

direction of dz, into the expression for — . DiAuding numera- 

dz 

tor and denominator by dx, Ave obtain 

^ 8u dy . f 8v 8v dy\ 
dw _ 8x 8y dx ySir 8y dx ) (^0 

dz 1-ui^ 

dx 

from which it folloAvs that in fact, changes its value Avith 
dv 

that of -n, when no relation exists betAveen the four differential 

coefficients But if aa^c take the equations (2) 

into consideration and by means of them eliminate, sav 
and g, we obtain 
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thTis — becomes independent of ^ and lienee also of dz. If 
dz d;X 

therefore id he a function of the comrpleo: variahle z = x -p iy^ the 
dvj 

derivative — is independent of dz cmd has the same vedue in 
dz 

ichatever direction the infinitely small movement may take place. 
If Ave call tlie different paths ivliich the variable may take 
the modes of variation, ive can say that the derivative is inde- 
pendent of the mode of imriation of the variable ;i;. In the 
case of a function of a real imriable, the change of the variable 
itself does not make any essential difference, because this 
change can only consist of an increase or decrease of the 
variable. In the case of functions of a complex variable, hoAv- 
ever, the different Avays in AAdiich the Amriable can change play 
an important part, and hence the proposition just established, 
that the derivative of a function of a complex variable is 
independent of the mode of variation of the Amriable, is of 

great importance. And it is only AAdien ^ is completely 

independent, ?‘.c., both of the length and of the direction of this 
infinitely small straight line, that the idea of the derived 
function becomes as definite as it is in the case of real 
variables. 

Until noAV Ave haA^e been assuming that the function w is 
gUen by a mathematical expression in terms of ;2. If Ave noAv 
give up this assumption, Ave must, in order tliat the dei'ivative 
of the function ic may ha.A'e a dehnite meaning, still add the 
requirement that it be independent of the differential dz. 

The fuliilment of this requirement, hoAvever, is sufficient to 
characterize ic as a function of x -{- iy. for from it folloAv again 
our former conditions (1), (2) and (3). If the expression (4) for 

---is to be independent of dz. or AA'liat is the same thing, of - 
dz ' dxi 

the equation resulting from it, 

dz Sx Sx V dz hj hj ) dx ’ 
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must be satisfied for every value of Therefore, we obtain 

clw _ 8u ^ So _ Sio 
dz Sx Sx Sx 


. dw __ Su , -So _ Siv 
^ dz &y * Sy By’ 


or^ as above. 


Sio _ . Sw 
Sy Sx 


In accordance this, Kieniann ^ bas defined a function of 
a complex quantity in the following way : A variable covir 
plex quantity vj is called a function of another varictble complex 
quantity z, if it so change icith the latter that the value of the 

derivative ^ is indeqmident of the vcdue of the differential dz^ 

Or, as it is expressed in another place If lu change ivitli 

X d- iy in conformity to the equation — = 

Sy Stc 

It can also be easily proved that, if lo be a function of 2 ;, the 


derivative — must likewise be a function of z. 
dz 

equations 



die 

_ Sio 

_ 1 Sio 


dz 


i Sy 

follow 

-( 

GVuff 

__ 1 Sho 


8a: l 

X'G 

i SxSy 

and 


Olv:\ 



By\ 

pz) 

~S^/' 


Foij from the 


consequently 
and therefore 


Sy[dzJ 'Sx[dz/ 

— also satisfies equation (1). 


^ Gnindlagen filr eine aUgemeine Theorie der Funktionen einer verdn- 
derlichen complexen Grdsse. S. 2. 

- - AUgemeine Voraussetzungen,” etc., Crelle's Journ., Bd. o4, S. 101. 
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Frirther, if lo be a function of ^ + iy^ and if 2 : be a func- 

tion of C = ^ + tlien v: is also a function of Fot, as 
above;, p. 28, 

diu = — (dx -b idy) — —dz. 

8a; ^ 8a; ' 


and similarly dz — ^ (clt + idrj), 
consequently dio ^ + '^^v) *? 

tlius tlie partial differential coefdcients of to as to ^ and jj are 

Svj Svj __ ^ Siv Sz 

877 “^8a; 8/ 


lunace 


8iv _ . 8iv ^ 


and therefore iv is also a function of i + irj. 


7 , The condition just established possesses a definite geo- 
nuitrical meaning, which remains to be discussed. 

If, as above, 

z = q: iy and v: = u + iv, 

X and y are the rectangular co-ordinates of a point in the 
2 ;-|)lane, and u andr tlie rectangular co-ordinates of a point in 
t/lic; same or in a.n other plane. If, now, to be a function of z, 
th(; •])osition of the point lo depends upon the position of the 
point 2 , and if 2 ; describe a curve, v: 

(l(‘sc;rib(‘S a curve depending upon 
the; latter; in sliort, if v: be a defi- 
nite; function of 2 ^, tlie entire system 
consisting of the points ic is in a 
(UdiniUi dependence upon the sys- 
tniu formed by the ])oints 2 ;. Eie- 
nuinn calls then the system of the 
])oiiits V' the coyifoTTiuil TGpTG^CTitcUioyi of the svstem of the 
points In accordance tvith the above condition, the two 
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figure-systems stand in a quite definite relation to each, otlier^ 
which always holds when ic- is a function of 2^. 

Let z' and z" (Fig. 6) be two points infinitely near to a third 
point 0, and let the infinitely small strokes joining them and 
running in different directions be 

^ = dz', zz" — dz". 

Further^ let the points which correspond to the points 2;^ z’, z" 
be lu, lo', lo”, and let the infinitely small strokes joining the 
latter be 

loiv' — dio'y wW' = 

If, now, — is to have the same value for every direction of dz, 
dz 

then dip' _ dvj" div' __ dz' 


But the differentials can now be replaced by the differences of 
the infinitely near points ; that is, 

dz^ — z' —z, dip' = ip' — iPj 

dz" = z" — z, dip" = zp” — w, 

and we have 

IP' — IP __z' — z ^ 
ip" — ip z" — z^ 

therefore, by §2, the triangles z'zz" and zp'ipip" are similar to 
each other; i,e., the angles 2:'2;2^" and w’wio" are equal to eacli, 
other, and the included sides are proportional. But since this 
must hold for any pair of corresponding points ^ and ip, the 
figure described by the point ip is in its mfinitesimcd (demeids 
similar to that described by the point 2;, and two intersecting 
curves in the zr-plane form with each other the same angle a's 
that formed by the corresponding curves in the 2;-plane. In 

this connection it must be noticed that ~ is supposed to be 


1 We note that, even if ^ be independent of dz, yet dip, which = — 

dz 

in general changes its direction and magnitude with dz. 


dz, 
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zero nor We sliall see later tliat these cases 

an‘- {‘K(*(‘i)tions.^ Sii'heck terms the dependence of the system 
in upon t,lu‘ system rj roiiformatloii ; and on account of the 
])rop(‘rtv t.luit any t-wo pa,irs of corresponding curves include 
e<pial angles, isotjofuU (‘.onforniatioaC^ The simplest isogonal 
(*oiiroriiia.t ions are. .sv'/a/Vo./aV// and circAdar coyiformation^ (intro- 
duced into geoiiKd.ry l)y McUhus). In the former^ w = az A~ y 

in t,h(‘ latter, /e .. \vh(‘,r(*.in a, h, c, d denote constants, 

e;; -p d, 

(JoKi/icariffi and Affindij a.r(‘. not isogonal conformations; these 
do not admit of hi'ing repr(‘,sented by functional relations 
betav(‘en tavo complex variables. 

d'he simple fimction 


may serv«‘ a.s an example. 


\V(‘ ol)t 

ain 

h(‘re. 

/r 

. ... / -1- 

2 /.(;//, 


and hiaiet 



i/ 

• a-*- • /n 

V = 2 xi/, 





Sf/ 

. .bhr, 








h.r. 





(V' 

// 

2 u:, 





<v/ 

- .'O 



wldadi \( 

rifv 

tho o 

(plat ions of c.ondition (2). 
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scrdie, I'or in 

:t a llf'O. 
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//axis, so 

Jud. .r = 0; 

tlicn 2 : = '/?/ and 

fr //’ 

lo- 

nee /r i 

le:;e 

rilu‘S t.h(‘ m 

*gativ(‘ pa,rt 

of tlu^ ])rincipal 

a.xi:’- and 

on 1; 

, thi.n 

:.o that, wlnm ; 

go(‘S from 

(1 through 0 to 

/i, //' lu<e-. 

r.; f 

I’om o' 

to 

n, and (.lam 

ba.('k aga.in 

to //; a' and b' 

coincide 

h* 

Jl lA) l. 

a:;; 

limed (api: 

1 1.0 (j/i (hig 

. S). Let fur- 

t iu-r t 

'I’i! )' 

• a. cire 

1«* w 

iih ra,dins 

r round tlie origin, so that 

V In n 





A sin c/>), 






/'(eos</) {• 


r rciiiain 

; (’on.danl 

til 

•n 






/r 

r ( oos 2 </> 

■4-/siii2<#>), 



1 i'l. 10. ^ ^ , 

•' Kii*.v.]i ;»! -•) ;t i c.iiijniHrl <>r nrf.hnniorjihfc- f-ninsjorniation. (tr.) 
- ( ';dl* <l ;!i c/Z/’/o er or Innnnijraphic invisforniation. (Tr.) 
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tu also describes a circle round the origin with radius r^. 
siiice the angle 2 of the ic-plane corresponds to the 
3 of the ;2-23lane^ ic describes its circle twice as rapidly 
For instance^ if describe a semicircle from a to b in 
direction of increasing angles, 'iv describes a complete 
3 from Y to the point h' (which coincides with a'). But 
ingles, which the straight line and the circle form with 



Fig. S. 


other in and in lo, are both right angles. If we let 2 
•ibe a straight line cd passing through the point 1 and 
lei to the y-axis, iv will describe a parabola. This result 
)e easily obtained, — since in this case x is constant and 
L to 1, — by substituting the value of a; in the equations 
r — y- and v — 2 xy and eliminating y ; thereby we obtain 
iquation = 4(1 — u) between the co-ordinates u and v 
.e point ic, which shows that the locus of to is a parabola, 
its vertex at 1, its focus at o, and of which the param- 
the ordinate at the focus, is 2. By examining the 
mts at the points of intersection c' and d', Avhich cor- 
nd to c and d, it is easily verified that the parabola 
the circle in the ?u-plane under the same angle as the 
^lit line cd cuts the circle in the ;^-plane. But liiially, 
der to illustrate an exception by an example, let de- 
^ the principal axis: then remains real, hence tc is posi- 
Liid therefore describes the positive part of the principal 
But the latter forms with the negative part of the 
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principal axis, ■\vliieli corresponds to tlie 2 /-axis in tire ^-plane, 
an angle of 1S0°, while the a- and ?/-axis in tlie ;^-plane form an 
angle of 90°. Therefore, in the vicinity of the origin the 
similarity of infinitesimal elements does not occnr, and, in 

fact, at this point the derivative ~ 2 z becomes zero. 

dz 


SEGTIOX III. 

MULTIFORM FUXCTIOXS. 

8 . The introduction of complex variables also throws a 
clear light on the nature of midtiforra (^niany-v edited) functions. 
For, since a complex variable may describe very different 
])aths in passing from an initial point tu another point 
th(^ (|ii(‘,stion naturally suggests itself, whether the path de- 
sc.ribt'd cannot affect the value ?./;, which a function, starting 
wit.li a. (hfinihi value ?/'(, corresponding to acquires at the 
t(‘rininal point ; we have to inquire whether the curves 
(Icscrilx'd. by ?/', starting from ?';o, which correspond to those 
(h‘sc.ril)(‘(l l)ei,w(Hni and must always end in the same 
point, //'i, or wlnf.lnn’ they cannot also end in different points. 
Now, in tli(‘- iirst phuug it is clear that, in the case of uniform 
(ojK^-roliK^d) riinctions, the final value il\ must be independent 
of t,li(‘. ptiih tak(m : lor, otherwise, the function wmuld be capa- 
bl(‘ of a.ssnniing s('vera,f values for one and the same value of 
r;, wliicli is nol possible with uuiforni functions. This reason, 
h()W(‘V(*r, d()('s not apply in the case of multiform functions. 
Snell a, Ifincf.ioii Ims, in fact, several values for the same value 
of and lunci'. the possibility, that different paths may also 
baid to diff(M*(nt ])oints or to different values of the function, 
is not m\elud(‘.(l at the outset. Lot the variable ^ in ?./j— 
for insia.nc(‘, pass from f to 4 by different paths, and let the 
func.t.ion in si.a.ri. with ■//; = + 1 corresponding to z — l] then it 
is possible lha.t so,inc of the paths shall lead from w = to 
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to = and others, on the contrary, from v: — 1 to to = — 2. 

This is, indeed, actually the case in this example. Tor let 
~ r(cos <j6 + i sin <^), then iv = V'r(cos <??) + i sin ^ ^), in ydiich 
Vr, since it is the modulus of v:, is to be understood the 
positiye yaliie of the sc[uare root of r. Since to is to start 
with the value + the initial yalues of the real variables are 
= 1 and cj) = 0. z describe a path between 1 and 4, Avhich 
does not enclose the origin, — for instance, the straight line 
from 1 to 4, — then arrives at the point 4 with the value 
zero, while r acquires here the value 4 ; hence along such a path 
vj receives the value + 2. If, on the other hand, the path de- 
scribed by a; between 1 and 4 go once round the origin, then 
at the point 4, </> acquires the value 2 tt, and h (/> the value 
while again r = 4; hence lo acquires in this case the value 
-2. (Cf. also § 10.)^ 

Here we must first of all direct our attention to those points, 
at which two or more values of the function ic, in general 
different, become equal to one another. Such a point is, for 
instance, z = 0 for ic — ^ z ; at this point the values of tc, in 
general of different signs, become equal to zero. 

Let us next consider the function defined by the cubic 
equation 

v:^ — no -\-z = 0. 

If, for brevity, we put 

JP — Vz- — -jt), q =^i(— « +Vz- — 2 V), 

and the two imaginary cube roots of unity 

— 1 4- f V o _ 1 _ ^ 

o 2 

Cardan’s formula gives for the three roots of the above 


1 tVe have in viev^ in these considerations the (irrational) algebraic 
functions, and hence always assume that the number of values Avhich 
the function can assume for the same value of the variable re is finite. 
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equation, wliicli may be denoted by vj;^, the following 

(‘X])ressioiis : 

iv,=pFq, 

Wo = ap 4- 

ic^ = q- aq. 

For each value of 2;, iv has in general the three values 
//'i, 7 /n. But the last two of these become equal when 

p ~ (p wliich occurs when 

2 

At this point Ave have 

W 2 = ^C 3 = V'|. 

If now, in rnrtlier discussion of this example, wm assume 
that- t-h(‘. vai’iahlo 2; changes continuously, or that the point 
r(‘pr(‘S(‘nt.ing it dosc-rilH'.s a- line, then each of the three quan- 
t.it.i<‘s, //'i, ?eo, vr.j, lil<eAV'is(‘. (dianges continuously, or the three 
c()iT(‘sj)()n(ling points (h^scribe throe separate paths. But when 

2 

r; piisses t-lirougli tii(‘, point 2: = — , both functions, 1^2 and 

\/27 

assuine t-h(‘ vahi(‘. v/,\ ; lumc.o the two lines described by u'2 
and tn(‘(‘i, in tln^ point At the passage through this 

point- t h(‘r(‘('or(' y/n (am go ov(‘i‘ into vc.j, and into lOo, Avithoiit 
in(«‘iTiipt ion ot continuity ; inde(‘(l, it remains entirely arbitrary 
<01 which of l,h<^ t,wo liix's ca.(‘h of tlui (pianlities iCo and shall 
conlinii(‘ its coiirsic In this pla,e.e a branching, as it Avere, of 
the lines (Icscrilx'd ])y the- (|uantities req and takes place; 
InuKM* Ki(‘nia-nn ha.s called those points of the z-plane, at Avhich 
om* valin‘ ot t he func-tion ca,n clnuige into another, hranch-j^oints. 

o 

In our exa-niph' i-heiah’on^ 2:=---'^--:: is a branch-point (not 

\/27 

//' higun's A a-iid B are added in explanation. In 

Im;P A ’iIic t-]irc(‘ ]in(‘s v/q, v/q, are drawn for the case AAdien 
r; (l(‘scrib(‘s a, st-ra-ight lin(‘. parallel to the y-axis and passing 

9 

t hrougii t-in‘ hra.iK'h-point e=~" (Fig. B). Therein, howeAmr, 

'\/27 
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the line tL\ is represented, for clearness, on twice as large a 
scale as the remaining lines and, to save space, it is drawn, 
nearer to the ordinate axis than it recJly runs. The '^c-points 
which correspond to the 2 ;-pomts are denoted by the same 
letters with attached subscripts 1, 2, 3. The picture of the 



branching is rendered still clearer by follomng tlie patli of 
only one of the quantities, say v:.. This describes thci line 
iy/b, and approaches the point 63 = 00 = VI as a a].proacJies 
the point e = " along the line bed; should z now pass 

through this point, v:. could continue its course from 

Co = C3 V| 
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ler of tYvo paths, namely, or CofogJu, of which one 

1 as the other can he considered the path corresponding 
continuation e.fgli of the way open to uu is in fact 
d at Co = (p into two branches. lYheii 2; goes from h to h 
:h the branch-point c, then v:.. starting from h?,? can arrive 
list as well as at /p; and the same is true of 'Ziv starting 
p. In case the path of 3 leads through the branch-point, 
Lial value of the function remains therefore iiiideter- 
. If, on the contrary, 2^ describe a path from h to h, 
does not pass through a branch-point, the hnal value of 
notion may, it is true, differ according to the nature of 
th, but it is for each definite path of 2: always completely 
lined. The figures A and B illustrate this also. If 
[rom h through d, and next along the broken line through 
‘ and A, then up moves from /jo through d.. and next along 
•oken line through riR to and /p; up moves from bo 
li do, tho. /> to ho ? 'C-h acquires then the definite value lu, 
, the definite value /p. Tliese final values will be differ- 
it again definite, when 2: goes round the branch-point c 
other side along the dotted line through p. In this case 
^s from h) through c/., and then along the dotted line 
^h j);; to fo and ho ; and ?u, goes through do, po, to /p. In 
ise the successive values of the function, and therefore 
le final values, are dilferent from the former, but again 
re completely determined. 

i general rule, only those points of the z-jA^ne. at which 
1 values of the function (elsewhere unequal) become 
are also Innnch-points. An exception to this is to be 
aied inimediately. 

imilar branching of the function takes place at, those 
, at wliich. 7/; ])ecomes infinite and therefore discontinuous, 
tor insiance, the ]ioint 2 = 0 is a branch-point Ijotli for 

K'tion IV = and for u — V2. Burther, in the function 
V2 

Lined by the equation 


(z - Ij) (« - c)-' 


or v: 




— a 
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ill idiicli CL b, c denote tliree comxdex constants, and therefore 
three points, ^ = a is a branch-point, at ^vhich all three values 
of the function become equal to lo = c. hloreover, at z = b all 
tliree values of vj become infinite. The three functions sulfer 
here an interruption of continuity, and hence it can remain 
undetermined on which path each is to continue its course, 
because, when the function makes a siting, it can just as well 
spring over to the one as to the other continuation of its path. 
Therefore ^ is likewise a branch-point. Also, as a general 
rule, those points at which iv becomes infinite or discontinuous 
are branch-points. Exceptions to this, however, may occur ; 
there are cases in which p)oints are not branch-points, although 
at them the values of the functions are either equal or infinite. 
This, for the present, can only be illustrated by examples. In 
the functions 

Vl — 2;" and ~ y 
VI — 

z = -\-l and z = — l are branch-points ; on the contrary, in 

(z — d) V 2: and y? 

(z~-o.:)-Vz 

z—cc is not a branch-point, although the values of the func,- 
tions at this place are in the first case both zero, and in ilie 
second case both infinite. For. when passes tlirough tlu^. 
point a, then 2: — a as well as Vz has a perfectly deHnito, con- 
tinuous progress ; z — a, because it is uniform, and Vz, ])(‘causc 
-fVa cannot, without interruption of continuity, sudd(!iily pass 
over inco ~Va. Hence the rational functions of those (pian- 
tities have at this point a definite continuation for every paih 
described by y, and there is no branching. Accordingly, tie' 
branch-points are to be looked for only among those ])oiiils 
at Avhich an interruption of continuity occurs, or at whidi 
several values of the function become equal: but A\du‘tlioi‘ 
such points are actually branch-points must still be expressly 
determined. 
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9 . iiLi,' (‘()nsi(l(‘ra.i.i()iis luive shown that, wlien the 

variahh* slartini^- {‘roin ;i,n :i,rl)itrary ])()iiit describes a path 
to allot her point,;;;!, which hauls thronyh a branch- 
point of a, tiinct.ion tlu^ lattcn- a-cupiircs diFfoi- 
<*nt. va.lu(‘s at, rji accord iiij^^ as it is atlowed to 
proceed on one or anol.h(‘r of its braiKdies. 

'rherid'oi'ip in t.lu^ ca.s(‘ of siudi a, pa,th ot z, the 
value ()[' //' al .rt is luuhh.cnanined. It, on the 
contrary, ;; d<‘S(‘rib('. a,ny other path, not leading 
through a, bra.n(di-point, /e a,c(pur(*s at, a dcii- 
nit«‘ value, aiul it, will now b(^ shown that two 
paths, both of whi(di haul from r;,, to Zj, ass/]/)i 
(UiJ'vrt'uf nducs to ir (it a',, otiUf v'h(>ti tJu'if eiK'lose 
(t tinnirh-ixii/it. dh) Unit, (uid W(‘. lirst prove the following 
proposit ion : 

Lt't tin' r(tri(ihl(> z in jnissi ntj froni' z^) to z^ (U-ni'nijn In'-o tiiJlniLely 
/nor jKiflin. 'V/or, <(n(t r:„/c:'i (thg. h), ■n'hi(‘k in. no plicce a'pprodcJi 
i/I finilrhi /tear o point at /rhinJi (ritlwr tlin function, in hnno/ztes 
(tisf'oril i/I 'lo/fs or mocrul ra.tiK's (f Ihipfii ni'tion. tnn'O/iin nipiiit^ then 
f/o' pfiirt/o/i n\ startiiKj from noth one (ui.d the. nd/ii.e. vab'e, 
(t('<ptinn of .y tln‘ so no' I'otio' on. hot/i po.ths. 

'!'() pi'()\a‘ this proposit, ion, we lirst, reiiia.rk that ttu^- dillereiit 
\alue;; whicli a niultt (‘oriii funetton has at, one a,nd t,he sa.nie 
pniiii (am diUhr by an inlinitely sina.ll (] lUintit.y, only when 
ill-, point V lies iniinitidy luair a, point, at, which s(‘V('r:i.l va.lues 
of tije fpiintioii become (‘(plat. (<4. tigs. A a, 11(1 Ib ]). tO, In 
tliat ovaniph* the liiuas described by tin' vtiliu's of tlie liin('t,ion 
approach taich othm- only at, tin* point, c. while a,V, all other 
point ; t !ic\ are a. liiiiU' dist,a.nc(‘ tiptirl,.) Sinc(‘ now, a, (-cording 
to tin* Ip, pot In ‘hs, tin' t,wo ptittis, a, lid nowh(n-(' ap- 

,,].o i(di mieh a, point, t.ln* difh'nmt, values which v' (am ha,v(^. at 
;!n\ pmnt of the two pa.ths differ by a, finite (pia.ntity. ddicrc- 
f, ,r(‘ tin* \aiue.'. which tin* functfion -n' a.c(piircs at rp on thc' two 
path.:, zmn -dnp. must, eillu'r bi' (‘ipiat to (aicli other or 

(liflor bv a iiniii* (pia.ntity. Ihit th(‘ la, Urn- altenmtive cannot 
oc-ur. * her, if wi' siipposi* ttiat t.wo niovuible rnpoints desenbo 
the two infinitely near ptitlis, zpnz^ and ryav'i, in siudi a way 
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that they remain always infinitely near each other, and if we 
denote the value of the fimction along the one line by and 
that along the other by 'zcy, then ic^ and along both lines can 
differ only by an infinitely small quantity, because by the 
hypothesis vj starts from ^^'ith the same value on both patlis, 
and on both changes continiionsly, and because, further, in 
passing from a point of one line to an infinitely near point of 
the other, the continuity is not broken. Xow, if and 
'U',, differed by a finite quantity at Zi, at least one of these 
functions Avould have to make a spring in some place, which 
is excluded by the hypothesis that the tAvo paths, z.intz^ and 
ZqUZj, shall approach no point at Avhich an interruption of c-on- 
tiiiuity occurs. Consequently ic^ and zc,, cannot differ from 
each other by a finite quantity, and hence, according to the 
above, they are equal to each other. 

This having been established, if Ave iioav suppose a seiles 
of successive paths lying infinitely near to each otliei’, all 
betAveen the points Zq and z^, and so constructed that no one 
of them approaches a point at Avhich either discontinuity 
occurs or functionwalues become equal, then the function 
acquires on all these paths the same value at Fro^n this 
folloAvs the proposition: If aixdk hetireeii tv.:o poiiits, z^,^ (nul :q, 
can be so deformed into another path by (fradnal cha/nyrs, that 
thereby no one of the above defined critical points is passed orer, 
then the function acquires at Zi the same xalae on the second path 
as on the first. This conclusion holds also in the casi^, when 
two points, ;i'o and coincide, and Avhen therefore the variable 
describes a closed line. The above condition is then changed 
into this: the closed line is not to include any of the (uitical 
points mentioned. Hence, if Ave let the variable 2; starting 
from Z(^ describe a closed line and return again to a,, tln^ func- 
tion acquires here the same value that it had at the Ijegiiniing, 
if the closed line include no point at Avhich eitber discontinuity 
occurs or function-Avalues become equal. 

Such closed lines described by the Available 2: are highly 
important in the investigation of the influence Avliich the ])ath 
followed bj' the Amiable 2:, on its Avay to any point, exerts on 
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the value wliich the function iv acquires at that point. If a 
closed liue include none of the points already so often men- 
t.ioiKul, the function, as has been shown, does not change its 
vat lie; blit if it enclose such a point, the function may, or may 
not, change its value. Further, if two paths be described 
])y tli(‘ variable between two ymints, wdiich 
enclose no point of that kind, these lead to 
the sanui function-value. Hence Ave have to 
c.onsidtvr only paths which enclose studi a 
])oint. .Now let a (Fig. 10) be a point of this 
kind, and assume two paths hdc and bee, 
which en(dos(i (t but no other similar point. 

'L(‘t 'le sta.rt from h Avith the Auiltie zey and 
a,c.(}iilr(‘, at c, th(‘. value W along the path hdc. 
ddimi if we. let the vaaiablc before it enters 
on t he ot her path he<‘, desc.ribe a closed line 
bfj/ih round th(i ])oiut (c, the path, hrjhhec can be deformed into 
dr/r without, pa,ssing over the. ])oint a; therefore vj acquires 
at c likenvise thi*. value IFaloug this ]jath, if it start from b 
with the value, cy. We have therefore the following: 

along hdc, 'lo changes from vry to W, 

bfjlihi'r.^ VC vcy IF. 

If wo iirst, assume that vc (dianges its value by the description 
of th(‘ (dos(‘d liiH’ dy/zd and goi's into vcj, we have: 

along dy/zd, vz; olnuiges from zg) to vey, 

and Inuioi* b(‘(\ vz; v.Ci •* IF 

.\oo()i-diiiglv zz; a,('(juir(‘s at r. tlu' value IF along bee, Avhen it 
ofaj-f,; I'rMm d with llio va,lii(^ vz.', ; thmad'ore, if it start from d 
V. illi liio value it\,. it oaunot a,c(|uire tlu'. value IF. but must 
h-d to allot her value. If, on tlui e.ontrary, v: do not (diange 
il,: \alu(' (111 the (1()S(‘(1 line dy/zd. we Jia\m : 

along dydd, if diangi's from ?/y to vzg,, 
a I id lienee “ b('(\ “■ c;,, •* It ; 
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therefore in that case ic, starting from h with the Taliie iCq, 
acgnires the value IF also along the path hec. 

From this follows: If two paths enclose one of the points 
a in question, they lead to different or to the same function- 
values, according as the function lu does or does not change 
its value in describing a closed line round the point a. 

We are now in a position to define branch- points more pre- 
cisely. A point a, at which either a discontinuity occurs or 
several function-values become equal, is to be called a branch- 
point lolien^ and only ichen, the fanction changes its valae in 
describing a closed line round this (and no other similar) }x>int. 
Nevertheless, in this connection, it is to be noted that it is 
not necessary for all the function-values to change. In order 
that the point in question may be a branch-point, it is only 
necessary for this change to occur in the case of some one of the 
function-values under consideration. For the case can occur 
that, in the circuit round a branch-point, only a part of the 
function-values change, while the others remain unchanged. 
The example considered on p. 38 ff. furnishes such a case. Let 
the variable 2 ^, in Fig. B, describe the closed line dpfmch which 

9 

encloses the branch-point e = then it is evident from 

V27 

Fig. A that v:., goes OA-er into iCo, and aq into zco; while I'p, 
however, does not change its value but describes likewise a 
closed line. Thus the proposition enunciated ad the beginning 
of this paragraph, that two different paths connecting the 
same point assign dilierent Amines to a function, which starts 
from the initial point Avith the same value, only Avhen they 
enclose a branch-point, is proAmd; and for closed lines, Ave 
can enunciate the proposition: A multiform fimctio]i can 
])ass from a value corresponding to a point z,, to anoldic-r value 
eorresponding to the same point in a continuous way, when 
the variable starting from describes a closed line which 
encloses a bi’anch-point. 

Closed lines, Avhich enclose two or more branch-points, can 
likeAvise be reduced to such closed lines as contain only one 
branch-point. For, if Ave draw' from a p)okit z,j a closed 
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line round each branch-point and let the Yariable describe the 
same in succession, then this can be deformed, without 

passing OA^er one of the branch- 
points, into a closed line Avhich, 
starting from Zq, encloses all the 
branch-points. (Fig. 11, Avhere 
a and h denote two brancli- 
Xjoints.) We draAv such closed ^ 
lines round the indiAudual branch- 
points most simply, by describ- 
ing round each one a small circle, 
and connecting each of these circles with by a line, which 
must then be described twice, going and coining. 

10 . We Avill next illustrate the preceding considerations 
by some examples, and at the same time show by them how 
the function- Amines pass into one another on describing closed 
lines. round a branch-point. 

Ex. 1. ' v: = Vi. 

In this z = 0 is a branch-point. If Ace let the variable start 
from the point z = l and describe the circumference of a 
circle round the origin, this is a closed line AAdiich encloses 
the branch-point. If the function v: = ^z start from the point 
z = 1 AAuth the Amine zo = -f 1. and if Ave jD'Lit 

z = r (cos (f) -h z sin (/>), 

then at the x^oint = 1, r = 1 and (/> = 0. If 2 next describe 
the circumference of the circle in the direction of increasing 
angles, r remains constant and equal to 1, and cf) increases 
from 0 to 2 77. If therefore the Amriable return to the point 
= 1, then 

2 ; = cos 2 77 -{- i sin 2 77 , 

and therefore 

IV = = cos 77 d- 6 * sin 77 = — 1 ; 

thus the function does not noAv have at the point z — 1 the 
original Amine 1, but acquires the other Amlue — 1. The Amry 
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same takes place, when the variable describes any other closed 
line once round the origin starting from z — 1', for this path 
can be deformed into the circle by gradual changes without 
thereby passing over the origin. In general, if v: start with 
the value fi’om any point 2o, for which 

= n (t^os c/)o + i sin </)o), 

and therefore tco = /b'- (cos 4 </)o 4- ^ sin 

and if 5^ describe a closed line once round the origin in the 
direction of increasing angles, then, on returning to 

% = [cos (^0 + 2 77) -j- t sin (<560 4- 2 tt)], 
and therefore tr = [cos (-1- <^o 4- 7r)4- 1 sin (4 <^o 4* ^)] 


= ~ it'o. 


If the variable describe the closed line twice, or if it describe 
another closed line which winds round the origin twice, then 
the argument of 2: increases by Itt, there- 
fore that of v: by 2 tt, and consequently the 
function then assumes again its original 
value. 

Xow let the variable go from the point 
1 to an arbitrary point Z, lirst along a 
line 1 cZ (Fig. 12), Avhich does not enclose 
the origin, and along winch the angles (j) 
increase. Along this path r and (/> ]nay 
acquire at Zthe values E and 0, and lo the value W, so that 



TF = E- (cos 4 0 4- i sin 4 0). 

But if the variable move upon the other side of the origin fi'om 
1 to Z along a line IdZ not enclosing the origin, the angle cf) 
decreases and acquires at Z the value ^ — 277. Hence at Z 
in this case 

z = E [cos (2- TT ~ 0) i sin (2 77 — ^)], 
v: = E- [cos (77 - 4 &) — i sin (77 - 4 ^)] 

= - IF 


and 
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FiiKilly, 1(4 2: first describe a closed line 1 ?>g 1 round tlie origin 
starling from 1 , a,iid next tlie line IdZ. then c/) first increases 
from t) to 1:5 TT and luixt decreases by tlie angle 2-77 — 6 , so that 
<l> a.(‘(yiir(‘s a,t tlie value 2 tt - b ^ — 9 tt = (9 5 in this case lo, 
afU'r t.lm, (U'scri ption of the line 1 /acl, starts from 1 Avith 
the. value* ~ 1 a.inl ac([uires at Z the value -j- W along IdZ. 

11 X. 2. Ill liie fiiuctioii 

v: = (z — l)-y/z 

:: ■ 0 is a,. braticb-])oint, and this function behaves with respect 
to this point, like* the*, ])r(*cediiig. Let us consider therefore 
till* point. :: 1 , for which likewise zc == 0 . Let the variable 2: 

describe* round it a ('ircle with nulius r, starting from the point 
(I I \ r on the*, princijial axis (Fig. 13). If ive put 

T:' — I -- r (c.os <•/) -I- '/sin <f), 

then /(' ■ - /* (('OS <!> -p / sin c/))*N/i -{- vcos (p + ir 

Since /’ i’(*niains constant, and </> increases from 0 to Sttj 
the fae'tor rtcosc/) ] /siim/p 
dite:'. not' eduuige* its value*. 

I a order tost udy the* he'ha.v- 
i( ir of the* s»‘coii(l t ac.t.or, let 

1 { /'COSf/? pe'.osi//, 

r:-;iiic/> ^)sinb; 

then j) (h‘iiot('S the* straight 
line e:, and i// the* incliiiat.ion 
uf I he* s.aiiie* to t.he* priiiciptd 
a i : , and 

t(' r ( cos (j) -f- / sin (p) p“(('0S }, \.b -|- v sin \ b). 

Now, if the circle* do not ('uc.lose the*, origin, b passes through 
:s ;,rries of \ ahi(*s conimeiicing with 0 and ending with the value 
0 ;i-r;,ii, ; hciice* !(' ( I ()( *s iiot. cliange*- its value. f>ut if the circle 
iif* so large* that, the* origin, whic.li is a, 1) ranch-point, also lies 
.. ithin it. b incre‘a.ses from 0 to 27 r, and therefore in that case 
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the original value iv ~ rp^ passes into — rp-. The statement 
is therefore confirmed^ that only the point 2 : = 0 is a branch- 
point, and not the point z = l. 

We can consider the given function (z — l)Vz as derived 

from 

w' = -V(z — l)(z — b)z 

by making b — 1. A line enclosing the point 2 ; — 1 can then be 
regarded as a line which at first enclosed the two points 2 ^ — 1 and 
2 ; = and in connection with which these two points were sub- 
sequently made to coincide. Kow 2 : — 1 and z = b, as well as 
z — 0, are branch-points of the function 2 V\ A closed line 
which, starting from a point Zq, makes a circuit round both 
points 1 and b can be Replaced by closed lines, each of which 
encloses only one of these points. If now w ' start from Zq with the 
value zt'o', on encircling the point b it passes into and then 
on encircling the point 1, — Wq' passes into icq' again. The 
function returns therefore to 2^0 with its original value. This 
continues to hold when b approaches the point 1, and when 
these branch-points coincide the common point obviously ceases 
to be a branch-point. It is evident that this may be general- 
ized as follows : When once in connection vuth two branch- 
points only two function-values, and these two the same, pass 
mutually one into the other, these branch-points neutralize 
each other on coinciding, and there arises a point which is no 
longer a branch-point. 

Ex. 3. Let w; = 

^z-b 

in which a and b denote two complex constants. In this exam- 
ple w^e have tw’-o branch-points, z = a and z = h. If w^e first 
let 2 ^ describe a closed line round the point a starting from an 
arbitrary point 2 ^ 0 , but not enclosing the point 6, and if wai 
accordingly put 

z — a = r (cos </> + 2 sin </>), 

Zo — a = ? u (cos + i sin <^o)j 

then the initial value of zr, Avhich may here be denoted by is 
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‘ I </)„ 4- f ?• <!>()) 

\<t h 4 ' /•„ ({‘OS -\- i sin c^o)] 

Ai‘t>‘r tilt* <4 os»mI lino is Ir.ivorstMl onc,(‘, in the direction of 
;ni:4‘‘S, </>„ lias in(*r{‘as(*(l hy I^tt, and lienee the result- 
in valih* uf ^r, \vhit4i will l)i‘ (l(‘not(*d by Wo, is 

/*,, I (‘OS ( \ </>„ 4- r; tt) 4~ /sin (.\ </)(, -4- tt)] 

. ^ . .... 

\if h j ■/*„ (fos </>„ •}•/ sin (/)„)]•' 

'I‘;joro:n tin* (haioininalor, and thcn-oFon*- tdui (|iiantity -^z — h, 
r'.iuiaa ua\‘* obati'M'd its value, bceaiisc*. for it z~—(i is not a 
braiieii point, bill <ailv :: h\ th(‘n‘ror(‘ ;j has (lose, ribed a (dosed 
lino V, hn-ii dors not imdude tin* bra-iudi-poiiit of this expression. 
Lot 

, . ♦ • I I • / v/d 

cos , TT } t SHI TT • - - — Itj 

;,n tii.ii i •• a root of the (‘({nation lO ■ 1 ; tlnni, since 

('M l * ‘ ;;o I / sin ( ‘ </>„ I ir) 

(co;; !. <j)^^ | - / sin .1 </>„) (c.os tt 4~ ^ ^i^i i 

u r <’a:t :ii o v. rite ir.. a/r^. 

\.r.' i. j tlr* \ariabb' a;»:ain d(\s('rib(‘ a. (dostal liiK'. round the 
pnnr: tiiou k' loaw;; s„ui(li the valu(‘ • (ivci, a,nd tlnu’e- 

p,|r acoan* , .dlor the roiii plet ion of th('. e.ire.uii^, Ui(‘^ value 

H’ <(//'.. i^: ft']. 

;; ihird rijvuit ft' linally ae({uir(‘S th(^ valu(‘. cOfV], i.t'., 
0..^' >■. .d;.-- Cj a- SI in, s.iiiee </' I. H’ w(‘ ha.d ori!j,’inally 

t .-o , v.i‘\i thr value ft'., instead of \v(' should luive 

liPs' and tt'] ari(‘rone a.nd Iavo eircuils re- 
; ..;i li had In'cn the oriplmul vahi(‘, this would 
S , .-i- o.’ri ./•, and ft'. :;ueees:;i \ (4 \ . 

^ all aio obtained wln'ii :: is nunh' to (h'seribe a 

,ja duuiii - oidv t ho point, h. \V(* Muui put 

/> 


,M«‘o . </) 1 /sin</>j, 
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and let iv start from 2 o '"’itli value it'j, this value denoting 
the following expression : 

_ [6 — a + '0 (cos ^0 + i sin 

After one circuit by in tlie direction of increasing angles^ the 
value of tr becomes 

[^ — g + ?-o (cos + i sin 
?V^[cos (-1- <^>0 + I tt) -f i sin (-J- </)o + 1 tt)] 

in which now the numerator cannot have changed its value^ 
because its branch-point a has not been enclosed in the circuit. 
We therefore now obtain for iv the value 

^ = ahci, i.e,, the value 
a 

After a second circuit we obtain 

'U'l 

~= azcy, IX., u’2 j 
a- 

finally, after a third circuity the original value is res tor ed, since 


It is thus evident that the function-values for repeated cir- 
cuits round a branch-point interchange in cyclical order. When 
2; moves round the point a in the direction of increasing angles, 
the values 

change after the first circuit respectively into 

'zc'o, Wi, 

and after the second circuit into 

u^3, zc'i, ; 

after a third circuit therefore the original values 
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,.C( 1 . In HI<‘- nnuairr, lor rirouifs ruuiul t.b« pcint. I> 
roc'tion of iiu'nnisiug tho valuos 

■) //U, (/’.j, 

> /r.;, 

iiirCj after the iliird cireuil-, tin' oiii^iuai va.hu 

//'i, UVm /'V 

,s noxt in.iuiro what lakes plaro wlna. r •; 

hie includiu- both points, « and //• isueh a, lua 
be ([(‘fonuiHU without 


/.V X 




le 


7 

over one of these points, ^ - 

)tluu* \vhi<‘h consists ot 
v(‘ (‘ireuits round them ' f 

), L(d. then rj first, de- ) 

, eireuit. round the [)oint. f’\ \F- p / 

11^ from nhurn to -o, 

(‘U d(*S(*rihe a circuit o,,, n, 

tlU‘ point/ <t- h>v thisi 
;ie(piires, on the second riduin to ... 

.U.serhies a, .dosed line roun.l both l.ranel, i..enn, i h). 
start, fn/ni "itU Un> value //•„ it, ae<,uire„ the vain.' 

;,n,.r the eireuit, round d, aiul tlnu, utter th- .'ireutl 
, the value the futudion revert,; tie-relun- t.. 

inal value. If we eonsider in this .•oiiue.-t ton. iir.le.nt 

riven tuiK't ion, t he i(tllov/nev> 


the same V rduc as 


\ (J 


O H 


h). 


, as is eas.ily seen, th.' fa.dor e i.; ninlt ipli.-'i into the 
hi.ietion vaine t.fh'r .■aeh .dnuiit round the point 
.diair;es into «»■', //•'.. on tnaUili". the eireuil route 

nakinethe .dreuit I'oiind </."■'■ ehtiieu-.; ml ■' i’'. / 

|,„i„|stheref,.reeh;ufe;,e',inlo/.',i he„ee 

cirettit, will ehatf',.' //'hinto /<•',. aiul a third /'■' into e , 
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Ex. 4 . The function 

sjz ~ a _i j 

=\/ 7 H" V:^ — C, 

— h 

which is the root of the equation of the sixth degree^ 

{z — h)hif — S{z — b)-(z — 6)10^ — 2(2 — a){z — h)id^ 

-f 3(2 — &)“(2 — C)%r _ 6(2 — a)(z — &)(2 — C)l0 

- 4 - (2 — ay — (2 — hy(z — cy = 

has the branch-points a, 6 , c. If, for sake of brevity, we sub- 
stitute 



and give to a the same meaning as in the preceding example, 
we can write the six function-values as follows : 



t , 

t 

Wi = 

- -f V, 

U4 = - 


u 

u 


t , 

t 

ZV2 = 

a- + v, 

I 

II 


u 

u 


ot , ot 

iVq z= a''- S- v, iVq = a~ v. 

u u 

Let us first consider circuits of the variable round the point 
a; for these t passes into at^ while u and v remain 

unchanged ; therefore 

ILl, 163 ' 16'4 ic^ 

change after the first circuit into vjo icq 

second lu^ iCo v:^ 

‘‘ third iCi v:., it's 

Bound this branch-point, therefore, only the values iCo, v:.^ 
permute by themselves, and u-4, by themselves. 

For circuits round the point h, t and v remain unchanged, 
and u changes into au, dhi. u. •••. Therefore 

V.\ tCo ICq 10 ^ lOr^ VJc, 

change after the first circuit into lo^^ 10^ v:., lo^^ to., 

'' second tOo Wi v:.^ to^, 10.^ 

third v:^ to., lo^ to^ to^ 



M (JLTIFOllM FUNCTIOIS^S. 


55 


ilri** tih' suinc {uiic.lion-va-liios permute as for the point a, 
lull in r<‘Vi*r.'U‘ siuiuciici',. 

Fin:iil_\, on inakin;^^ <*.ir(‘.iiits round the point c, and u are 
um'lnnruul, ainl r ohain^’ns into — v, -h'l', •••. Hence here 

IC^ ic., IV^ ll\ lU^ ICq 

(’hait'a* a (‘tt‘r ihe lirst circuit into w^w^Wq iCg 

“ “ S(H*, 011(1 “ IVi Wo 21*3 ^*4 It'r, ICq 

III ihis oxamplc, t Inua'fore, wo have first two branch-points^ 
rmiinl uiiit*li tin* thnM‘ vahuis iv.^ permute in cyclical 

order, hut ncviu* with oiu*. ol the three remaining; likewise, 

c\, /'•„ perm lit c in c.yc.lical order here, but never pass into 
oii(‘ of I he tirst tlir(H‘ va.lin‘s. \V(*. then have one more branch- 
point u, at whicli tii(‘. t-linu* jia/irs ^ach by 

iistdh inter(diang(‘ t.licir vaiiics, without a value from one pair 
(‘vor onteriin'; anot Inni 

If v,e let deserihe. a. (dos(‘d lino iiududing two branch-points, 
\v(‘ ‘’an a ndn replace. Hindi a. ono by two successive circuits, 
(*:ieii r<uind one pifinf. If tin*, jioints a and 6 be enclosed, we 
h:iNf' to*' >ann‘ condition as in the prociuling example. \Ve 
uili tie r<dore follow only circuits round a and c, and tabulate 
t he !*■ n:! , i»eloVv . 


la.r 

. i» </. 1 

UoUNIi <*. 

Uoi’Nl) .Botii. 

il'l (’h.'iii-' 

iiit.o 

'W2 'C/Y, 

'Wi into '/t'r, 


Cl; 

'i>'a ‘ ‘ Cy'a 

v:r, ‘ ‘ 

/y , 

- /ri 

Wi “ Vl[ 

tCii “ VJ4 

e*i 

if'i, 

'Wr, CY 

7t'4 “ ?r'o 

ir . “ 

‘‘ n’;5 

Cl; “ Cl; 

'iV-> “ Vk) 

e-,, 

ir.i 

'W.i “ 70 1 

Wi) “ 'c;i 


'I ■ , . .e-'inire; it.; origina.l vahut only after six consecu- 
. round tie* point;: o aunt r. 

11. 1 h*' oi-eecdin*'; ctiie-hb'ral ions show that, given a imilti- 

• ' ue can ]»a;'.;; continuously from one of the values 
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which the function can assume for the same value of the vari- 
able to another, by assigning complex values to the variable 
and letting it pass through a series of continuously successive 
values, which ends with the same value with which it began 
(geometrically expressed, by letting the variable describe a 
closed line). It has been further shown that a definite and 
continuous series of values of the variable (a definite path), 
also, always leads to a definite function- value, except in the 
single case when the path of the variable leads through a 
branch-point, a case, however, which can always be obviated 
by letting the variable make an indefinitely small deviation in 
the vicinity of the branch-point.^ This naturally suggests the 
desirability of avoiding the multiplicity of values of a multi- 
form function, in order to be able to treat such a function as if 
it were uniform. According to the preceding explanations, it is 
necessary for this purpose only to do away with the multiplicity 
of paths which the variable can describe between two given 
points. hTow Cauchy has already remarked that this could be 
effected, at least to a limited extent, by demarcating certain 
portions of the plane in which the variable 2; is supposed to be 
moving and not permitting the latter to cross the boundary of 
such a region. For, since a function, starting from a point Zq 
of the variable, can assume different values at another point Zi, 
only Avhen two described by the variable enclose a 

branch-point (§ 9), it is always easy to mark off a portion of 
the 2;-plane within Avhich two such paths from to Zi are not 
possible, or, by drawing certain lines Avhich start from branch- 
points, and Avhich are not to be crossed, to make such paths 
impossible. Within such a region the function remains uni- 
form, since it acquires at each point only a single value along 
all paths. The function is then called monodrornic (after 
Cauchy) or uniform, one-valued (after Riemann). Although 
this method is of great advantage, for instance, in the evalua- 

1 If Ave regard the position of the path of the Aaariahle, in case it lead 
through a branch-point, as the limiting position of a path not meeting the 
branch-point, then to this assumption corresponds again a definite func- 
tion-value. 
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tion of definite integrals, lu'-vertheless by means of it only a 
definite region of valutas, or, as Itiomaim ealls it, a definite 
branch of the multiform fuiudion, is S(‘.parated from tlie rest 
and considered by itself. In orden* to be able to treat an alge- 
braic function in its (miir(*.ty and yet as if it were a uniform 
function, Itiemanii has devised another method, which will be 
set forth in the following. 

Eieniann assumes tlmt, when a fune.tion is ?nvalucd, when 
therefore to every valiui of th(‘ va.riabl(‘ a valiK^s of the function 
correspond, the ])lane of z consists of 7 / slnuds or heaves (or that 
n such sheets are e.xbmded ov(‘r ,'*'-pla.n(‘,), whicli togetlier 
form the region for tin; variable. To (‘acli point in eacli sluad- 
correspouds only a singl(‘ vahu' of tlu'. function, and to tlui -n 
points lying one iinimaiiahdy below anotJuu* in all tln^ n. sho(ds 
correspond tlui V/. difbuvmt vahies of Uh^ fune.tion whi(di belong 
to the sann^ vaJiu'. of /C. Now at tin* branch-points, wIhuh^ s(^v- 
eral function-vaJiics, (‘ls(‘\vhcrc diffmamt, lau-onn* (a[ual t.o one 
anotlnu’, stw(u-al of tliosc sh(‘cl.s a.n‘ connected, so tha.t ih('. ])a,r- 
ticuhir ])ranc.h-p()int is siipjjoscd to li<‘ a.t tlie sa.nH‘. t.iim^, in a.ll 
t]ios('. c.onne.i'.ted slieid.s. Tlie number of t.hese, slu'cts thus e.oii- 
nectod at a hra.ne.h-{)oin 1 can be diifenmi. a.t ea.(di bra.n(di-point, 
and is c.{pial t.o tin*, number of function va.Iu('s which (dmng(‘ 
one into a.nother in cycdical oiahu* for a. circuit, of i.lu* va.riahh^ 
round tlu^ l)ra,ri(di-point.. In flic last (*xa.mph‘ of th(‘ pre.('eding 
pa,ra.gra,ph, winuadn t,ju‘ function i:; .six ■va.liual, we slm.ll a.ssuni(‘ 
the ;j-plam‘. a,s ('onsist.ing; of :;i\ ;die(‘t::. Itoiind (‘a,(di of th(‘. 
bra,nc,h-p(>iiits e, a.nd !> the xadin*;; /c.„ //p, on t.he oik' hand, 
and lh<‘ otlnua chaii'n* otH* into anothei'; h(‘iie.<* w(‘ 

assunu' t]ia,t a.t (‘ach of these point;; the Mlie(d,s 1, hg d, on I, Ik; 
on(‘ ha, lid, a,nd the, sh(*<*!.i 1 , •>, on tin* of. her, ar(‘ (‘.onn(‘(d,(‘d. 
Ivound tli(‘ point, c, however, lir.d-lv , /c, and ir^\ seeoinlly, cy and 
VC-; thirdly, c’.. and //y, cii;ing<* ro;;pcc( i ^ (d\ on<‘ into t.lu' ot.luu-: 
lie.iic.e at t,li(' point, (\ lir;.l tlio :;iieets 1 and - 1 , t.heii the slnats 
J and o, a,nd iiiia.lly the ahert;-. d and b are conn<‘ct.(‘(L Now 
ior ih(; purposi* of e\hihitiiig the continuou.s idia.nge. of oiii' 
value ()1 th(‘ tiUKtion into amther, i'OK*,alI<‘d hr(( a.i’e 
‘ SoiinUiiuc;; (Milt'd rrny.y. Uury, ("rr. ) 
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introduced. Tliese are quite arbitrary lines (except that one 
cannot intersect itself), which either pass from a brancdi-point 
to infinity, or join with each other two branch-points. We do 
not suppose the sheets to be connected along these branch-cuts 
as they naturally lie one above another, but as the function- 
values interchange round the respective branch-points. If, for 
instance, in the last example of the preceding paragraph, we 
draw a branch-cut from a to h (Fig. 14), we then, in making a 
circuit round the point a in the direction of increasing angles, 
connect the sheet 1 with the sheet 2 along the branch-cut, then 
2 with 3, and finally 3 with 1 again. Let us call the right side 
of the branch-cut ah, that which an observer has on his right, 
when he stands at a and looks toward h. Then if go from a 
point 2^0 in sheet 1 (lo wfith the value and make a circuit 



round the point a in the direction of increasing angles, on 
crossing the branch-cut from right to left, it passes from the 
first sheet into the second and is still in the lattcn- wlum. it 
returns to 2 : 0 , or rather to the point g lying immediately below 
2^0 in the second sheet, so that to acquires the value' w. If 
the description be still continued, 2 j passes, after crossing iho. 
branch-cut a second time from right to left, into the third sIumT- 
and IS still in the same Avhen it arrives at the point ?i siui- 
ated in this sheet below Zq; 2 v has now acquired the value /v,. 
Finally, when 2 ; crosses the branch-cut a third time, we assuim^ 
that the right side of the third sheet is connected along the 
branch-cut wfith the left side of the first sheet through the 
second sheet, so that 2 : crosses from the third sheet to the first 
sheet and then returns again to z^. 
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Not until now is the line actually closed, and has w acquired 
again its original value. In Pig. 14 the lines are denoted by 
the numbers of the sheets in which they run, and, in addition, 
those in the second and third sheets are thichly dotted and 
thinly dotted respectively. The points p, li, which ought 
really to be one directly below another, are, for the sake of 
clearness, drawm side by side. 

A similar course must be imagined in the case of all branch- 
points, and since from each such point a branch-cut starts, the 
variable cannot make a circuit round the branch-point without 
crossing the branch-cut, and thereby passing in succession 
into all those sheets which are connected at the branch-point. 
How the branch-cut is to be drawn in each case depends 
upon the function to be investigated, and can generally be 
chosen in different ways. In our example a and h may be 
connected by such a cut, because with circuits round the point 
h in the direction of increasing angles the function changes 
into 2^3 and this into iCo (Fig. 14), and hence at h the same 
sheets are connected as at a, and in the same way; namely, 
the right side of 1 with the left of 2, the right side of 2 with 
the left of 3, and the right side of 3 with the left of 1.^ 

Let us continue with this example and investigate the cir- 

1 If we wish to exhibit this method of representation by a model, a diffi- 
culty arises, first, because the sheets of the surface interpenetrate, and 
in the second place, because frequently at branch-points several sheets, 
wdiich do not lie one immediately below another, must be supposed to 
be connected. But for the purpose of illustration, it is for the most part 
necessary only to be able to follow certain lines in their course through 
the different sheets of the surface. This can be easily effected in the 
following way : First cut in the sheets of paper placed one above another, 
which are to represent the surface, the branch-cuts, and then only at 
those idaces wdierc a line is to pass over a branch-cut from one sheet 
into another join the respective sheets by pasting on strips of paper. 
Then w'e can always so contrive that, when the line is to return to the 
first sheet, from which it started, we have the necessary space left for 
the fastening of the strip of paper by moans of which the return passage 
is effected. By these attached paper strips union of the separate sheets 
into one connected surface is accomplished ; and it is then no longer 
necessary to connect the .sheets with one another at the branch-points. 
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cuits discussed in the preceding paragraph round a and h, and 
round a and c. For a circuit round a and h the branch-cut 
is not crossed at all^ so that z remains in the first sheet; in 
fact w resumes its original value at Zq after such a circuit. 
(Cf Ex. 3, § 10). To examine the circuit round the points a 
and c, let us draw from c to infinity a branch-cut^ and let here 
the sheets of every pair 1, 4; 2, 5; 3, 6 pass respectively into 
each other. 

For the passages of the function-values taking place here^ 
we have found the following table (p. 55) : 


Circuits. 

Eou^td a. 

RotSD 

c. 

Round Both. 

1 

loi changes into v :2 

v :2 into 105 

vji into wa 

2 

ICs 

“ “ ICq 


U-3 

W 5 ‘ 

‘ Wq 

3 

IC3 

“ “ Wi 

XCi “ 

^C 4 

Ws ‘ 

‘ Wi 

4 

ICi 

“ “ xcr> 

^C 5 “ 

^02 

Wi ^ 

‘ W 2 

5 

1C2 

“ “ U-3 

K'S “ 

XCq 

ICo ‘ 

‘ Wq 

6 

Wq 

“ ICi 

U*4 “ 

Wi 

U‘o ‘ 

‘ Wi 



These passages are represented in Fig. 15, b}^ designating 
each line by the number of the sheet in which it runs. The 
points properly lying below the initial point 1 are represented 
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side by side, for tlio sake of (dearness, and the last point 1 is 
to be supposed to eoiiudde witli tlie first. 

This region for tlie variable 2:, consisting in our example of 
six sheets, forms a single connected surface, since the sheets 
are connected at the branch-points and pass into one another 
along the branch-cuts. In this surface tv is a perfectly uni- 
form function of the ])Osition in the surface, since it acquires 
the same value at every point of the latter, along whatever 
path the variable may arrive at the point. If 2; describe 
between two ])oints two paths, wdiich enclose a branch-point, 
then one of tlie two must necessarily cross a branch-cut and 
thereby pass iTito anotluu* shecd., so that the terminal points 
of the two ])aths ar(‘, no longer to be considered coincident, 
but as two dilT(n‘(uit points of the 2;-surface, at which different 
functioii-valiK'.s oc'-c-ur. P>ut if 2; describe an actually closed 
curve, le., if th(‘. initial and the terininal points of the curve 
coincide in tlu*. point of tlm same sheet, then also the 

function a,c(piir(‘s it.s initia.1 value. Only wdien the variable 
passes through a- bra,n(Ii-poini, caui it pass at 'will into any one 
of th(‘, sh(M‘ts c.()nu(u*-i(*.(l at that point, and in that case it 
remains umhdAuaniiKul whidi valiui the function assumes (§ 8). 

12 . N ow in or(l(‘r to j)rov(‘. that we can also, in general, 
transform aai /i-vabnal fuiK'-tioii into a one- valued by means of 
an n-fold surra,c,(‘, (u)V(n'ing tln^ 2;-phine, the single sheets of 
wliicli, a,r(‘, coinnalnd at l.h(‘, braaich-points and along the branch- 
<aits in thi‘. ma.ninu- c.xplaiiuMl a.l)()V(‘., we first assume the 2-plane 
to b(i still single, and h*.t tin*. va,riable 2, starting from an arbi- 
trary ])oint, 2,), describe a. (d(>s(‘d line, which makes a circuit 
onc.(‘ round a, siiigh’, bra,n('h-point a,nd does not pass through 
any oth(u* bra.nch-point. Ai. 2,, tlui fuiudion possesses 'a values : 
l(d; us a,ssnme tlnmi to lx* vvritUm down in a certain sequence. 
Now a-ftcr the. va.ria.l)le. 1ms (husc.ribed the closed line and re- 
tiirmul a, gain t.o rg, ea.ch of tin*, above function-values will 
hav('- (Itber passed iid.o anotiun* or launaiued unchanged. Since 
tlu'- va,riable. 2 is again at th(‘ ])()int 2(„ these new values of the 
fimdion (uinnoi. differ from tli(‘. former iu their totality; but 
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if we suppose them to be written down in the sequence in 
which they have arisen in succession from the former, they 
will occur in an arrangement different from the previous one. 

Any one arrangement of n elements, however, can be derived 
from another arrangement by a series of cyclical permutations. 
By a cyclical permutation of the jpth order we understand one 
in which from the existing n elements we take out p arbitrarily 
and in the place of the first of these put a second, in the place 
of the second a third, etc., and finally in the place of the pth 
the first. Such a cyclical permutation of the pth order has the 
property, that after p repetitions of it, and not sooner, the 
original arrangement is restored ; for, since the place of each 
element is taken by another, that of the pth element, however, 
by the first, each element can reappear in its original place 
only after all the p — 1 other elements have occupied the same 
place; then, however, each element actually returns to its 
original place. Xow, to prove that each arrangement can be 
derived from another by a series of cyclical permutations, we 
assume that any one arrangement arises from another by sub- 
stituting one element, say 3, for another, say 1. The place of 
3 is then taken either by 1, in which case we have already a 
cyclical permutation of the second order, or by some other ele- 
ment, say 5. The place of the latter is then again taken either 
by the first, 1, in which case we have a cyclical permutation of 
the third order, or again by another which is different from those 
already em.ployed, 1, 3, o. Its place can be taken either by the 
first, whereby a cyclical permutation would be closed, or again 
by another; finally, however, the cyclical permutation must 
terminate, because altogether there is only a finite number of 
elements, and the first element 1 must be found in some place 
of the second arrangement. In this way then a series of ele- 
ments is disposed of. If we next begin with some one of the 
elements not yet employed, we can repeat the former procedure 
until all the elements have been exhausted, and we thus obtain 
a certain number of cyclical permutations which, employed 
either successively or also simultaneously, produce the second 
arrangement from the first. If an element have not changed 
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its })la('.(‘ in t.h(‘ scm'.oikI arrangement, such a permanence can 
rcgar(l(‘(l as a cyclical permutation of the first order. Let 
Lllust,ra,tc tlH‘ abov(‘ by an (‘.xaiiiple. Suppose the elements 

1 -I r> 0 7 8 9 10 11 

hav(‘ ])assi‘(l into th(‘ arrangement 

0 II o 7 10 1 9 6 8 4; 

it is (‘.vidmit that tlu‘. row 

I 8 5 7 

lias chaiigeil into ‘I 0 7 1 ; 

tli(‘S(^ thm-cfoiM* form a, cyc.lii'al pe,rmutation of the fou 
order. It we next procMuul trom 8, it is evident that the i 

8 1 1 4 - 

changes into 11 4 2; 

therefore we have a second cyclical })(U’nmtation, of the tl 
order. Lho m-xt (dennmt not, yet, (mi])loyed is C. Then 

row 0> 10 <S 9 

change:-; into 10 S 9 6, 

ami W(‘ h:i\<‘ u third cy<dic:d pm-nnit.alion, of the fourth or( 
Now all II elrnienls :ir(‘ exlnuistu.d, :uid coiiseipiently 
.s(‘c<uid ;':i\eu arr:ing'einenl. is derivaul I’rom the first by 
three evclnsd p«Tni ill ;d ions obtaim'd ahovis 

If vve ijM'x return to our fnnet ion-valu('S, it follows tl 
wliate\er :irr;nrM‘iuent. of them imiy liavi'. a.riscm froju the 
ciiit of liio '..'irudde round (h<‘ luxanch-point., it (sui b(i produ 
j)V :i .,erie;. <.f elle:il p<umnd;itions of fiuicfioii-vahies. 
(he \ai’i;!b!e 1 m‘ made {<> (h‘:;crih(‘ a, circ.uil, round the sr 
hr.'iiicii point a ; eeond time, e.mdi functloii-va 1 lu'. undergcjcs 
same elniime that it experienced ih(‘. hrsi. tinux For 1 
sci'ond (diae.iit, ther<d’or<‘, tin' elides rmnain th(‘ sa,ine as io]* 
fir.d, and ; o, too, b.r each subi-aspimit, c.ircmit. Thus tire val 
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of tlie function (unless they all form a single cycle, wliicli case 
can also occur ; cf. Ex. 3, § 10) are diviclecl at each branch-x)oint 
into a series of cycles, so that in each cycle only certain 
definite values of the function can permute among themselves 
with the total exclusion of all values contained in another 
cycle (cf. Ex. 4, § 10). 

If a single value of the function do not change for the cir- 
cuit of the variable round the branch-point, the same can be 
regarded, as has been remarked above, as forming by itself 
a cycle of the first order. If the variable be now made to 
describe some quite arbitrary closed line, the latter can be 
deformed into a series of circuits round single branch-points 
(§ 9). Therefore the arrangement arising through this closed 
line can also be produced by the cyclical permutations occur- 
ring at the branch-points. 

If, now, the a;-surface be supposed to consist of n sheets, the 
preceding justifies the assumption that, at each branch-point, 
certain sets of sheets are supposed to be connected, which con- 
tinue into one another along the branch-cuts in the way above 
stated. Then the variable, by describing a circuit round a 
branch-point, passes in succession into all those sheets belong- 
ing to the same group, and into none but those, and finally it 
returns into that sheet from which it started. 

To find for an vi-valued algebraic function the Iliemann 
n-sheeted surface, let us first determine its branch-points and 
choose some definite value of 2 :, which, hoAvever, must not 
itself be a branch-point. We must then let describe a cir- 
cuit in the single ;^-plane once round each separates brandi- 
point, always starting from and returning a-gain to it, and 
Ave must ascertain hoAv the function-values octeurring al 
are divided at each branch-point into tlie abovamiuiiitioiKMl 
cycles, and how, within these, they permute Avitli oiui auotln'r.^ 

1 On this point cf. Puisenx, Recberches sur Ics fonctions alg6i)ri(iU(‘Hy 
Liouville, Journ. de Math. T. xv. (In the German by II. Fischer, PiiiseuFs 
Untersuchungen ilber die algehraischen FunkXionen. Ilallc, 1801.) Konigs- 
berger, Vorlesunyen ilher die Theorie der ell. Fuiiktionen. Leipzig, 1874. 
I. S. 181. 
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a.sc*('i‘l ain(‘(l, ii* in tin* //-sln'nttal surfarr tin* 
//-shiM'is whicii tin* valiu*. r:„ Ih* 

*i‘ssi()n by \ r./‘, •••, .so that, tin* raih.-un'i pt. 

in which the [joint, is situated, then v»e 
rariiy <listrihnte tlie \alii('s of the fuiietion ai 
shtnds; /.e., ve <‘an :issiiiti(‘ in an arhitr.ary hat- 
hieh of llu'se values of the runetion .sii.all heloii'C 
e points .:'i We will denote ihe,.e 
er by I,rt. us next draw i'roin 

lint- a. liran<di-tMit. to iniinity, and Tor eac-h of 1 lie 
) detinnnine the eoninsdion of Ilie sheets that it. 
'orrespond to the <‘y(d<‘s previously as<’ertained. 
n th(‘ sinyle ;:'plane, for a. sinp;le (dreidt. round :l 
'• jioint, Im* elianyed into /r.y, ir^ ‘ into //• '. etc., 
slnaded surfaei* tin* eonneetion of the ..hiM-ts is 
that- fora sinp;le eireuit, round tin* t;ani«* l>ran(di« 
abh* pa,ss(‘:; from y/* to from to ^ 
met ion-value /ry suffer no ehamre thereto, the 
sheet, jt. is <‘onneet<‘d with no other sheet, so 
// continues into its.elf alon;'; the branch eui, it. 
unnecessary to draw Die bramdi eiil in tin;: 

leen assinmal, a bramdi cut e.xtmid from e;i(di 
o iniinity, the eduimetion (d’ the s.hciM.; can be 
eaidi braneii point- iiidepemhmt ly (d' the t)lh«-r,-, 

, does iKtt «’\(dude t lu' po.;,;ibilit \ ot sometime;'. 

0 Ijramdi points- b\ a bramdi cut, or ot mal iu'' 
lent;; extend (rom one br.amdi piunt : but tlii. 
k V. lam the pr('\ iom 1\ a. eert aineil wa\ in Vihieh 
:dues permute at the re;poeii\4* br:imdi point, 
n ai’r.'ncMuuent . dim,., in tie- (‘xamjde (jf :i . t . 

1 eon -irji’red in the prec'rdite'; par:e*i’:!ph, :i hramdi 
vsn i rom eaeh (d the three hramdi point . o, o, (* 

1 the w.ay in \\h2<'h the v.-ilues. id' lie* funefaui 
o and /> also admit': ot n ami ft henc* I’onm'ciotl 

L 

mination;; ha,\iny om-e been e .lahli.died, the 
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function-values for each value of 2; are distributed among the 
71 sheets in a definite way. To prove this^ since in the single 
2;-plane the different values which the function can have at one 
and the same point are produced only by the diherent paths 
to 0, it is only necessary to show that, if in the 7 i-sheeted sur- 
face starting from a certain point, say and with the definite 
value ici, we reach the same arbitrarily chosen point 2;^^ along 
any two different paths, we are always led to the same function- 
value (by the two paths). In this proof different cases must 
be distinguished. 

( 1 ) Let us first assume that the terminal point of a path 
starting from Zi is one of the points representing the value 2:0, 
say 2^;^°. Then the corresponding path in the single 2;-plane 
forms a closed line. This' can be deformed into a series of 
(closed) circuits round single branch-points without changing 
the final value of the function. Corresponding to this in the 
7i-sheeted surface, the variable also makes circuits round single 
branch-points and after each circuit goes to whichever of the 
points Zi, Z2, • ••, it can reach. The points at which it arrives 
in this manner may' be designated in order by^ 2:1°, z^°, •••, 

zj", 2;^°. According to the principles established above concern- 
ing the arrangement of the function-values, and since here only 
single circuits round any' one of the branch-points are taken 
into consideration, it follows that tc assumes in succession the 
values 20C, •••, tc/, il\°. Now a similar deformation 

can be made in the case of any' other path starting from 2^1° and 
terminating in 2:;^°, although then the variable will generally 
pass into other sheets than before. Let us assume that the 
circuits lead the variable in succession from 2^^° fo Zf°, •••, z°, 
and finally to then the corresponding series of function- 
values is 7 c\°, ic°, IV and since the last circuit, accord- 

ing to the assumption, leads from Zj^ to 2^,^°, must finally' also 
change into This may' be illustrated by' an example. 

In the six-sheeted surface represented in § 11 we can reach 
for instance 2^3° from 2^1° by' two circuits round the point a, by' 
which we come first from z° to 2^0°, and then to 2:3°. But among 
others we can also choose the following way : from Zi round 
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a to z. 2 °, tlsoii round r to z-° f-l.or, i 

round c t(j S;". For Ihc, lirsf’ ,Vitli ; finally 

tho siinui for both j,atdi.s ' Jfc ' ’ value is 

«»,, if ,,,„. v,,,;,,l,|„ „„',™ 1,1 ' : “""‘"r'* “ » special 

point th(i fuiud.ion also n'suniesVlio starting- 

(-i 'V,. ,„.x,. ,,r 

aai.ic ,,„i„|,, ,„„| ni.„,i„-,„|,.i,.J,, ,' „!,„ ** 4 '“““*‘“1 '’’C 

therefore, if for hisfatiee, we UHs'iinie 

poiid, entindy in the sheet 1. Tiuni ''"l starting- 

no hraueh-iioint, MO .sjieeiai dise.iis.sioii is i- enclose 
responding paOis in the sin,‘ph-M,p,ne 

point, and thend'ore lend (n'llie s' ' no branch- 

« ii). II. i» lo I,. 1,,^' «f «« fimctioa 

™«»alcr,.,l “'cur, il the paths 

or (lie enclosed hrnueh-noini.s ., l "’ T neither 

for. otherwdse, at least one of i infinity; 

the hrnneh-e„ n. n . - 

ICC I,., . 11 ,, r clieet 

several hr.an.depoi.d.s an' e H ‘ occur when 

eaidi hraiKdi cut eonneefs i wo Inni! I 

t , 

;; ''p.chi,., .i:! 7 ;:,^ 

('iirtut.s i)(. niinh* in flu. ..if, . 

fisek t, heeau.se each hra.neh^"'^.''* lead 

■■‘"6 (hend'ore, for (he ;nieee,ssi vV\’ 

I’ranidi eel. niiisl hi' ero- 'ed ^ latter, the 

ihu,s ahvavs e ‘Hrections; we 

,,,„ ^I'oet I, and therefore finally 

preeedin^^.a., 1-ved in the 

'v. pii,:.,.. .,,,; , ,. . .;;;f;v::.""'~ -‘c™" *.• vi,.,..* 

'•*■‘6 11 , e palh /; lea.I.. i ’ "ons.s(,s (d' the, circuits 
the fiu.e uin H a„s does .1, and since 

therefore 

to he examined' ,'n. 'h'f '"‘"l I’'’"’* “f i'he paths 

■'»> pond, r, lying ,n any arbitrary .sheet A. Let 
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the initial point, as before, be such a path we can^ in 

the first place, without changing the tinal function-Talue, sub- 
stitute another path, which first leads to 2';,° and then, running 
entirely in the sheet A, to 2^^ ; for, in the corresponding j)aths in 
the single 2-plane, the terminal portion of the second can always 
be so chosen that this can be deformed into the first without 
necessarily crossing a branch-point. If we now make the 
same deformation in the two different paths, both first lead to 
2;^°; here the function according to ( 1 ) acquires along both 
paths the value wy'". The portions of the two paths still remain- 
ing rim entirely in the sheet A, commence at the same point 2;^° 
and with the same value of the function ; therefore, both 
according to ( 2 ) also lead to the same value of the function at 2;^. 

We have thus proved that after the above determinations, 
chosen quite arbitrarily, have been made, the function acquirers 
at each point of the surface a dehnite value independent of tlie 
path and becomes a one-valued function of the position in tlio 
surface. Thereby we have removed the multiformity of alge- 
braic functions,^ and in what follows we shall now always 
assume that the region of the variable consists of as many 
sheets as are required to change the multiform function undtu* 
consideration into a uniform one, and tve shall consider two 
points as identical, only when they also belong to the same 
sheet of the surface. 

Accordingly we shall call a line actually closed, only wdum 
its initial and terminal points coincide at the same X)oint of the 
same sheet. On the other hand, should a line end in a point 
situated in another sheet above or below the initial point, we 
shall sometimes call such a line apparently closed. 

13 . To the above considerations let us add a fetv remarks. 
In crossing a branch-cut, one sheet is continued into anotlunt 

1 Jhough we can also ascribe branch-points to such functions as log 
tan h, etc., we should then be obliged to assume that an infinite numl)('r 
of sheets of the surface are connected in a branch-point. For this reason 
the functions mentioned will he considered later from the point of view 
of functions defined by inteitrals. 
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as has been set forth above, in such a manner that, when the 
variable moves in it, the function changes continuously. It 
follows from this, which is to be well heeded, that the function 
in the same sheet must always have dilferent values on- the two 
sides of a branch-cut. Let us assume, for example, that a sheet 
K is continued beyond a branch-cut into another sheet X, and 
let 2;^ and 2;^ be two points representing the same value of 2:, 
and lying in k and X respectively and infinitely near the branch- 
cut. Further, let be the point which lies in x on the other 
side of the branch-cut directly opposite and infinitely near 
the same. Then the variable, in order to pia^ss from 2.'^ to 2^;^, 
must first move round the branch-point to 2:'^, from which point 
it immediately comes to 2:;^ by crossing the branch-cut. Accord- 
ingly 2:'^ and 2^;^ are in continuous succession ; 2^^ and 2;^, however, 
are not. If il\ denote the function-values corresponding 

to z'^, Z;^ respectively, then il\ is continuous with but not 
with iL\, and if we disregard the infinitely small diflerence 
between i(.\ and we can say ic'^ = 'zcy ; but since is differ- 
eut from ic^, and are also different from each other. 
Take, for instance, the function io=^-\/z. The surface then 
consists of two sheets, which are connected at the branch-point 
2; = 0 . Here icy = — icy (cf. § 10 , Ex. 1 ) ; therefore ic'^ = — icy. 
In this example, therefore, the values of the function in the 
same sheet have opposite signs on the op]DOsite sides of the 
braiich-cut. 

Eieniann calls the branch-points also vdndmrj-'pomls, because 
the surface winds round such a point like a screw surface of 
infinitely near threads. Then, if only two sheets of the surface 
be connected at such a point, it is called a sim/ple 'branch-pomt, 
or a whidincj-point of the first order; if, hotvever, u. sheets of 
the surface be connected at it, it is called a branch-point or 
irijidinrj-pomt of the {n — V)th order. How, for many inves- 
tigations, it is important to show' that a wun ding-point of the 
(?7 — l)th order may be regarded as one at wdiich n — 1 siinple 
branch-points have coincided. If w'e assume, for example, 
n — 5 , then at a branch-point in which o sheets are connected, 
the variable passes after each circuit into the next following 
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slieet, and a curve must make o circuits round a brancli-point 
before it arrives again in the first and becomes closed. By 
this propert}" such a point is characterized. But the same 
also takes place if tve assume 4 simxjle branch-points a, h, c, d 
in which the following sheets are connected in succession: 

at a h c d 

1 and 2 1 and 3 1 and 4 1 and 5. 

In Fig. 16, aa', hh\ cc', dd' are the branch-cuts^ and the figures 
refer to the numbers of the sheets in which the lines run. 
If the curve, starting from z^y (Fig. 16), cross the section cud, 
it passes from 1 into 2 and remains in 2 for the entire circuit, 

because this sheet is not con- 
nected with another at any of 
the points b, c, cl. Thus, for 
the first circuit the curve passes 
from 1 into 2. If aa' be crossed 
a second time, the curve passes 
from 2 into 1, and then at bb' 
from 1 into 3. Then, however, 
it remains in 3 until its return 
to 2 ;o, the second circuit there- 
fore carrying it into 3. Only at 
bh' it again passes from 3 into 
1, and then at cc' from 1 into 
4. In this way each ncAv cir- 
cuit carries the curve into the next following sheet ; therefore, 
after the fifth circuit the curve returns into the first sheet and 
becomes closed. It is thus seen that the passages take place 
here in the same way as in the case of a winding-point of the 
fourth order. Therefore, by making the four simple branch- 
points, as well as the branch-cuts, approach one another and 
finally coincide, we obtain a branch-point of the fourtli order. 
This simple example shows at the same time that the number 
of circuits which a curve must make round a region in order to 
become closed, exceeds b}^ 1 the number of the simple brandi- 
points contained in this region, since the vein ding-point of the 
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foiirtli order is equivalent to four simple brancli-points. It 
■will be shown later that this relation holds generally. 

14 . For the complete treatment of the algebraic functions 
it is still requisite for us to take into consideration infinitely 
large values of the variable ;<i. In the plane in which is 
moving, this variable can move from any given point, e.g., from 
the origin, in any direction to infinity. But if we now suppose 
the plane to be closed at infinity, like a sphere "with an infi- 
nitely large radius, tve can imagine that all those directions 
extending to infinity meet again in a definite point of the 
sphere, and accordingly the value z — ao can then be repre- 
sented by a definite point on the spherical surface. The same 
representation may be obtained by conceiving that the 2:-plane 
is tangent at the origin to a sphere of arbitrary radius. Let 
ns suppose the point of tangency to be the north pole of the 
sphere. Then any point 2; of the plane can be projected on 
tli(‘. surface of the sphere by drawing a straight line from the 
south ])ole s of the sphere to the point 2;, and cutting wuth this 
line the surface of the sphere. But if the infinitely distant 
points of the 2;-plane be projected in this manner on the surface 
of the sphere, the projections all fall in the point s, by which 
point therefore the value z = cc is represented in that case. 

If, now, the 2-plane consist of msheets, the spherical surface 
can be supposed also to consist of 7 ),-sheets, and we can assume 
tliat the points of the ?i-sheets representing the value 2; == cc lie 
(]ir(‘.ctly one above another. Then it is also conceivable that 
several sheets are connected at the point cc , and that the latter 
is a branch-point. Given a function iv =f(z), in order to decide 
wh(dh(U‘ 2 = cc is a branch-point, we need only substitute 

2^ ™ I'f, then, /(2) change into (/> (ic), each branch-point 2 = a 

IL ' ^ 1 

of f{z) furnishes for {%C) a branch-point u — and, conversely, 

. 1 

each branch-point u = J) of cjy 00 h^^’nishes a branch-point ^ ^ 

for f(z)] therefore z=y: is or is not a branch-point of 
according as u =^0 is or is not a branch-point of 6 (a). We 
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can also let tlie variable describe a circuit round tlie point oc 
on the surface of tire sphere^ and we can ascertain whether or 
not f(z) thereby undergoes a change in value, and what the 
nature of this change is, if for this purpose we examine the 
function (j) (?./.), while the variable ic describes a circuit round 
the point u — 0 . 

In the case of a surface closed at infinity, a branch-cut can 
no longer be drawn extending indefinitely to infinity, but if such 
a cut extend to infinity, it now terminates in the definite point 
Thence arises a difficulty which has to be removed 
(which, howmver, may be sliowm to be only apparent). For, 
let a, I, c, be the finite branch-points of a given function 
f(z), and let us assume that these points are connected by 
means of branch-cuts wuth the point z= . If, now, the 
values of the function •••, occurring for any defi- 

nite value 2^0; distributed arbitrarily among the points Zi, 
has becu set forth on page 6 d, and if the con- 
nection of the sheets along the branch-cuts be determined in 
accordance wuth the character of the function /(fi), then noth- 
ing arbitrary must be assumed for the point a: = co , but the 
manner in which the sheets are connected along the branch- 
cuts which end in this point is already determined by the 
former assumptions. The question, however, then arises 
whether this actually conforms to the nature of the function 
f(z), ie.y wTrether thereby that change (or eventually non- 
change) of value is produced which f(z) really experiences for 
a circuit round the point z — . If this wmre not the case, it 

wmiild be impossible so to construct the Riemann spherical 
surface that the given function should be changed into a one- 
valued one w'ithout neglecting the infinitely large value of 2^. 

Hut. now' in the simple spherical surface a closed line Z, 
w'bich encloses the point z = cry and no other branch-point, is 
at the same time one Avhich encloses all finite branch-points a, 
b, c. •••. Since the latter can be resolved into closed lines 
whicli eu close the branch-points a, h, c, ••*, singly, the same 
chaiige of values takes place for f (z) in describing the line 
as if the ]Doints a, d, c, w'ere enclosed singly in succession. 
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This, however, in the 7i- sheeted surface^ as has been shown 
above, is at the same time the change which also occurs when 
the branch-cuts leading from a, h, c, ••• to infinity are crossed in 
succession. Accordingly, there arises, in fact, no contradiction, 
but it is always possible to represent uniformly an algebraic 
function by a many-sheeted hieinann spherical surface, without 
neglecting the infinitely large value of 2 :. 

Tor the purpose of illustrating the above, we shall introcluce 
a few examples, in which, for the sake of brevity, the same 
designations will be used as have been employed in § 10 and 
§ 11 . 

Ex. 1. The function already considered 




changes by the substitution z = - into 

u 




• an , Vl — etc. 

j , 

• bio 


hence u — 0, and therefore also 2 : = cc, is a branch-point, and it 
is evident that at this point the same sheets are connected as 
at the point c. \Ye shall therefore draw one branch-cut from 
a to b, and a second from c to infinity. But it is also possible 
to draAv three branch-cuts from a, 6, 0 to infinity, as we have 
done in the general treatment of this subject. From the con- 
siderations made in Ex. 4 of § 10, it follov's that the passages 
along the branch-cuts are as follows : 


along a cc • • • 

& CO ••• 

C CO • • • 


12 3456 
2 315 64 

123456 

312645 

12 3 4 5 6 
456123* 


If therefore for a single circuit round the point cc these three 
cuts be crossed successively, we then pass in succession first 



74 


THEORY OF FUSCTIOyS. 


from 1 to 2, then to 1, and finally to 4, in accordance with, what 


should really occur. 

.Ex. 2. 


changes into (u) = -^(i _ cm) (1 — bu) j 


therefore 2 : = oo is not a branch-pointy but only the points 0, a 
and b. 

From each of these points can be drawn a branch-cut to 
infinity. But if the surface be assumed to be closed at infinity, 

then the three branch-cuts meet 



at the point x (Fig. 17). The 
sheets of the surface pass into 
one another along the part a x 
in a way different from that 
along the part b x, namely, as 
the numbers indicate in the 
figure. Bound the branch- 
point 0, in the direct! o.u of 
increasing angles, / (z) changes 
into 


therefore 1 into 2, and hence also 2 into 3 and 3 into 1. If we 
now describe a circuit round the point x, then, on crossing 0 x, 
1 changes into 2, and on 
crossing b x, 2 into 3, and 
finally on crossing a x, 3 
into 1. Here therefore after 
the first circuit we return to 
the first sheet, the function 
does not change its value, 
and thus the point x is 
really not a branch-point. ^ic. is. 

It would also have been possible in this case to connect the 
points a and b by a branch-cut dravm in the finite part of the 
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surface (Fig. 18). But then there must be given on this line a 
point c, at which separation takes place, so that along «c the 
sheets are connected in a different way from that along //c. If 
then the second branch-cut be drawn from 0 to c, then for the 
circuit round the point c the function remains unchanged, so 
that c is not a branch-point. The matter can here be considered 
in a manner analogous to the treatment of the second example 
of § 10, namely, as if the point o had arisen from the coinci- 
dence of three branch-points cZ, e,/, which had mutually neu- 
tralized one another, so that the given function may be supposed 
to have been derived from the following 


z-b (z ~fy- 
\z-cl z~e 

by putting d — e=zf=c. 

The branch-cuts can here also be chosen in a third way by 
drawing one from a to 0, and another from 0 to b. 

Ex. 3. The function 

f{z) = — a) (z — b) 

changes into 



therefore z = cc is a branch-point. We can here draw a branch- 
cut from a to cc , and another one from Z) to cc (Fig. 19), and 
connect the sheets as indicated 
in the figure. Then a circuit 
round the point x leads first 
across b x from 1 to 2, and then 
across a x from 2 to 3 ; thus 
one circuit leads from 1 to 3, 
so that the function changes 
and 2 ; — X is actually a branch- 
point. It is to be noted that 
if the direction of motion 
here, too, be that of increasing 



Fig. 19. 
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angles, the circuit, viewed from co , must be made in the oppo- 
site direction. For, if we put 


it follows that 


= r (cos <^~i sin (^), 


2 ; — - (cos (/) + i sin (^). 
r 


Therefore, if u describe a circle round the origin with a small 
radius and in the direction of decreasing angles, then 2 : describes 

a circle with a large radius and 
/ ^ in the direction of increasing 

angles. In this case </> {u), for 
one circuit, changes into crcfi (u), 
and consequently /(^) into 
i.e., we pass from 1 to 3, as in- 
dicated in the figure. 

We can here also connect the 
points a and b by a branch-cut 
running in the finite part of the 
plane, assume on it a point o*^ 
separation c, and draw from this another branch-cut to cc (Fig. 
20). The function then does not change for a circuit round 
the point c. 

Ex. 4. Let us next take up the example previously given 
on page 38, in which the function v: is defined by the cubic 
equation 

— w 0. 


123 

123 

V 


3 


2 

1 

1 

r 

3 


V ^ 

Fig. 20. 


By letting here as above 

= + 
whereby pq = i, ( 1 ) 

the three values of the function are expressed by 


=p+q, 

Wo — c^jy 

^^3 = a-jy fi- aq. 
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We have here first the t^vo branch-points ^ - and 

9 . V27 

2 ; = Wr? at each of which two sheets of the surface are con- 

^‘>7 


V2< 


nected ; and next z — cc also a branch-point, since by letting 


2 : = Ave get 
u 


- 1 - 


hl- 


4 1^/ 


p = \- 


for u =z 0, p is thus = x , and therefore by (1) q = 0. Accord- 
ingly, Sitz = cc all three A^alues of the function become infinitely 
large, so that all three sheets are connected. Although, at first 
sight, it seems as if the first tAvo branch-points must have 
exactly the same relation, so that at both the same sheets are 
connected, yet this is not the case. To see this, it is only neces- 
sary to folloAv the real Amines of 2 ;, since the first tAAm branch- 
points are real and the point z = cc can also be assumed on the 
principal axis : and the expressions for the roots iv must be 
reduced to the forms AAmich are giAmn to them in the irreduci- 
ble case of the cubic eqiiation. We Avrite therefore 


3; 


V 




and let 


Then Ave get 


COS S'y. 

V27 


— (cos 3 u + i sin 3 v) = — V-^- (cos v -f i sin^’) : 

V27 


the three Amines of p therefore are 

p — — — — a“ V I' e"'", 

and, since q is ahwaAm = — , the corresponding Amines of q are 

op 


q = — Vv e "'A -t e 


■ aV e~ 
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2177 ^TT 

Since, moreover, a = , a^ — e ^ can be substituted, we get 

Wi = - Vi (e“ + 6-”), 



W3 = — 2 ^,'^ cos 1 V — 


TT 

"3 


As long as v remains real, passes througli the real values 
2 

numerically less than — — ; the point z therefore describes the 


distance between the two simple branch-points ; for pure 
imaginary values of v, z becomes numerically greater than 


■ and only for complex values of does assume imaginary 

-V27 

values, hor our purpose therefore only the real values of v 
need be considered. In this it is to be noted, however, that 2: 
is introduced as a periodical function of v. Therefore, if Ave 
wish to have something definite and ma,ke the variable 2; de- 
scribe the distance between the two simple branch-points only 
once, we must choose a dehnite period and consider this alone. 
Let us then assume, in order that 2^ may pass through the real 
o o 

values H ^ to that 3 v moves from 0 to tt, and there- 

V27 a/ 72 


fore V from 0 to ^Ye then obtain the following correspond- 
o 

iiig A'alues of u, 2;, ic^. iw : 



MULTIFORM FUMCTIOFS. 


79 


V 

0 

z 

9 

^V27 

-2 Vi 

IVo 

+ Vi 

+ Vi. 

TT 

6 

0 

-1 

+ 1 

0 

TT 

3 

2 

V 27 

-Vi 

+ 2Vi 

-Vi 


In calculating them, to avoid all ambiguity at the branch- 
points, Ave must start from the value ^ ^ and make it first 

decrease to 0 and then increase to 

^ 9 0 

If, for the sake of brevitv, the branch-points H — ^ and ^ 

V27 V27 

be denoted by e and e', it is seen that, though according to the 
chosen period of v the tAvo values of the function iCo and ic. 
become equal at e, yet after 2 : has arrived at e’, this does not 
again take place, but iioav 'il\ and become equal. Accord- 
ingly, at e the sheets 2 and 3, but at e' the sheets 1 and 3, 
must be assumed to be connected. 

If, according to the above table, the three Amines — 1, -f- 1, 
0 of 10 occurring for z = 0 be distributed consecutively among 
the sheets 1, 2, 3, then, for a circuit round the point e, the 
AUAlues -f- 1 and 0 interchange : Avhile for a circuit round the 
point e' tlie Auilues — 1 and 0 interchange, AAhich is also con- 
firmed by a direct investigation of these circuits. Accordingly, 
if the brancli-cnts e yz- and e' cc be draAvn, the continuation of 
the sheets, in crossing them, must be assumed as folloAvs : 


along c cc ••• 



123 


At tlu' ])oiTit X, then, all three sheets are connected, intosvhieh 
we jiass successively if we describe a circuit round this point. 
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>. If w denote a multiform function of 2:, but W a rational 
tiou of w and a; (or also of w alone), then the ^-surface for 
function IF is constructed just as is that for the function iv. 
let iv^ and denote any two values of ic belonging to the 
3 and IF^ and W\ the corresponding values of IF, tlieu 
must change into IF^ whenever changes into tc\, since 
ach pair of values of a: and lu corresponds only a single 
e of IF The passages of the IFvalues depend therefore 
1 the circuit described by in the same manner as do the 
lues. 

iierefore the 2;-surface has the same branch-points and 
Lch-cuts for IF as for to, and at each branch-point the 
3 sheets are connected. For this reason Riemann calls 
rational functions of w and 2: a system of like-branched 
itions. 


SECTION IV. 

INTEGRALS WITH COMPLEX VARIABLES. 

S. The definite integral of a function of a complex variable 
be defined in exactly the same manner as is that of a 
itioii of a real variable. 

et ;So and 2: be any two complex values of the variable 2. 
the points which represent these values be connected by 
arbitrary" continuous line, and assume on it a series of 
rmediate points, which correspond to the values z^, z., •••, 2;,, 
he variable. If, further, f(z) be a function of ^ which at 
)oint of the above line tends towards infinity, and if we 
1 the sum of the products, 


/Co) Cl - *o) +/Cl) C 2 - 2l) + ••• +/C»)'C - «n), 

L the limit of this expression, when the number of the 
rmediate values between 2^0 and 2 along the arbitinry line 
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increases indefinitely, and when therefore the differences 
— 2,,, ^2 — «!, etc., diminish indefinitely, is the definite integral 
between the limits and 2 ; therefore * 

i f(z) dz = lim [/(2„) («1 _ 2„) +/(2,) (z„ _ 2i) + - 

+ fi^n) (Z - (1 , 

It is obvious tiiat this definition does not essentially differ 
from that usually given for real variables. One difference, 
liowever, consists in this : tliat, in accordance vfftli the nature 
of a complex variable, tlie path described between the lower 
and upper limits, i.e., the series of intermediate values, is not 
a prescribed one, but can be formed by means of any continuous 
line. Upon the nature of this line, which is called the 2 >citk of 
integration, the integral is in general absolutely dependent. 
It is easy to show that, if / (z) do not become infinite at any 
point of a path of integration, the integral taken along this 
])ath has also a finite value. For, since (§ 2, 1) the modulus of 
a sum is less than the sum of the moduli of the single terms, 
it follows from (1) that 

mod j f(z) dz < lim {mod [f(z^ (z^ — z^)] 

4- mod [_f{z,) (z, - z,)'\ 4- ••• 4 mod [/( 2 „) (z - 

lint if M denote the greatest of the values acquired by the 
modulus of f(z), Avhile 2 ; describes the path of integration, this 
value according to the assumption being finite, then the right 
side becomes still greater if M be put in place of the moduli 
of the single function-values f{z^, /(h) •**- Therefore, the 
modulus of a product being equal to the product of the moduli 
of the factors (§ 2, 3), we get 

mod f{z) dz<M- lim Jmod (z^ — 2 : 0 ) 4 mod (zo — h) H 

4 mod (z — z^) I . 

In this the moduli of the differences Zi — Zq, z.i 2^1 ♦ repre- 
sent the lengths of the chords 2 ^ 0 %, z^z.,, In passing to the 
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limit, therefore, the sum of these moduli approaches the length 
L of the path of integration ; accordingly 

mod ( f{z) dz < MLy 

A 

and has a finite value, if the path of integration have a finite 
lengthd 

From this definition follow immediately the two following 
propositions : — 

1. If Zj, denote any value of the variable along its patli, tlnm 
r f(z)dz= Cy(z)dz+ f /(z)dz. 

Jz^ 



i.e., if the variable describe the path which represents a e.on- 
tinuous succession of its values in the opposite direc-tion, the* 
integral assumes the opposite sign. 

It can further be shown that, whatever may be the path of 
integration, the integral 

^i'-= CfODdt. 

is always a function of the upper limit 2?, when the lower limit. 
2;o is assumed to be constant. Let 

= a’o 4- ^2/0; ^ = 

C = ^ 4- ; 

then we have w = j /(^ 4- irj) 4- idrj). 

This integral breaks up into two parts, so that in tlu^. first 
and ill the second r), is the variable of integration. (liv(m now 
a definite path of integration, then by virtue of it 77 is a function 
of and ^ a function of rj ; let 

^ Konigsberger, Vorlesungen iiher die Theorie der elllpt. Fuukt 

I. s. 
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If tliese be introduced, then, since ^ passes through all values 
from a’o to -x, and r) at the same time through all values from 
to y corresponding to ^ in virtue of the path of integration, 


= Cfli + (i)] ^ f/C^ (n) + 


and this equation holds whatever may be the functions <f) and 
ijj determining the path of integration. By reducing in it f 
also to the form of a complex quantity, we are led to only real 
integrals, and hence we can apply to the former the rules 
of differentiation holding for real integrals. We therefore 
obtain 

=/[* + i<l> (a-)] =/(* + iy), 


Hence 


= Vbl' (y) + iy] = if{^ + iy)- 

i>y 

Sic _ . Siu ^ 

Sy Sx‘^ 


consequently (by § 5) iv is a function of 2 . It then follows, 
from the second of the propositions stated above, that to can 
also be considered as a function of the lower limit if the 
upper one be regarded as constant. Since, further (§ 5), 

die __ Sw 
dz 8x ^ 

it folloAvs also that d^_ 


On the other hand, the proposition holding for real integrals, 
that, when F(z) denotes a function of 2 ; the derivative of which 

rf{z)dz^F(z)-F{z,), 


1 This result follows also from the sum (1), by which the integral is 
defined, if we separate in it the complex quantities into their constituent 
parts. 
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,niiot wittiout furtlier limitation be applied to complex in- 
grals, because tbe values of sucli integrals^ as has already 
jen remarked^ depend not only upon tlie upper and lower 
nits^ but also upon the whole series of intermediate values, 
2., upon the path of integration. 

17 . In order to examine the influence of the path of Integra^ 
on upon the value of the integral, we shall commence with 
Le following considerations. Let 

i the variable, accordingly x and y the rectangular co-ordinates 
■ the representing point. If w^e have a region of the plane 
^finitely bounded in some way, which can consist of either 
le or several sheets, and if P and Q be two real functions 
: X and y which for all points wuthin the region are finite and 
)ntinuous, then the surface integral 



ctended over the ichole area of the region^ is equal to the linear 
itegral 

f (Pdx + Qdy), 

iken round the ichole boundary of the region. 

We shall not only prove this proposition for the simplest 
ise, when the region consists of only one sheet and is bounded 
Y a simple closed line, but we shall at the same time take 
ito consideration those cases also in which the boundary con- 
sts of several separate closed lines, which can either lie 
itirely outside of one another, or of which one or more can 
e entirely enclosed by another. Finally, Ave shall not exclude 
le case when the region consists of several sheets A\dnch are 
mnected with one another along the branch-cuts. Yet we 
lall then assume that the region does not contain any branch- 
oints at which the functions P and Q become infinite or 
Lscontinuous. It is, however, necessary, in order to include 
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i<)S<‘ c'asi's, i,() (l(‘t(U'iniiic inorc^ ({(‘linitc'.ly IIh' inc^iiniiiL^ of 
Un'/Hli rrAio/i. If W(^ a:Ssiiuu‘, a,s is (aLstoniary, iJiaf, tlui 

(lir(‘(*t,i()ns of t.h(‘ x- a.iul y/-a.xis Th^- so tlait an 

vcr stataoiK'd aX (,ho. ori'^iii a.iul lookiin^’ iii tJu'. posiiiivo. 
,ii)n of tJu' .r-axis has iJi(‘ positiva*. //-axis on his hd'i, l-hc.n 
; so assniiK' tho posit irv h(n( tidiiripdi n^ctioji that, OIK', who 
^ it ill t,his (liroc.t.ion shall always ha.V(‘ l,h(‘ houiHhul. a,r(;a 
lav'^'ion on his hd’t. dhu*. sa,ni(‘ oa.n bc^ (‘xpn'ssod thus: 
ich poini- of l.lu^ boundary i,h(‘. noriuab drawn into i.hi*. 
or ot th(‘ a,r(‘a, is silaud.ial with rcd'iu-iuuu*. t,o tlu' positiva^ 
.ion of tlu‘ boundary just. a.s 
‘ positive' //-a.xis witii re'liu-- 
t.o t.lu‘ positive .r-a.xis. It, tor 
!(*(', the boiinda.ry consist, of 
:ta‘rnal elose'd line a.nd a. eir- 
inp; wholly within the saimp 
nt the point.s w'ilhin t.lie eir- 
ro (*\b‘rna,l lo tin' liounded 
of (h»‘ repion, then on t.lu*. 

line the po;:itive bounda.ry- 
t ion is 1 ha t of i nere'asi ny a.in 
w bile on 1 he iniuu* (drele it. is 
ippos/itea a:; i.: shown by tlu* a.rrow'S in LM. Now in 

[Hear int.r'p’sl, whieh W(‘ wi;;h t.o prove t.o b(‘. eepia.l t.o l.lu^ 
s.nrfaee inteprnl, tlu' int(';’;ra,t ion luiud- b(‘ <‘>;t.en(h'd ov(*r 
hoh* bniiiidary in the po.dtiv(‘ dir<*<'t.ioii a.:; just, (h'tined. 

‘ shall write, then, tin* inte;»;,*al J in t.he torni 



sa* can then ii!te‘";rate in lln’ lir.'.t p:i.rt, .as, to a.nd in tlu' 
(i part a,-, to //. t'or tide; piirpos.e W(' divide* the' rep, ion 
e ' it'iin I! I a I'v s.trijt;:, whieh aia* lorineel by :;traip;ht line's 
inlinileU near to one aiiel he'i- and, tor t he* lii’st inii‘p;rab 
ii)". parallel tu (he* x in e'ase ilu'rt'. are* branch' 

:P v.e* take eni’t' to elraw siK'h a. line* thi'oupii e'ueh ot l.hi'iii. 
w Imh- I'c'.inn i : thus. di\ieled into inliuil.e'ly na.rrow’ trapee- 
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zoid-like strips. In Pig. 22, for instance, in a surface consist- 
ing of two sheets and bounded by a closed line wbicli makes 

a circuit twice round a branch- 
point, several such trapezoid- 
like pieces are represented, 
the lines running in the sec- 
ond sheet being dotted. If 
we now select some one of 
these elementary strips, be- 
longing to an arbitrary value 
of y (he., in case the surface 
consists of several sheets, all 
those elementary strips lying 
one directly below another in 
the different sheets which be- 
and if we denote the values 
acquired by the function Q at those places where the ele- 
mentary strips cut the boundary, counting from left to right 
(he., in the direction of the positive a>axis), at the points of 
entrance by 

Qij Q2? ***? 

and at the points of exit by 
then (Fig. 23) 

therefore, 

//If =/ - Q..dy + / +/- q,dy + .... 



Fig. 22. 

long to the same value of y). 


1 It must t»e noted that this equation remains true, even when ^ 

dx 

becomes infinite or discontinuous at some place over which the integration 
extends, if Q suffer no interruption of continuity at this place. If, 
namely, f(x) be a function of the real variable rr, which for r. = a is 
continuous, while its derivative, /'(rc), is for the same value discontinuous, 
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In tli6 int6grals on tlio riglit y passos tlirongli all values 
from the least to the greatest ; therefore dy is always to be 
taken positively. But if the projections on the y-axis of the 
elementary arcs which have been cut out from the boundary 
by the elementary strips be designated in the same sequence 
as above, at the places of entrance by 

dy„ dy,, dy^, •••, 

and at the places of exit by 

dy\ dy'\ dy^^^, 


we assume on both sides of a two values Xh and Xjc infinitely near to a. 
If, then, in the integral 


X 


f(x)dx 


a lie between the limits xo and xi, and if f(x) remain continuous between 
the same, while f'(x) is discontinuous only at the place x = a, then 
we can put 


fy(x)dx =\im\ r’‘f(x)dx+ r'f{z)dx\ 

Jxq Jx: j 


wherein the limit has reference to the coincidence of Xh and cc* with a. 
Kow since fix) is continuous from xo to Xh and from x* to Xi, it follows 
that 

(x) dx - lim [/(a:;,) - / (xq) + / (Xi) - / (x^) ] • 



Since f(x) is continuous at the place x — a, tlierefore, in passing to the 
limit, /(cc/i) and/(XA) become equal, or 


lim lf(Xn) -f(xM = ^ i 


therefore, notwithstanding the discontinuity of f\x) between the limits 
of the integral, we have 



y'(x)dx=/(xi)-/(xo}. 


This case deserves notice here, since it will be shown later that the 
derivatives of continuous functions can become infinite at branch-points 
(§ 39 ). 
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and if regard be paid to the positive boundary direction 
(Fig 23), then 

dy = — dyy = — dy^ = — dys=--- 
= + dy' = + dy" = + dy"'= ■■■; 

tlierefore^ 

=J" Qidyi +J' Q'dy' +J' Q^dy^ + 



In all tliese integrals y changes in the sense of the positive 
boundary-direction ; therefore they all reduce to a single one^ 
and we have 

= J" qdy, 

if the latter integral be extended along the entire boundary in 
the positive direction. 

In the same manner the second integral 



can be treated. Here the region is divided into elementary 
strips by straight lines running parallel to the y-axis, arid^ as 
before, such a line is drawn through each branch -point. H‘, 
therefore, the values which the function P has at the places 
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wliere an elementary strip cuts the boundary be designated, in 
ord(ir from below upward (i.e., in the direction of the positive 
y/-axis), at the places of entrance by 


Pi, P 2 , Ps, 

and at the places of exit by 

p/ pa -ptii 
IT j J y J, y 

then, again 

f ~ S J* -P'dic — Podx 4- • • • ; 

and therein dx is positive. But if 

d'X^, dxo, dxoy •••, and dx', dx", dx"', ••• 

designate the projections of the elementary arcs which are cut 
out by the elementary strips, then, considering the positive 
direction of the boundaiw, 


and therefore 


dx = -f- dxi = 4- dxo = + dx^ = • • • 
= _ dx' = - dx" = - dx"' = . . 


- jPA. - / w - jPA, - 


— J™*'- 


in whicdi th(‘ integral is to be extended in the positive direction 
round tlu'. entire', boundary. Combining the two integrals, it 
follows, as was to be proved, that 


(,Iu^ liiH'u.r iiiti'gral to iKh-ahen round the entire boundary in the 
positi VO. (lirootion. 

ddiis proposition, which is hereby proved for the real func- 
t idiis /' nnd Q, can at. once. b(; extended to the case when P and 
arc, coiiiplc.x fuiictioiis of tiu; real variables a; and y. If we 

P= P' + iP", Q=Q’ + iQ'\ 
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wherein F'j F", Q', Q’' are real functions of x and y, then 

+i// 

If the proposition be applied to the right side of the equation, 
we get 

= j" {P'dx + Q'dy) + ij {P^'dx + Q"dy) = j" {Pdx + Qdy). 


We have assumed until now that, within the region under 
consideration, there are no branch-points or other points at 
which P and Q are discontinuous. Xow, in order to include 
within our considerations also those regions in wdiich this is 
the case, it is only necessary to enclose, and thereby exclude, 
such points by arbitrary small closed lines, these new lines 
then forming part of the boundary of the region. 


18 . From the preceding proposition, follows immediately 
the following : — 

(i.) If Pclx -f- Qdy he a complete differeiitiai, tlieyi the integral^ 
(Pdx -r Qdyf extended over the icliole boundary of a region 

loitliin ivliich P and Q are finite anid continuous, is equal to zero. 
For, if Pdx + Qdjy be a complete differential, 

Sy Sx 

and therefore all the elements of the surface integral, which is 
equal to the linear integral, disappear, and accordingly this, as 
well as that, is equal to zero. 

If now 'ic~f(z) 

be a function of a complex variable z — xpiy, then [§ 5. (1)] 



therefore ivclx + iicd/j/, i.e., lo (dx -h idy), or vjdz 
is a complete differential, and hence 

(ii.) J/C) dz = 0, if this integral be extended round the whole 
boundary of a region within lohich f(z) is finite and continuous. 

Prom this follows farther: If the variable 2 ; be made to 
describe between the points a and b two different paths acb 
and adh (Fig. 24), forming together a closed 
line which in itself alone is the complete boun- 
dary of a region, and if f(z) be finite and con- 
tinnoiis within this region, then, for the integral 
extended ronnd the closed line, we have 

ff{z)dz = 0. 

In order to designate briefly an integral taken 
along a definite path, wm shall choose the letter 
J and add to it the path of integration in pa- 
renthesis, so that, for instance, the integral 

(m dz, taken along the path acb, will be designated by 
J(acb). The last equation can be written 

J (acbda) = 0. 

But (§ 16) J {acbda) = J {acb) -f J {bda) 

and J {bda) = — J {adb ) ; 

it follows, therefore, that J (etch) =J{ctdb). 

(iii.) The integred ^f{z)dz, therefore, has edways the same 

vedue cdong tico different paths joining the same points, if the tn:o 
paths taken together he the houndary of a region in ichich f {z) is 
finite and continuous. 

If we have a connected region wdthin W'hich f{z) remains 
finite and continuous, of such a nature that every closed line 
described in it forms by itself alone a complete boundary of a 


h 



a 

Fig. 24. 
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part of the region, then the integral J f(z) dz has, along all 

paths between the tw'o points, the same value. Let the lower 
limit Z(j be constant : then within such a part of the region the 
integral is a uniform function of the upper limit, and if Y\z) 
denote a function the derivative of which is f(^), then within 
this region 

fy(z)dz = F(z}-F(zo), 


since in this case the value of the integral is independent of 
the path of integration. The great importance of those sur- 
faces, in which each closed line forms by itself alone the com- 
plete boundary of a region, becomes here quite evident. 

Lieinann has called surfaces of such a character swvjply 
connected surfaces. Such is, for instance, the surface within a 
circle. If f(z) be continuous everywhere in such a surface, 
then, as has been noted, 

r f(z) dz 


is a uniform function of the upper limit. If, on the other 
hand,/(^) become infinite wdthin. the surface of a circle, for 

instance, only at one point a, and 
if, in order to obtain a part of the 
region Avithin Avhich f(z) remains 
continuous, a small circle Ic be de- 
scribed round this point, thereby 
excluding it, then the ring-shaped 
portion of the x>huie thus obtained 
is no longer simply connected; for 
a line m, Avhich encloses entirely 
the small circle, does not form by 
itself alone the entire boundary of 
a part of the region, but only m and Ic together. Accordingly 
the integral extended along ni and k together has the value 
zero ; but if the integral extended along k alone be not equal 
to zero, the integral taken along rn cannot be zero. Within 
such a region, which Eiemann has called multiply connected, 



Fig. 25. 
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tlie dependence of the integral upon the path of integration 
continues, and the integral can be regarded as a multiform 
function of the upX-)er limitd 

19 . AVe now dro^) the assumxDtion that the function f(z) in 
the region under consideration is everywhere continuous, and 
w^e jDroceed to investigate those integrals of which the x^aths of 
integration are boundaries of regions in w'hich the function is 
not everywhere continuous. If /(z) be infinite or discontinuous 
at any x^oint of a region, then such a point is to be called a 
point of discontinuity. It may or may not be at the same time 
a branch-point. If there be points of discontinuity in a region 
of a plane, v^e are no longer justified in all cases in concluding 
that the integral, extended over the whole boundary of the 
region, has the value zero, because the x^roof of this proposition 
rests essentially upon the assumption that / (z) does not become 
discontinuous within the region. But the following can be 
proved : — 

(iv.) Whatever may he the value of the integral, it does not 
change if the region he increased or diminished by arbitrary pieces, 
provided only that f(z) 
is finite and continuous 
icithin the added or sub- 
tracted pieces. For, if in 
the first xdace an added 
or subtracted xhece be 
completely bounded by 
one line, as, for in- 
stance, A or 13 (Fig. 2G, 
where ahcda is the orig- 
inal boundary), then, if 
f(z) be continuous within 
A and 13, the integral extended OA^er the boundary of A or B 
must be zero. The Imundary of A or B can therefore be arbi- 
trarily added to the original one without changing the value 



1 See Sections IX. and X. 
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of the integral. If, however, the added or subtracted piece 
he bounded in part by the original contour, as bfdcb or bcdeb, 
then 

JQjfd) = J(bcd) = Jibed), 

if-fiz) be continuous within these regions. Therefore the por- 
tion of the boundary bed can be replaced arbitrarily by either 
bfd or bed without altering the value of the integral. From 
this it follows further that a closed line, which either forms 
alone the boundary of a region or at least forms part of such a 
boundary, can also be replaced arbitrarily by a more extended 
or contracted closed line, provided only that no portions of the 
surface are thereby either added or subtracted in which /(z) 
becomes infinite or discontinuous. For, in order to extend, for 
instance, abcda into glikg, it is only necessary to replace first 
bed by bhhd, and then Jedabh by kgh. In a similar manner the 
validity of the proposition can be proved in all cases. Its 
general application, however, even to regions which consist of 
several sheets or contain gaps, can be demonstrated in the 
following way. If an arbitrary surface T be so divided into 
two parts, M and JSf, that /{z) is continuous in M, and if 

the integral ^ fiz)dz, extended over the boundary of one part, 
say 3f, be designated by J (M), then 

JiM) = 0. 

If, now, the portions 31 and JV have no common boundary- 
pieces, the boundaries of 3f and JY together form the boundary 
of T, and therefore 

JiT)=Ji3I)JJiN)^ 

consequently also 

If, however, certain lines C form part of the boundaries 
of both 3f and .hh then the pieces 31 and 3T lie on opposite 
sides of this line C: If. therefore, the boundaries 31 aud f\^be 
described successively in the positive boundary-direction, he., 
so that the bounded region is always on the left, then the lines 
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C are described twice, in opposite directions; consequently 
tlie integrals extended along C cancel each other, while the 
remaining boundary -pieces of XL and Xf form the entire boun- 
dary of T\ therefore 

J{T) = J{M)+J{N), 
and consequently J{T) ^ J (N). 

blow, just as, according to this, the part M can be sepa- 
rated from the surface T, so, conversely, a surface can 
be extended by the addition of a surface XT in which the 
function remains continuous, without changing the boundary- 
integral. 

From this another important proposition can be deduced. If 
a closed line (J) form by itself alone the complete boundary 
of a region, and if the function f(z) become discontinuous 
within it at the points cq, a-o, cq, •••, let each one of these points 
be enclosed by an arbitrary small closed line, say by a small 
circle, which, however, in case one of these points of discon- 
tinuity be at the same time a branch-point, must be described 
as many times as there are sheets 
connected at it; then all these cir- 
cles, wdrich may be designated by 
(Ai), (^lo), •••, form, together 

with the outer line (7), the boun- 
dary of a region in which f(z) is 
continuous (Fig. 27, in which the 
dotted lines run in the second sheet). 

Consequently the integral dz, 

extended in the positive direction 
over the whole boundary, is equal to zero. But if the outer 
line (7) be described in the direction of increasing angles, 
the small circles (-rli), ••• must be described in 

the direction of decreasing angles. If, therefore, the integral 

J'f(z)dz, extended in the direction of the increasing angles 
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along the lines (/), (^i)> designated by /, 

Ao, Aq, •••, then 

I — Ai — Ao — A^ • • • =0^ 

and consequently 

I = Ai + Ao + A^ q- • ■ 

If noTT the line (7) be described in a region which 
contains no other points of discontinuity than the above 
a-i, cLo, cto, •••, then the integral 7, according to the last proposi- 
tion, retains its value if it be extended over the boundary of 
T] we thus obtain the proposition : — 

(v.) The integral J* f (z) dz^ extended over the whole boundary 

of a region T, is equal to the sum of the integrals along small closed 
lines which enclose singly cdl the points of discontinuity contained 
within T, all the integrals being taken in the same direction. 

20 . By the preceding considerations we are led to the inves- 
tigation of such closed paths of integration as enclose only 
one point of discontinuity. lYe must distinguish, however, 
whether the point of discontinuity is or is not at the same 
time a branch-point. Let us consider first a point a, which is 
not a branch-point, and at which f(z) becomes infinite. If the 
integral 

A = ff{z)dz 

be taken along a line enclosing one of the points of discon- 
tinuity, this line enclosing neither another point of disconti- 
nuity nor a branch-point, then the path of integration can be 
replaced by a small circle described round the point a Avith the 
radius ?*, Avhich can be made to tend towards zero Acithout 
changing the value of the integral. If Ave write 

A= C{z-a)f(z)-^, 

J z — a 


and let 


'Y. — n. - — • { r'HQ A\ -L- '3 oin 


INTI^:aUALS WITH (H)MPLl^x VAUIABLES, 


1h(‘n /• n'liia.ins consliuit, a,ii(l iiicnaiROS from 0 to 27r wire 

(lrs(Til)(‘s tli(‘ small (‘iivha it, is iissimied that the pc 

starts from tin* point. a.l, which 

th(‘ lincdra.wn t}irouv;hn in t.ln* posi- 

live (iii-cction pa.ralh‘l to t.hc })rinc.i- f 

pal axis cuts t.hc circle* (h'i<_^-. 2S). \ ^ 1 

This is pcrinissihha since* (he* ini- 

tial point of t.he* (h*scriptie)n e-.a.n he*. 

e'he)se‘n a rhit ra ri 1 V. Now, in e)rel(‘r 


to e*.\pre'ss ■ ” in te‘rnis e)!’ rj and 


</), we* re‘inark with lv’ie‘nia,nn, t.haf dz eh'iiotes an infinit 
small are' oi a. edre'h*, sla.rt.in^’ From a,ny j)()int on the circi 
Fcre'iici' and sul)le*ndin.‘*- t.he* a.ii';*h*. e/(/> at the centre. If 
t(‘rminal point, eef this inlinit,e*ly small arc of the circle 
eh'si;';nate*d hy z\ the‘n 

.o .. (h 


I hit. in ii 2, pa;^e* 21 , it ha. 


he*e‘n shown that 


( e'os it -| I sin ci), 


whe*rcin tc is the* an;dc in t,his exise* a. I’i^ht angle; tliereJ 


The line .' •/ is an arc e)F a- e'ii-e-lc wit-h t.he* a.ngl(^ e/c/) at 
e’cnlre*, IhcrcFore* it ctjual;; nUf), a.nd a:: is (‘epial to the radiu; 


accortun;’;! y w e* "e*i. 


f/v ./v/(/) 




liy (iire-rt. dilaTriif i;i.ij()n, t.lu' nulias r re'.rriaiiiing constant, 
ti: /• I siiif/» i i (j> ) (((j) 

/r(ci»;o/» j i i\iu <l>) (l(j> ; 


(In -IT fore* 
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If tills result be substituted in the integral, it follows that 


^4 = J" ' (z — a)f(z) icl4>. 


If the radius r be made to decrease indefinitely, the points 
of the circumference of the circle approach the point a] z — a 
therefore approaches zei;o, while f(z) becomes infinite. If it 
happen that f(z) becomeT'finite for z = a in such a way that 
the product (z — a)f(z) tends towards a definite finite limit 
JPy if 

lim [(^-a)/( 2 :)]^^^= jp, 

wherein it is expressly assumed that this limiting value 
always remains the same from whatever side the point a; may 
approach the point a, then we can assume that, for all points 
in the vicinity of the point a, 

{z-a)f{z) = p + 

wherein e denotes a function of r and which becomes infini- 
tesimal with r for any value of Then 


A 


~ p \ iclcj) 4- I eiclxj). 

Ho H 0 


If i\ and therefore also e, be made to vanish, then the second 
integral also vanishes, and it follows that 

A = 2 Trip. 

The value of the integral is thereby expressed in terms of 
the limiting value of (z — a)f(z). when this is finite and 
determinate. This value of A. by (iv.), does not change if the 
integration be extended over the complete boundary of a region 
within which there are no points of discontinuity except a. 


The intooTal 


/; 


dz 


1 -fr 


may serve as an example. 
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which l)ciM)int‘s iniunt,(‘. tor tcj — v*^ tlie point z = i not being a 
branch-point (th(‘ {'unc.tion :j a, brancli-points wliat- 

h' urtlnM*, 


P rr lini 
coiisccpicntl y 


V. 


lini 


r* (iz 


Z -i- i h-=i 2 i 


j 


1 


th(‘ inlcg-rj>l bihiig (‘xUnuUal ove,r a line enclosing the point i in 
the (liiM'ction of incrca.sing a.ngles. 

ir in a. I'cg’ion 'P ilicr(‘ be. thi'. points of discontinnity cii, ao, 
(I., which cannot, a.t, t.lu*. sa.in(‘- tiin(‘, be brancli-points, and if 
/’C) bcc()in(‘ iniinit(‘ a.t t.ln'sc points in siudi a way that the 
'products (,V O, )/(.:'), C- ^h:)./X-)’ •*' determinate 

iinitc iiiiiitin;': values he,, if 

liin j (;; (h) /(-)%■ a, — 'Pi, 

lini 1 (:; ■ <h)f('0,U-a.,'~'P‘2^ 


then the inte‘-;ral | (‘xUnuh'd ov(‘.r the whole boundary 

of 7', a..;itiine;; tin* value j (v.), § 19 J. 

^ fc: ) (I:: 2 tt/ ( pi h yu + pn -|- • • •)• 


In tin* preceding’ exaiuple. 

fir:) 


is iidindc als.e for r h and for (his point wo get 


/'• 

lini 1 

V 1 / 

1 1 ' 

. . liin 

i 

J „ 

/ 

*, a 


j 

• <1:: 

1 1 

■ TT, 


t.’dscii alnir^ a line cnclosin;'; h 

l■■n^ a liu.' .•iK-liia.iu'; l)iith poiiit-s 1- i iuui — '• in il'O dii-ection 
,,f ill', air'll-:-., this inl.ci'nil li,-(-.(nn(>.s tt - tt = 0 . 
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Now by means of such, closed lines as include only a single 
point of discontinuity it is possible, tvitliin a region containing 
no brancli-points nor any gaps, to refer to one anotlier the 
values of the integrals for the diherent paths of integration. 
If tv'o paths hec and bdc (big. 29) enclose only one point of 
discontinuity a and no branch-point,^ then the one, say hdc, 
can be replaced, by enclosing the point of discontinuity in a 
closed line hgJih before describing the other path bee. Then 

fey 

J(bgJih) = JQjdceb) == J{hdc) - J(bec), 
therefore J (bde) = J (bghb) -f J (bee), 

or also J (bee) = — J (bghb) -f J (bdc) 

= J(bhgb) -f- J(bdc). 



TiCr. 29, Fra. 30. 


We get a similar result if two paths enclose several points 
of discontinuity, but no branch-points. Tor instance, let the 
patlis z^^ed. and z^(xl (Fig. 30) enclose two points of discon- 
tinuity a and b, and draw from afy round each of tlieiu a closed 
line Zi^fgZii and zJiJcz^y Then 

J (z^hlcz^) + J(Z(,fgz() = J(z,,edcz,) 

J(z,fid) — J (z,cd) ; 

consequently 


J(z,fA) = J (zofgZi() -h J (^i)hkzo) + J (z,cd). 


1 The assumption that the two paths enclose no branch-point is, in 
general, necessary only in order that together they may form a conij)lete 
boundary, which may not always be the case if there be branch-points 
between them. 
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Therefore th(‘. one palh can be replaced, by describing closed 
('ircuits romid cadi of the points of discontinuity before describ- 
ing the other path. 

Idle ])ro[)erties of the integral A round a point of discon- 
tinuity, it 0^ — longer have a determinate finite 

limiting valiui at that point, cannot be discussed until later 
(Seda on V^Ill.). 

21 . We next proceed to the case when the point of discon- 
tinuity is at tlui saine time a brandi-point, in which case it 
will be d(mot(al by h, and the value of the integral, for a line 
dcscuibtul round it, by IL We assume that at this point ra 
slieets of tlu^- surface^, a, re c,onnected. If we wish to have here 
a, liiK', endosing th(‘. point h, it must make m circuits round /j ; 
c.p., let it d(‘.sc.rib(‘, the dreumference of a circle ni times. 
Iticnnann introduc.c^s in this (xise, in the place of a new 
vaa*ia,l>l(^ hbling 

which th(‘rd’()r(^ r(‘(‘civ(‘.s the valuer 0 for = h ; and he inquires 
how tlic. iundion f('S), c,onsi(hu-(ul as a function of behaves 
at th(‘ point. ^ hor this i)urp()s(^- we hrst determine what 

lin(‘ is ( 1(‘S(' r 1 1 )C( 1 by ^ wlum z di‘s(*ribes a closed circle, he., 
iiiak(‘s ui circuit.s round tin*, latter. 

1 r wc hh. r; • h . r (cos 0 -f- / sin. 0), 

a,n(l thciadbrc- ^ : r"Yc.os ^6^-h/min— 

y ni. ^ni J 

tluMi and c( )U s( '( I u cn t.l y also rcniniins constant, and theie- 
toiv. r, also d(‘sc.rilH‘s a. drc'hy nanudy, one round the origin. 
l>ut altor z Inis conipld(‘.(l one carcaiit, so that 0 has increased 

1 . - 27r 

troni 0 to hv, then 0 Iia.s increascMl troni 0 to — ; conse- 
•///. 

(|U(mtly 'C has (h'scribml th(‘. ///th part of tlie circumference, 
hor tin' .sc'cond (drciiit, of n.', ^ again (h'seribes the ?/6th part of 
l,h(* ('.ircumrcroiu'o, a.nd liko.wisci toi* each nCAV circuit of 2. 
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Consequently^ after 2 ^ has made m circuits and returned to its 
starting-point, ^ has described the entire circumference of the 

circle exactly once. Therefore, 
to the m pieces of the regioii 
covered by the radius r during 
these circuits, correspond m sec- 
tors of the circle, each mth the 

2it 

angle — at the centre. These j oin 

T/l 

one another and form together a 
simple circular surface. In Fig. 
31, it is assumed that at the point 
b three sheets are connected, 
•which continue into one another 
along the branch-cut bh'. The 
circular lines running in the three 
sheets have been drawn for the 
sake of clearness side by side, 
1st, 2d, and 3d sheets are repre- 
sented by a continuous line, a thickly dotted and a thinly 
dotted line, respectively. Then 

to the surface ccle corresponds the sector of the circle c’oe', 

u a u u u u a 

u <c cc u u a a u g<Q^'^ 

and therefore to the wliole area of the surface bounded by the 
closed line cclefghc corresponds the simple circular surface 
c^e’g'c'. It follows therefore that, while a;, passing through all 
the m sheets, returns to its starting-point only after rn circuits, 
t, does so after the first circuit. The variable I therefore does 
not leave its first sheet, and consequently the function 
considered as a function of does not have a branch-point at the 
IDlace ^ = 0. Accordingly, if ^ be introduced as the variable in th e 

integral J / (z) clz, extended over a circuit enclosing the branch- 
point and the point of discontinuity h, the considerations of 
the last paragraph can be applied, because' ^ ~ 0 is not a 




and the lines running in the 
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-point loxit nicroly a point of discontinuity. Makiii;-; 

ostitiition C = (» - /(») clian-cs into cf>iX) : 

ince clz = ‘ 

23 = mj''C ‘t/> (X) (0 

tlie sake of brevity, we ])ut ^ 0 = ip, and llieiMd'tm^ 

'f/i 

1 

^ == r"' ((U)S ij/ -r '/’sin xjj), 

• increases for tlui whoh*. circuit from 0 1,0 a-iid, 

;S above — g- — it (ollows tliaf 

11 m 

./() 

3rdiiig to tlu^ assumption ipitP) is inlinii.c^ For ^ :• 0. l>iit; 

tendency to b(U'.oin(‘, iidinit.c^ b(*. of siu'-li a, naturi', t.liat one. 
products 

uhes a limiting vahu', tlnm 

lim 1<; 0 • 

lore, if th(‘- radius r of tli(‘ c.ii’clo. dcscrilaal round tli(‘ 
) tend towards 0, tlien /> (t 

■enow i-<:‘d,iirn to tin* va.riabl(‘ w(‘. obta.in tln‘ proposi' 
If the nd \j f {::) d:: he (‘xloidcd orvr a- rirnnt cik'Ioh- 

point of' (I isconf ill If ilp, /rju'rh v.s (d Uio sit/iio linu' d 
-point aJ ndtirh m. nJirct.s of flir ,sv/y;/crc an' noinn'rh'd , 
le mterp}'( (I //mv (/fn'Kifs ///c raJnv r.v'/vy, irJioirrrr oii(‘ o/' /ho 
ds 

/pyn. ■ hf'f in !>) fin) 

'^hes a / <> lijiiifiiHj luihir. 

Ill exaiTipil (a i,a,k(‘ 

/■ 



Here 


1 


/(2) ^ 


V(1 - 2=) (1 - 7i%-) 

wliicli becomes infinite for z = 1. Tliis point is at the same 
time a branch-point at which two sheets are connected, 
we put C = * - 1, 


If 


we get (f) = — — • 

so that ^ = 0 is in fact not a branch-point for (Q. 
ISTow we get 

lim [C-l)^/'(2)].,i = Iimr , ^ 

_iV (z -f 1) (1 — 


therefore 
and hence also 


lim \_(z - = 0, 


/; 


clz 


-= 0 , 


V (1 — z~) (1 — li-zr) 

when the integral is tahen along a circuit enclosing the point 
z=:l. The integral also acquires the same value when the 

circuit encloses one of the other branch-points — 1, 

Ic Ih 

The investigation of the value of the integral B, in case the 
conditions of the above proposition are not fulfilled, must be 
postponed to a later section (Section YIII.). 


SECTION Y. 

THE LOGARITHMIC AXD EXPOXEXTIAL FUXCTIOXS. 

22 . As Ave shall be obliged to make use of some of the prop- 
erties of the logarithmic function in the following pages, we 
must interrupt for a short time the general considerations and 
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ta.k(‘. up iirst tiu^- study of tliis special function. Iiitliis coiiiiec- 
tiou, it s(H^uis 1^0 us not \in})i‘oiitable to make tlie investigation 
somewhat inorc^ (exhaustive than -would be necessary for tlie 
iiit(aHl(‘(l api)li(‘ation, and also to add directly to it the consider- 
ation of tli(‘. (‘xpoiKnitiat function, which follows from the log- 
arithiihua Sima^ wo sliatl thus have to deal here wnth a special 
(ais(‘ ot th(e. g(‘iuu‘al investigations to be taken up in Sections IX. 
and X., this (‘xanij)le nuiy also serve to fix the ideas for those 
lat(*r in v(‘,stig‘ati()ns. 

We (he.siginitca athn* Ricnuanip by the name logarithm a func- 
tion whi(di luis the jnoperty that 

f(zn)=:f(z)+f(u). (1) 

Wy this (MpKitiou tlu‘ rmudion is entirely determined^ except as 
to a. c.onstn.nt, for w(‘. shall be able to derive therefrom all its 
pr()[)(‘rih*.s. If, in ih(‘, iirst placC; we let 'a = l, and leave a; 
jiihit-inry, it. 1‘ollows that 

./■(0=/(0+/U); 

th(‘r(d’or(‘. f0)~ ^ 

Aga.in, if 0 b(‘ subsittnUal For v, we have 

/ (0) --J (z) -\rj (P) ? 

a-nd il' W(‘ now giv(‘ :uiy valiu'. For whicdi is not zero, it 
will Follow ihat./h)) hog 0 = co ; For a similar reason, Log ^ 
also bo(‘oni(*s iiilinilu. It is Fnrtlun* ])ossibl(‘. to (-.xpress the 
loga.rithni by an iidngral ; For, iF (‘([nation (1) be differentiated 
pa.rtially a.s to k, then 

and, when >/ I , 

h(‘t ns doiiot(‘ tin' constant f'(\) by m. Upon this constant 
(hpxnids the value ol' th(‘ loga,rithin of a number. The loga- 
rithms of all niindx'i’s wdiich (*a.n b(‘ obtained b\ assigning to 
tlH‘. const, a.nf vi. a, (hdinitv. value Form together a system of 
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logarithms^ and the constant is called the modulus of the sys- 
tem of logarithms. 

!From the equation 

follows df (z) ~ d Log 2; = m ^ ; (2) 

hence / (z) = m ^ ~ -f (7. 

%J z 

But since / (1) — 0, the constant C will become 0, if 1 be taken 
for the loAver limit of the integral, and be made to assume 
real values. We write, therefore, in general 

Log ^ = m I — , 
z 

and we have thereby expressed the logarithm by a definite 
integral. Bor the purposes of analysis, the logarithms of that 
system are the simplest in which the constant ni assumes the 
value 1. These are called natural logarithms, and will, in 
what follows, be designated by the term log;^. Therefore 



and hence Log 2^ = m log ;2. 

If we let z ~T (cos 4> i sin ^), 

we get 

dz = (cos -j- f sin <f>) dr + r (— sin 6 + i cos dcf) 

= (cos <p + f sin (fl) (dr + irdcfl ) ; 

hence _ — ^ q_ idcf). 

z r 

If 2: pass along any path from 1 to an arbitrary point 2^, then r 
will assume the real values from 1 to r. and </> those from 0 
to </> 5 therefore 



log 2; log r -f- 


or 


( 3 ) 
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By tins log 2 : is brought to the form of a complex yariahle ; for, 
since r assumes only real and positive values in the integral 

, therefore log?' is also real; and it is evident that log r 

is positive or negative, according as r is greater or less than 1 ; 
for, since t is always positive, the representing point moves 
along the positive principal axis, in the first case in the positive 
direction, in the second case in the negative ; and therefore in 

the first case all elements — are positive, in the latter all are 

T 

negative. 

We see, further, that the logarithm depends upon the path 
of integration; for, let denote the value acquired by the 
angle, when moves from 1 to z along a line which does not 
enclose the origin, and for which the angles increase, then 
^ — 2 TT will be the value acquired by this angle when the line 
moves on the other side of the origin, i.e., in the direction of 
decreasing angles, from 1 to z] and if a line wind n times 
round the origin in. the direction of increasing angles, then ^ 
acquires at the value c/> -f- 2 rtTr. Accordingly 


log = log T i<i) ±2 niri. 


Our general considerations are thus confirmed. The function 

- has no branch-points, but has the point of discontinuity z ~0. 
z 

If ^ be made to describe a circuit round the origin, the value of 
the integral extended over this line in the direction of increas- 
ing angles is 2 ttz, since 


p — lim 



(5 20 ) 


By means of the considerations established at the close of 
§ 20, the same result is obtained as above. 

Xow from this it follows that the function log has at no 
point of the plane a fully determinate Autlue, and that at any two 
infinitely near points it can, by means of a suitable arrange- 
ment of the path of integration, acquire values which differ 
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from one another a multiple of 2 Trh In order to limit as 
far as possible this indeiiniteness, we siq^pose a line oq (Fig. 32)^ 
Avliicli does not cut itself^ drawn from 
the origin and extending to infinity. 
Such a line is called after Eiemami a 
cross-cut. Then, of any two paths lead- 
ing from 1 to and enclosing the origin, 
one must necessarily intersect the 
cross-cut, and consequently, on all 
paths not crossing the cross-cut, log a; acquires at each point 
;2: a perfectly determinate value, which also changes every- 
where continuously with But at the points on the cross- 
cut itself the indefiniteness remains. Flow, if the infinite 
plane in which 2; moves be designated by T, and be supposed 
to be actually cut along the cross-cut oq, then a surface arises 
which may be called T. In the latter the cross-cut cannot be 
crossed, and therefore log 2; is everywhere a uniform function 
of z in T', becoming infinite only for 2; = 0 and 2; = cc, but 
elsewhere remaining continuous. In the surface T, however, 
log 2: becomes discontinuous on crossing the cross-cut. For, let 
Zi and 2^2 be two points on the two sides of the cross-cut and 
infinitely near each other (say on the right, and % on the 
left of the direction oq), and let 2; be made to describe a closed 
line Iz^z./il round the origin in the uncut surface T, starting 
from 1 and passing through z^ and 2:0 ; then, according to the 
above proposition, the integral 

J (IZiZoCl) = 2 TTl, 

extended along this line. But we have at the same time, since 
Zi and % are infinitely near each otlier, 

J(lz,Zocl) = Jdz,) -+■ J(z,^:i) = J(lz,) - J(lcz.;), 
and consequently J (l^^i) — J (lc2;o) = 2 ttL 

If, then, -iCi and vjo denote the values which log now regarded 
as in T) acquires at % and 2^0; so that 

Vjj = J{lZi), w, = J (lc»o), 

— 2 77 ^. 



we have 
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If tlie surfac'o T ])0 now supposed to be restored, tlieii log 2 , 
when moves from to abruptly clianges from into 
— or Avhen moves from 2 ;., to abruptly changes 
from /.m into cv -{- tto This holds at Avhatever place the path 
of integration may cross tlie cross-cut. Along the entire cross- 
cut, tluu'efore, logrc: is discontinuous, the values of log;^ being 
great(U' ly 2 7ri for all points on the right side than for those 
on th(i left. This e-onstant value, by Avhich all values of tlie 
function on tlui on(‘. si(l(^. exceed the neighboring ones on the 
other side, has Ixuai (axlled by Kieinann the modulus of peri- 
odlcAty of the funclion, or of the integral, if the former be rep- 
resented })y an intttgrah 

23 . Tlio (^,x])()n(mi.ial function can be derived from the log- 
arithmic in th(i following way. By the symbol cU is to be 
understood such a. func.tion of ?/; that 

log(n;'") =^c.loga. 

Now, if c d(uioi(‘ th(‘- read number for Avliicli loge has the 
valiu‘. 1, and a,ccordingly if c b(i defined by the equation 



ilum it follows tliat log {(U) — 'w. 

1'h(U'(dhn‘ F' is th(‘ inv(‘rs(‘ function of the logarithm; for, 
from F -- y follows w — logn^. hrom (equation (2) (for m = 1) 

(I log 76 _ dn' _ 1 
dz dz 2 : 

dz 

w(‘. g(d , 

(i m 

, dr'" 

(amscupiciiliy ^ ^ • 

if w(‘. assunu' for 76 a. (‘onij)lc:x (puintity ha\iug the modulus 
c()S <!> -}- t si n cjy, 


1 , /.re, if W(^ h't 
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we have^ in equation (3)^ to substitute r — 1, and therefore 
log r = 0. xVccordingly, 

log (cos + 2 * sin (/)) == icfy, 

and consequently cos </>-!-?* sin cfy — 


The exponential function is periodic ; for, since to a value 
of 2 ; belongs not only the value lu, but also the values iv ± 2 UTri, 

therefore 

and accordingly e'" is not 
changed if ic be increased 
or diminished by a multi- 
ple of the modulus of peri- 
odicity 2 iri. Let us no^y 
tiy to represent the 2 ;-sur- 
face T on the zc-plane W. 
For this purpose we take as the cross-cup for greater sim- 
plicity^ a straight line passing through 0 and 1 (Fig. 33). If 

2 : = r (cos -1- i sin 
then 10 = log r -j- 



Consequently log r aird are the rectangular co-ordinates of 
a point ic. Theip if ; 2 : be made to describe a circle vnth radius 



tzg. . 34 . 


1 round the origin in the 
direction of increasing an- 
gles from a to h, log ?' = 0, 
and therefore v: is a pure 
imaginary and moves along 
the y-axis from 0 to 2 tti 
(F ig. 34) . Again, if 2 ; move 
from a along tlie left side 
of the cross-cut to infinity, 
(fi remains — 0, log r passes 


from 0 through the posi- 
tive values to infinity, and therefore -w describes the positive 
part of the princix)al axis. But if 2 ; move from a along the 
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left side of the cross-cut to o, then v: describes the negative 
part of tlie principal axis to infinity. But if first arrive at h 
round the origin on the right side of the cross-cut and then 
pass along its right side to cc or o, lo first inoTes on the 
y-axis from o to 2-1 and theip cf) constantly remaining equal 
to 2 77 . describes a line parallel to the principal axis^ hrst in the 
positive and then in the negative direction. To the two sides 
of the cross-cut in T\ therefore^ correspond in IF two different 
lines j i.e., to the left side the principal axis AB, to the right a 
straight line CD running through 2 ttI parallel to the principal 
axis (Fig. 34 ). If 2; be now made to pass at any place from 
the left side c of the cross-cut to the right side cl by describing 
a circle round the origin, then ?*, and therefore also logr, 
remains constant and cf) increases from 0 to 2 tt. Consequently 
Vj describes a line c'cV parallel to the y-axis, beginning at the 
]).rincipal axis AB and terminating at the parallel line CD. 
It follows, therefore, that to all points 2; in the entire infinite 
extent of the surface T’, in wdiich c/) cannot increase beyond 
2 77, (correspond only such points v: as lie wdthin the strip 
foruKid by the two parallel lines AB and CD. The function 
(A, or thus assumes within this strip all its possible values, 
and, iiuhced, each but once, since to any two different values of 
Uj = logr + h/> belong also 
dilfeiHUit values of r and 
</), a-nd therefore also dif- 
f(cr(uit values of 

(U = 2: — r (cos c/) -|- i sin cf). 

If Ave wish to bound 
flue surface F\ this can be 
(‘Ihceted, on the one hand, 
by des(‘ri])ing round the 
origin a clrcde with a very small radius p. To this corresponds 
111 IF, siiKce p remains constant, a line ns running parallel to 
rii(‘ y-axis between the two parallel lines AB and CD, and 
very far removed from the origin on the negative side. This 
3iioves to infinity when p tends towards zero, i.e., when the 
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circle shrinks into the origin. At all points of tliis line 
which has been removed to infinity^ e'" has therefore the value 
zero. On the other hand, the boundary of T c'an Ijc Formed 
by a circle round the origin with a very large radius II. 
To this corresponds in v: a straight line rur on the ])ositive 
side, which is very far removed and is parallel to the yuixis. 
If R increase indefinitely, this straight line also move's to 
infinity, and at all points on it is infinite. The surfaeu^ 

V can be assumed cdoseul 
at infinity ; then tin ^ cir- 
cle wit] I the large radius li 
is represemted by a- small 
circle round tlu', point co, 
which shrinks into tliis 
point wdien R increases 
indefinitedy. Tln'nd'orc' 
the two sides oF ih('. e.ross- 
ciit extending from o to 
X form alone the boundary of a splunfcal surFacf^ T', a, ml to 
the latter corresponds the strip betwcum the ])arailel liiu's AB 
and Cl) extending on both sides to infinity. 

If we now' increase the angle beyond 2 7r, the Fiinc.iion 
or log 2 !, proceeds continuously. Tlum tlie (trossauit (*,a,n ])(* sup- 
posed to be like a bramdi-ciit, across wdiich tlie surFa,<*(‘. T' is 
continued into another sliced. In this second sh(‘(‘t, tlum, all 
relations are the same as in the first, (cxcipit that a,t all points 
in it cl> is greater by ‘Ztt, and accordingly vr by 2 tt/, than a,t ilu'. 
corr(‘S])onding places in the first slied. TlKuadori' we obtain a 
second strip between the jiarallcl lim'.s Cl) and KF, whidi pa.ss 
throng]) 2 Trmind 4 TTi. Ily continuing this modi' oF t.rcat nu'nt 
and apjdying it also to negative values oF </>, tlu', phiiu* lb is 
divided into an infinite mimlier oF ])arallel st,ri])s. In (*a,('h oF 
them the function F' assumes all its values oihm', a,nd has th(‘- 
same values at any two corresponding points oF two diFFi'n'iit 
strips. On the ])ositive side of eadi strip U’ tends towa.rds 
infinity, but on the negative side it approaclKus zero. 
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SK(rri()X VI. 
pi;,()pi<:rtiks of 7-ljxctioxs. 

24. Th(‘. basis for tli‘. ('ollowiii',^ investigations is found in 
(‘xc'tMMlingly iiiiporta.nl, proposition proved in § 20: If the 

iiit:rgra.l oxti‘nd(ul over th(i boundary of a region 

♦ ' 

in which f(z) bo(*onu‘s diseontinuoiis only at a point z — a, 
which is not a. bra.nch-point,, a,nd in such a manner that 
(()/{':) approa.clics, for rj -- n, a, (hhiiiite finite limiting value 
independent, of the. mode of a,pproa,eh to a, then 

| . <h — ‘2irri). 

Now, if <l>(z) i>e a. fnnc.t.ion which poss(‘sses no branch-points 
in a, region '1\ and which rennains linite and continnons both in 
the intei'ic)!' a.nd along* t.ln^ i)onnda,ry of and if ^ denote an 
:irbitrary point, in this surfa.c.(‘, t.lnm the function 



has ill 7' the. j>rop(‘rr!cs riMpnrisl in tln^, above proposition. It 
iK‘C(»nie:; dis.cont imtous only Ibr rj d a.nd since, like (p(z),it 
p().;.;e.s:;cs no bramdi points within 1\ t ea,n never fall on sneh a 
point ; {'urth(‘r, /'( , ) bceonu's disc.ont.inuous for such a 

wav that' 

()/{:■) <l>(z) 

tend;', toward;-, a dehniti' finit(‘ liniit.ing value, namely cj!) (i^). 
I‘lirrel'< >rc 

L'^.-c/ao. 

and <*on -cipient 1 v 

(1) 

Jl iriP Z- ■ t 

lh(* inb*:’Tal bein'’’ extended over i.he bouiKhiry of 71 

'The \alidit\ of this. c(piat.ion is c.ondit.ioiuHl i.i])on the suppo- 
./ilioii th;it the fiincti«>n f/>(/), whic.h is uni form and continuous 
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in T, has a fully detenniiiate, finite value at any point t 
is region, the value being always the same, however the 
hie may approach this point. It may therefore be here 
1 that, in the case of uniform functions, this condition is 
lAvays satisfied^ at special points, but at such points the 
:ioii is always at the same time discontinuous. For 
nee, since the function for = oc, becomes zero or 
ite, according as the variable passes to infinity through 
live or through positive values (§ 23), therefore the func- 
for z=0, acquires the value zero or becomes infinite, 
'ding as z approaches zero through the real negative or 
igh the real positive values. Likewise the function 

c — 

[rich c denotes a constant, assumes for z = 0, in the former 
the value c, in the latter case the value zero. At such a 
:, however, the continuity also always ceases. For, if in 
rbove example the variable be made to increase through 
■eal values, the function, at the passage through the value 
), is suddenly changed from c into 0. 

iits the requirement that a function he everywhere conti/nnous 
region, at the same time excludes the occurrence of such 
ts. 

3AV, if the above conditions be fulfilled, equation (1) gives 
mine of the function at any point t in the interior of T 
u integral, in which the variable 2 : passes through only the 
bs on the boundary of T\ this integral has indeed a finite 
3 at every point t situated in the interior of T, and 
ges continuously with t, as will be proved later. Let the 
bion (^) given, not by an expression, but by its values 
:he points of a certain region; then it follows from the 

his miiliiplicity of values of the function has nothing in common 
that discussed in Section III., which is brought about, in the case of 
form functions, by a multiplicity of paths. By the introduction of 
ann surfaces this hind of multinlicitv is removed. 
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above equatiou that, if the function be given only for all points 
of the boundary of it can also be ascertained for all points 
in tkc interior of and consequently cannot longer be arbi- 
trarily assumed in the interior of T. 

Kor exampl(‘, if a. function <fy(z) liave everywhere along the 
l)oundary of T th.e constant value (7, we obtain from (1) 


c/,(0 = 


j 


'"Cdz 
z — t 


c r dz 

^2 TTl J Z t 


I)ut this integral rcdains its value if the curve of integration be 
replaced by a, (hr(d(‘. d(\s(u*ib(!d round t. Then we have (§ 20) 



2 TTl j 


a,nd C()iise(|iuuitly, for <‘.very value of t. 


ldi(‘ref()r(‘, if a func.tion b(‘, uniform and continuous every- 
wher(‘. in a, r(‘-gion 1\ a,nd if it liavetlie constant value C along 
the. houiKhiry ol“ 1\ it is also c.onstantly equal to C everyAvhere 
in th(^ interior of 71 It. follows, further, from (1), by differen- 
tia, tion as t,o ty I. had 





C 4>('^) 


(z-tf 


.,(h, 


<l>"(l) : 



<j>(z) 

{z-if 

• </a») 

ri -- I f 


dz, 


(2) 


</>'"’ (/) 






AI! I.lir.s., int.c,";ra.ls (‘x1,(.ii(l ovi.r the liomulaay of T, while t 
lies in i.hi“ interior ol’ 7'; consciiKnifly' in theiu z — t never 
rnnislies. 'riierefore, if /. ilenoLe, ;uiy i.osifive integer, then 

I 



116 


THEORY OF FUNCTIONS. 


is finite for every value of t considered, and changes continu- 
ously A\dtli t. The same holds if the above fraction be multi- 
plied by any value ^ (z) which is independent of t ; consequently 
the sum represented by the integral 

(«) '■fe 

J 

in which </> (z) has to assume in succession all the values occur- 
ring along the boundary of T, also changes continuously with 
t. And since these values are finite according to the assump- 
tion, the integral has also a finite value (§ 16). Accord- 
ingly all the above integrals, as w^'cll as those contained in (1), 
are finite and continuous functions of t within T\ From 
this follows the proposition: If a function have no hranch- 
points in the interior of a region and be finite and continuous 
'therein, then all its derivatives in the same region are also finite 
and continuous. 

If in equation (1) the integration be referred to an arbitrarily 
small circle round the point t with radius r, and if for this pur- 
pose we let 

z — t — r (cos 6 f-i sin 0), 

then = idO, 

z — t ’ 

1 

and hence — — I </> (^) 

2 TTnJo 

If w^e now let 

cfy (z) = u -f iv, (f) == 0 4- 

we obtain, on separating the real from the imaginary, 

no — '^d(9, m C vdO. 

2-77 Jo 2 IT Jo 

Hence it follows that the real components of the function f 
are, at the point t, the mean values of all the surrounding 
adjacent values of these components. Therefore Uq must be 

C. Xewinann, Vorlesiuigen ilber Riemann' s Theorie dev AbeV schen 
Iiitegrale, S. 91. 



GENERAL PROPERTIES OF FUNCTIONS, 


IIT 


greater than one part and at the same time less than another 
part of these adjacent values. The same conclusion holds for 
t’o; and since it also holds at each point of the surface T, 
the real components of the function cj) do not have a maximum 
or a minimum value at any point in T. 


25 . By means of equation (1) the function <j> can be devel- 
oped in a convergent series. Let us describe round an 
arbitrary point a of the region T a circle^ which is still 
wholly within this region, and therefore does not extend quite 
to the branch-point or point of discontinuity nearest to a; and 
let us first take this circle as the curve of integration in equa- 
tion (1). BToav, for every point t lying within the circle, 

mod (z — a) '> mod (t — a) 

(Fig. 35), since during the integration, passes through only 
points on the circumference of the circle ; therefore az > at. 
We can also put 

1 1 ^ 1 1 

z — t~ z — a — {t — a) z — a ^ _ i — a 

z — a 

and since mod < 1, 

~ a 


we can develop this fraction in the convergent series 


1 


z — t z — a z — (z — ay ' (z — ay 

If this series be substituted in (1), we get 

which is the same as TayloPs series; for, according to (1), 


j 1 m m _p 


... 1 . 


1 

2 rriJ Z 


'ch (z) dz 


<#> (a), 


( 3 ) 


0) 
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and^ according to equations (2)^ 

1 r <l>(z)dz ^ (a) 

2 TTiJ (z — 2 • 3 • • • 


(S) 


consequently we obtain 

^ (0 ~ ^ W d" -{- (t—ay ^ + (t—a)'" -f- « • *. (6) 


This method of deriving Taylor’s series has the advantage 
of showing exactly how far the convergency of the series 

extends, namely, to all points t 
which are at a less distance from 
a than the nearest point of discon- 
tinuity or branch-point. In Fig. 
35 three such points are marked 
by crosses. The above-mentioned 
circle described round a, of which 
the radius is so chosen that there 
is no point of discontinuity or 
branch-point within it or on its 
circumference, is called the domain 
of the 2 )oint a. The following prop- 
osition can then be enunciated: If 
a f unction (f) he finite and continuous at a point a loliicli is not 
a branch-point, then, for any point t in the domain of a, it can he 
represented hy a convergent series of ascending poicers of t ~ a; 
for, if we let 



Pn 


1 r <h{2)dz 
2^iJ (z — ay^^' 


in which the integration is to be extended either along the 
above circle or along any other line surrounding the point a 
and enclosing no point of discontinuity or branch-point, then 
by (3) 

^(V> = Pn+pi(t — a)+p2{t — a)'' -^ •••, (7) 
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in whicli, according to page 116, all the coefficients p have 
finite values. 

Though in the series (3) all integrations must at first be 
taken along the circle described round a, yet, since the 
functions 

<j>C) ^ _ 

z — a (z 

remain finite and continuous up to the point a, the integrals 
can also be taken along any arbitrarily small circle described 
round a, without changing their values. It follows that, if the 
function be given by its values in an arbitrarily small finite 
region containing the point a, then all those integrals, and, 
consequently, all coefficients of the convergent series, are 
thereby determined, and therefore the value of the function 
for any point within the large circle can be ascertained. 

Now let cti be a point which still lies within this circle, then 
</)(^) will be knoAvn both at Ui and also in the region immedi- 
ately contiguous to cu Then if a circle be described round Uj, 
which still leaves outside all points of discontinuity and branch- 
points (Fig. 35), can be developed in a new series for 
all points in this circular region. It is evident that by contin- 
uing in this way the function <^(1), which is givmn only within 
an arbitrarily small finite part of a region T, can then be deter- 
mined in the Avhole region T, when this contains neither a 
point of discontinuity nor a branch-point. 

The same holds if the function be given only along an 
arbitrarily small finite line proceeding from a. For, if this be 
the case, let us denote the continuously successive points of 
this line by a, h, c, cl, etc. : then 

^ h — a 

is therefore known, if ^(a) and (^(5) be known. Likewise 




<^0 etc 


• {z — a)^ 
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by -wMcli <^'(&) is determined. In. this manner the values of 
the derivatives for all points a, b, c, d, etc., can be found. 
Then 


(^''(a) = lim 



cj>"(b) = lim iEl iin 

c — b 


so that the second derivatives are also known. By continuing 
in this way we can determine the values of all derivatives for 
the point a, and consequently of all the coefficients of the 
series (6). We then obtain, for every point t within the first 
circle, an expression for <^(f) in the form of a convergent series. 
Accordingly w^e can continue as above and, starting from a 
small region containing the point cq, ascertain the value of 
for all points in the second circle, etc. From the above fol- 
lows the proposition : A f miction of ci complex varioMe, icMcli is 
given in an arbitrarily small finite portion of the z-plane^ can be 
continued beyond it in only one icay. As a special case of this 
projDOsition we emphasize the following : If a function be con- 
stant in a finite arbitrarily smcdl p)ortion of the region T, then it is 
constant everyicliere in T. For, if it always equal C in a small 
portion of the surface containing the point a, let us take a 
circle, described round a and lying within this small region, 
as the curve of integration in equations (4) and (5), and let 

z — a~ r (cos 0 -i-i sin 0) ; 
then it follows from (4) that 

'/>(«) = r r "(W = c, 

T/ TTc/ 0 Z TV Ho 


since <h(z) possesses the value C at all points on the circum' 
ference of the circle. Further, (d) becomes 



'll? Jo iz — dfi- Itt 



os n^ — i sin nT) dO, 



GEIGER AL PROPERTIES OF FUNCTIONS. 


121 


and this value vanishes, since, for every integral value of u 
different from zero, 


r 


cos nO clQ ~ 0 and X sin nO dO — 0. 


Hence^ in tlie series (3), </)(a) becomes equal to (7, and all 
other terms disappear ; consequently, for any point of the circle 
of convergence, is equal to C. If the function be con- 
tinued in the manner indicated above, remains everv- 
where constantly equal to C. The same holds if <^)(^) be 
constant along an arbitrarily small hnite line. In this case, 
the above notation being employed, the values (^(a), <^(5), <^>(c), 
etc., are all equal to C, and thus all the derivatives cj>”(a), 
etc., again vanish, and thereby also all coefficients of the series 
(()) except the first, which is equal to C. The same holds 
therefore as above. 

From this special proposition can again be deduced the 
preceding more general one. For, if two functions <f)(t) and 
agree in their values in an arbitrarily small portion 
of a region or of a line, then in this portion the function 
is constantly equal to zero; consequently this 
finuhion is everywhere equal to zero, i.e., is everywhere 
equal to and therefore the function </)(^) cannot be con- 
tinued in two different ways from the portion in which it 
is given. 


26 . We noAV proceed to represent a function, which suffers 
a dL^cojitinuity of any kind ichatever at a point a (not a branch- 
point), ])y a series in the domain of this point. 

Leu two circles be described round the point a as centre : 
call the smaller (7, the larger K. We assume that the function 
c/)(0 doc^s not possess a branch-point, either within the smaller 
clrcdc' or in the ring formed by the t^vo circles; further, let 
c/> {() be continuous everywdiere wdthin the ring, but on the 
othov hand possibly become discontinuous in any vmy Avhat- 
cver within C. Then the two circles, C and If bound a region 
in which satisfies all the conditions under Avhich equation 
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(1), § 24^ holds. We have therefore, at every point t in the 
interior of the ring, 



wherein, however, the integral must be extended round each 
of the circles in the positive boundary-direction, and hence 
round the small circle in the direction of decreasing angles. 
Therefore we can put 



Then the first integral refers to the circle K, the second to C, 
and both are to be taken in the direction of increasing angles. 
Since, for every point t in the interior of the ring, 

mod {t — a) < mod (z ~ a), 

the first integral Ji furnishes the same development as was 
derived in § 25. We thus obtain by (7) 

Jl — To +Pl (i — +P3 (^ ~ ^0^ H 

wherein = (8) 

For the second integral J 2 , on the other hand, all the points 
t vrithin the ring lie outside the circle G described by the 
variable z ; hence in this case az < at, or 

mod (z — a) < mod (t — a) and mod ? — - < 1 . 
Therefore, if we put 

1 __ 1 1 

z — t t ~ a — (z — a) t — a ^ z — d 

t — a 

we can develop this fraction in a convergent series of ascend- 
ing powers of obtain 

1 __ 1 

z — t t — a (t ~ ay (t — ay 
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ibstitute this value in J.,, we get 

I { ~ 

r the sake of brevity^ we let 

r ^ (^) ~ ay~^dz = 

7TX%J 

J2==~^ + — ... 

ve obtain for all points t within the ring the series 
(it) =p^^ ^p^t — a) +^2 (t — a'y +P 3 (^ — cty H 

Qf pif pif 

+ 5 _i._5 L ... 

t — a (t~ ay (t — ay 

development can be applied when a function (p (t) suf- 
iscontimiity of any kind whatever at a point a, which 
a braiich.-point. For^ enclosing the point of discon- 
a in an arbitrarily small circle, the hypotheses pre- 
niado are confornied to, if we take this circle as the 
f: integration C for the integrals and refer the inte- 
j to a circle K, Avhich is only so large that every other 
discontinuity occurring (besides a), and every branch- 
es outside K. Then series (10) furnishes a finite value 
I at every point t lying within K. with the exception of 
nt (I itself. AYe remark in this connection that the 
s v}^'^ can also be taken along the circle K, since they 
e same values for it as for the circle C (§ 19). 

. the ])receding can be derived also a series which holds 
) (l) suffers any discontinuity at the point ^=go, and 
lat point is not a branch-point. To this end we let 
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wliereby 4* (z) changes into say, and cf) (t) into f(v) ; then 
f(v) is discontinuons for v = 0. Xow let describe a circle K 
round the origin, and accordingly let 


then 


z = r (cos 0 -{-i sill (9), 
u=- (cos 0 — i sin 0 ) ; 


hence u likewise describes a circle C'^roiind the origin, but in the 
opposite direction. Since, further, — decreases as r increases, 

T 

to the points a: lying outside Z correspond the points lying 
within U. Therefore, if we assume the circle Z so large that 
it encloses all branch-points, and that (t) is discontinuons 
outside Z only for t — cc, then /(v) has no branch-point within 
U and suffers a discontinuity only for v = 0. Hence ^ we can 
use series (10) for the development of f(v), if we put a = 0, 
and we obtain 

(11) f(v) = Po + PiU +p«v- + -I h - + ^ + + • • •, 

wherein, by (8) and (9), 


Pn = 


1 rf(u) du 
2 7r J ' 


c(”) = i 
2 TriJ 


Both integrals, according to the remark made above, can be 
taken round the circle U. which in this case takes the place of 
the circle JT; they are to be taken, like (8) and (9), in the 
direction of increasing angles. If we introduce 2; and t again 
in place of u and v, then 

7 dz 

du = 7 ; 

2 !' 

therefore — — z^~'^dz, 


^ We remark that, since ?/ = 0 is not a hranch-point according to the 
assumption, we can so draw the hranch-cuts that none of them meet 
the point 71 — 0 ; then the line U, and therefore also the line Z, bounds a 
portion of the surface. 
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The integrals; to be taken as to 2 ^; are then extended round the 
circle Z, but in the direction of decreasing angles, since U was 
described in the opposite direction. If we wish to take them 
also in the direction of increasing angles, we have to erase the 
minus signs, and we then obtain 

and hence from (11) 

( 13 ) 4> (i) =Po +^ 4 ’ + § + - + c’t + c''f +c"V + .... 

t tr r 

This series represents the value of (j) (t) at all points t (except 
^ = cc ) which lie outside such a circle Z, described round the 
origin, that all finite points of discontinuity and all branch- 
points are situated within the same. 


SECTION YII. 

IXFIXITE AXD TXFIXITESOIAL VALUES OF FUXCTIOXS. 

A. Functions icUhout branch-L)oints. Uniform functions. 

27 . In the closer examination of points of discontinuity, to 
which we now turn, we shall at first entirely exclude branch- 
points from our considerations. These therefore, in general, 
relate to uniform functions, yet it may be expressly stated 
that they hold also for multiform functions, as long as the 
discussion refers to only finite parts of the plane in Avhich 
there are no branch-points. 

If we let the variable approach a point a, a function cfy (z) 
either does or does not receive the same value for all paths of 
approach ; and, in the former case, the acquired value can be 
either finite or infinite. Hence there are, for the behavior of 
a function (z) at a point a, the following possibilities, and 
only these : — 
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(1) The function acquires at a for all paths of approach to 
this point one and the same finite value. 

(2) The function becomes infinite at a for all paths of 
approach. 

(3) The function does not acquire at a the same value for 
all paths of appnoach^ but can for different paths receive 
different values.^ (That this can, in fact, occur has been shoAvn 
already by examples [§ 24].) 

Ill the first case, and only in this, is the function continuous at 
the point a; in the two other cases it is discontinuous. There 
are therefore two, and only two, different kinds of discon- 
tinuity, and these are also distinguished by special names. 

By a discontinuity of the first kind, or a piolar discontinuity,^ 
we understand the case when a function (/> {z) becomes infinite 
at a for every path of approach of the variable to this point. 
Such a discontinuity is characterized also by the condition 

that is absolutely continuous at 2 : = a, and that therefore 
4>{z) 

it acquires the value zero for every path of approach to the 
point a. 

A discontinuity of the second kind, or a non-polar discontinuity, 
occurs at a ^Doint a when, on the contrary, the value acquired 
by the function at a can be different, according to the path 
and manner of approach of the variable to the point a. Tor 
instance, if a line mop can be drawn through a so that the 
function acquires for the path rna a value different from that 
for the path pa, then the function springs abruptly from the 
former value to the latter, when 2 : passes through a on the line 

1 We might also think it possible that the function could become 
infinite of different orders at a for different paths of approach. But. in 
addition to the fact that this will later be proved to be impossible, such 
a case cannot be taken into consideration at present, because the con- 
ception of infinity of any” definite order cannot yet be introduced. The 
question at present is ratlier only the alternative, Avhether, if the function 
acquire at a the same value for all paths of approach, this value is finite 
(zero included), or not. 

- C. IS’eumann, Vorlesungen ilber Tiieniann' s Theorie der AheVschen 
FunJctionen, S, 94. 
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map, and thereby suffers a discontinuity of the second kind. 
Such a discontinuity occurs in for z = cc, since becomes 
infinite, zero, or indeterminate, according to the direction in 
which 2 : moves away to infinity. Tor, let z = r (cos ^ + i sin (/>), 
then only r becomes infinite, while indicates the direction in 
which 2 ; moves away to infinity. Then we obtain 

^ grcosr/. g^rsinei, ^ ^^^09 6 [eos (r siu cj,) -f I sfii (r sin <^)], 

wherein the second factor always maintains a finite value. 

When T becomes infinite, however, the first factor becomes 

infinite or zero, according as cos ^ is positive or negative. If, 

on the other hand, cos = 0, then r cos and therefore also 

1 

the first factor, is quite undetermined. In the function e* 
occurs likewise a discontinuity of the second kind for z = 0. 

An important property, manifesting itself at places of dis- 
continuity of the second kind, results from the following con- 
siderations. If a function be absolutely continuous, and 
hence also not infinite at a point a, the product (z — a)4>(z) 
acquires the value zero at a for all paths of approach. We 
will now show that the converse also holds, namely, that if 

lim (z — a)4>(z) = 0, 

for all paths of approach to the point a (which, as is always 
assumed here, is not a branch-point), the function must 
be continuous at a. For (z — d)(i>(z) is, according to the 
assumx)tion, continuous at a, and hence can be represented by 
a series of ascending powers of 2 ; — a converging for all points 
2 ; in the domain of a (§ 25). Let 

(z — o)<t)(z)=^p(^-[-Pi(A - ~ ^0"+7^3(^ — a)^ d----. 

Therein po denotes the value of (z — o.)cf>(z) for 2 ; = a ; and since 
this is zero according to the hypothesis, it follows that 

(z — o)(f>(z) —pi(z — Cl) +po (z ~ a)“ +^3 “ ^ 0 ^ d- • • 0 

from which is obtained 

^(^) = Pi +ib(^ - P-Psi^ - Cl)" + • ••• 
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Accordingly assumes the finite valim for all paths of 
approach to the point a, and it is therefore continuous at cl 
We thus obtain the following proposition: The necessary and 
sufficient condition to ensure that a uniforra fumction is 
finite and continuous at a yooint a is 

Urn \_(z — a)c^(^)],^„ == 0. 

If we put (z — a)cj)(z) ~ F(z), we can express this proposition 
also in the form : If the function F(z) have the value zero at 

F(z) 

a for all paths of approach to this point, then — ^ is continuous 
at a; and conversely. ^ ^ 

Prom this now follows : If a function cjyiz) su ffer a non- 
polar discontinuity at a point z = a, it must also become infinite 
for some manner of approach to a. For, if cf(z) were to acquire 
at a for different paths of approach values not only different 
but finite, then would 

lim \_{z — a)^{z)~\^^^, = 0 

for all paths of approach, and <f>{z) would not suffer any dis- 
continuity at a. Since now the function ahvays becomes 
infinite for a discontinuity of the first kind, we can express 
the preceding proposition also in this way : A uniform function 
caiy be discardmuQus^ .only lohm. at the same tirae it becomes 
infinite; for, in the case of a polar discontinuity this always 
occurs, and for a non-polar, at least by one way of approach. 

But the function must be capable of assuming any arbitrarily 
assigned value at a point of discontinuity of the second kind a. 
For, if c be such a value, and if suffer a non-polar discon- 
tinuity at a, so do also cf){z) — c and — , because these 

<j>(z) ~ c 

functions likewise acquire different values for different paths 
of approach to a, when this is true of <^(;^). Isow since these 
functions must also once become infinite, <f{z) — c must once 
become zero, and therefore cb(z) must be equal to c for some 
one way of approach. 

We wall make this clear by an example, and in this special 
case seek to determine also what must be the way of approach 
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1.0 (‘nsur(‘ thnl a ruiu^tiou ao.cjuiros an assi^u^iiod value, l^o this 
(‘11(1 we shall ('.oiisider tili(‘, fuiKd-ion aln^ady iiistaiuted (p. Il l-), 

cr 

’■? 

(• ~ U 

in which v. d(‘n()t,(‘s ;in arl>it.ra,i*Y constant,. This tunc.tion ha.s a, 
disccjui inuity of t.ii(‘. s(‘cond kind at, th(‘. point, rj -•= 0, Sin(*(‘- it 

I 

nnist. also h(‘coni(^ inlinih* lH‘n‘, U must l)(‘. ca.pabh'- of a,ssuinin<t 
the arbitrary value c tor \Ve. will iii(jiiir(‘, wh(>n this 

tak(‘s plact*. Not, to dis‘;-uis(‘ th(‘ <.^u'n(‘ra,l na,tur(‘- of tlu', j)ro(‘,(‘ss 
by special circunist.an('(‘S, W(‘ will assume c to b(‘. conqdex ;iiid 


wher(‘in now h and k d(‘nol(‘. t.wo arbitra,rily tissij->‘iUMi r(*a,I 
\ allies, 'rhen, it wr let, 

r; '/•(eos</> 1 /siiifA), 

/• heroines i n tinit.esi ma 1 for every way of a.pproa(di ot rj to t,li(‘, 
(uh'jn. whih‘ tin* an.‘(h‘ </>, ina.d(‘ by r with th(^ .raxis, indi- 
cate:’. the dir(‘ction in wlbndi W(‘ approa.ch t.ln^ ori(.'in. W(^ now 
obtain 



/sin <j)\ 

. . /'sinc/>Vl 

cos 


/sin - ) 


\ '■ J 

V J] 


and it this shall (‘ipial h j //,\ tin* efjuat.ions 



,• f 

s.in 

«/) 


'* • /■' 

;in (/A 





/’ 

) 

//, 

e sin ‘ 

r) 








/sin <// 




or 


\ 

//■* 1 

A’", 

l;,n( / 

) /- 



inu;.t. b(' 

satistii'd. 

No 


tor a. vani 

.shiny v; 

l.llK* of ■> 

r, ea.n 

tail fob 

e iniinite. o 

Illy 

wir 

ell </j 

.".iinultaie 

(‘oiisly a 

pproarlu 

‘s t,h(‘ 

anyb‘ ^ 

theretons 

if 

\\r 

int I 

'ofiuee in: 

;t(‘a.d of 

<l> t.li(*. 

a.nyle. 

cV ^ . 

</>, vhich /• 

ni; 

ikes. 

with t.lH‘ //a 

xis, and 

deiiot.(‘ 

by 0 . 

tin* real 

value (d* lo; 

r X 

/r 1 

k\ ; 

So t.hat- (i> 

is a,rbitr. 

arily assumed 
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t as li and Jc are, Ave have instead of the former equations to 
isfy the folloAving 


sin i/r 
r 


— a, tan 



7c 

7 { 


3nt the former Avill be satisfied at once, by letting xj/ and r 
d towards zero simultaneously in such a way that 


ij/ = ar 


^ays, i.e., by letting the point approach the origin along 
spiral of ArcJmnecles Avhich is explicitly determined by the 
ue a, and which is tangent to the ^^-axis at the origin. 

►Yith this relation existing between ij/ and r, now be- 

r 

les infinite as r decreases indefinitely, and therefore the 
gent to this curve is capable of assuming every value. But 

we denote by a the definite arc contained betAveen —~ 


i the tangent of which has the Amlue —j, so that the 

litrarily assumed values h and 7c can be replaced by the 
lally arbitrary quantities a and rq then also 


tan (a + nii) — — 


7c 

7i 


.enoting a positwe integer. The second of equations (1) is 
isfied, therefore, if we assume 
cos i// 

a -l- flTT, 

T ’ 


I make r tend toAvards zero by increasing n indefinitely. If 
substitute ^ for r conformably Avuth equation (2), AAm get 
a cos 


AAdricli, since cos if/ differs from 1 only by an infinitesimal 
the second order AA^hen \!/ and r are infinitesimals of the 
t order, Are can also AAuite 
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Therefore a- ac(]uir(^s the assit^ned value — Ii + if t 
point a])])r()acli the ori^^in along* the spiral of Arciliinied 
ij/z=((r in such a way that the, radius v(H‘tor roi.atc's tovvar 
th(^ //-axis per ,s(dtiuN,, whihi tlu; Jingh^ whiedi it inu,k(^s with tl 
axis is giv(ui hy l.lu^. frac-tion (d), of which, the nuiu(n‘ator 
constajiily (‘qnal to (t a.nd the denominator increases hy tt wi 
ev(uy spring. 


28 . We sliall now show that a, nniforni function, whicdi 
not a mere*. c,onsta,nt, must b(‘c.oin(^ iniinit(^ at sonui ])oint 
by proving the, following ])roposith)n : If (t ■uwifynn. func.Uon 
■not twcom.e infnffefor noniv fnnte or InJInile 'indue if the 'luiriid) 
■it is (( const ant. \V(‘. (cin in this c.a-s(‘> suppose^* th(‘- wlioh'. in (ini 
(ixt.cmt of th(‘ phiiie. to h(^ tlui doma-in of the*, origin and by (i 
§ 2d, assuming n. 0, })ut. 

(1) </)(/)-- />„ "b pd 'b pJ'' -f- pfr -b •'*; 


whc.r(‘in 


Vn 


1 r<i>(^)dz 

2 7 r/./ 


W(' ca.ii, mor(‘ov(‘r, (uda,rg(‘ indehnit.(dy th(‘. c.ir(d(‘. round i; 
origin, to \vdii(di (his in(.(^gra,l nd‘('rs, without (duinging t 
vatiK* of tJio in(.(‘graJ, sinc(‘ a. point, of disc.ontinuil.y nowlu 
(xu'urs. but. if w(‘ Ic-t 

.V r((’os d- / sin 
and i.hus idO, 

wn ’ i 'U-pifj. 

Jttwo 


and if wo h'l. all fh(‘ vabu*s of ,v along^ (h(‘. (drc.umf(*,r(‘nc(^ of I, 
('.irch‘. h(*com(‘. inlinii.c, i.lnm va.nish(‘s for (‘.V(‘.ry va.lu(‘. of 
with (.li(‘ «‘Xc<q)tion of n 0, sin<*(‘ by t.h(‘ hypothesis (f 
r(‘ma.ins (initi* round t.h(‘ eireunifeianie.i* of t.ln*. in(init.(dy gr( 
cii’chs It t.h(‘r(*fore. follows t.lud, 
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and series (1) reduces to its first term so that the function 
acquires the constant value 

Pa = ~ f cf,(e)cW, 

Zt TTxJ ^ 

for every value of t. 

We can base the proof of this proposition also upon equation 
(1), § 24, namely, 

c/,(0=^ fiM*. 

^ ^ ^ 2 Trf J z — i 


For, if we take this integral along a circle described round the 
origin, we can enlarge that indefinitely, because of the assumed 
properties of the function <f> (t). Accordingly, if we let 


2: 


= icW, 


we obtain 



2; 


If now the radius of the circle increase indefinitely, all the 
values of in the integral will tend towards infinity ; hence 

- vanishes, and the integral reduces to the above constant value 
z 

ih = A r " (2) 

independent of t. 

From this x)roposition follows immediately : If a uniform 
function he not a constant, it rnust become ii finite for some finite 
or infinite value of the variable. 

Further follows : A uniform function must assume the value 
zero for some value of the variable. For, if fiiz) be nowhere 

equal to zero, — ^ is nowhere infinite ; therefore — — would 
-#> (0 </> 0 ) 
be a constant, and hence also (z). 

Finally: A aniforrii function must be capable of assuming any 
arbitrary value k at Least once. For, -were A (f) nowdrere equal 
to /b, ^ (z) — h would nowhere be equal to zero ; therefore it 
tvould be constant, and so too would ^ (z). 
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It sliould be ein])liatic.ally stat(‘(l tliat these propositions no 
longer hold absolutely, if c()iuph‘x. values of tlic variable 
be (‘-xeduded. IF only r(‘al values Ixi considered, the uni Form 
Finuddou (^os For insta,ne(g (lo(‘s not b(X!oru(^ iniinit(^ and (lo(!s 
not assuna^ (‘.veuy arbitrary valiug but only tin', vahu^s Ixdnveen 
— 1 and + 1. fhnuui then*, exisi.s here a (certain analogy to 
alg(d)raie. (apiat.ions, in which also tlui fundairieiital pro])Osi- 
tion, tliat (*,v(*ry algi'brale e(fuation must luive at least one 
root, and that eveny ecpialion oF the nth degi’(*e Inis n roots, 
is not generally valid when only real values are (U)nsidered. 

29. W turn now 1.0 tin* c.onsid(*ral.ion oF the ease's in which, 
For i.h(‘, fuiKd ion </)(,r), tin* prodmd. (rN - <t)(j>(z) no loiig(n’ van- 
ishi's at th(^ point re' - -wo Then <l){z) by § 27 suFFers here a 
discontinuit.y. dhvo possibiIiti(*s now pi’(‘.s('nt tln'insd ves : 
either there* is a pown‘r oF nj ■((. with a. positive, iiit(‘,gral or 
Fractiona.1 (‘Xpoiu'iit fi. For which the produed 

ha.s a. det('rminat(‘ fluit-i*. limit., or theix*. is no such pow(U‘. 

We shall hrst, considc'r t.he Forim*r ca.si'.. IF this oc.c.ur, let 
us (h'noie by ft Flu* grea.t.est int.eger (u>nta,in('d in fi, so that 

// ' //, * ■ fi I" I , 

where, the (‘(piality holds when /i, it.se.ll’ is a,n int.(vyu\ W(^ 
t.ln'ii ha,v(^ 

lini I (r o )" ’ h/>(;;) I . ,, lim | f:: f'(:: e.)''</>(rj) |^- 

b(‘caus(‘ ft 1“ 1 //, is jiosit.ivi*. led. iF wu^ divide*, by z - a, 

then, according to § 27, p. 12<S, 


is a, Function whieli remains finil«‘ For ;j n. IF W(‘ d(*.noi.e by 
c'"' the tinit(' limiting valin* of the sanu' For ;j . ■ u, tlum 


{z ■ 
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LCtion which yanishes for = a, and therefore by § 27 

An) 

(2 - a)'-’.^(z) 

z — a 

5 finite for 2; = a. Then, if we denote by the 

miting value of the same, 


(z - aY-^4>(z)- 


c(«) 




z — a 


s for = a, and therefore 
(z — ay~~ 4 >{z) — - 






(z ~ a)“ z — a 

5 finite at the place 2 = a. If we continue in this 
, we finally arrive at a function 




n(n-l) 


> — ay (z — ay (z - ay^^ 


(z — ay z — a' 


IS finite, and hence also continuous, for a. There- 
we let 


)-/- 




: = '/'(«)> 


iZ ~ a (z — ay (z — ay (z — 

notes a function which is finite and continuous for 
and if for brevity we let 

cJ eJ’ rJ” 


z — a (z — ay (z — a)'^ 


(z — ay 


= A, 


<^(z)=A+i/^(g), 
c<"> = lim [(2 - aY<f>(z)],^, 


g(n-l) _ 


(2 - «)“-!</) (2)- 


(2 - a^-mz)- 
etc. 


^-1 

' - (^Jz=c 


^(n) 


C(n-l)' 


(z — ay z — a j 
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Ey this means a part A, which becomes infinite only for a 
is separated from cl,(z), the additional part 1/^(2:) remaining 
finite for z = a. Kow if the finite constant do not have 


the Amine zero^ i.e., if the term 


/^(w) 


be not wanting in tbe 


(« - a)" 

expression ^ 1 , we can say; If Jim [(2 - be neither 

zero nor infinite, the function fj) is infinite of the nth order for 
z = a. In that case, however, this condition is not satisfied 
for any fractional exponent ja, but lim {z — aycfij) is either 
zero or infinite ; for, if /x > n, as we originally assumed, then 


lim [(2 - a)^c^(2)],^, = lim [(2 - aj-jz - a)"(^(2)]^, 
but if /X < w, then 

lim' [(2 — a)''<|)(2)],i<, = limf 


: 0 , 


' (2 - a)"<^(2) 


= 00 . 


Therefore 4 >(z) cannot be infinite of a fractional order, and 
the proposition folloAVs : If a uniform function become infinite 
of a finite order, it can be infinite only of an integral order. 

An example may be added to the preceding theory. The 
function 


<#>(2) = 


1 

2=(2 - 1)2 


is uniform and has the points of discontinuity z — 0 and z = l. 
Tor 2: = 0 Ave have 


= lim [_z^ <f)(z)']^^o = bni 


L(2-1); 


= 1 ; 


therefore c’" is finite and not zero, and hence cfe(z) is infinite of 
ilu) third order for 2: = 0 . Noav since 


lim 


)" _ 


= 0 , 


_(2 - 1)2 

Ave obtain after dividing by 2: the finite value 


' = lim 


z(z — 1 )“ 


= 2 . 
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In like manner 
o' 

and finally 


— lim 


- 1)^' 



= 3, 


^ A , 2 , 3\ 4-3^. 

Z'^(z ~ 1)- ^2;^ Z- zj (z — 1)“ ’ 

accordingly tlie separation into tke two parts A and [{/(z) is 
tke following : 




z^(z — 1 )~ 


'*5 O i 

" +W + -3 
/y- 


■ 3z 


(z-iy 


For tke other point of discontinuity^ z = l, we have 


lim 








and therefore <ty(z) is infinite of the second order for z = l. 
After division by a; — 1 we obtain 


c' = lim 

and then 

r 1 _ 1 

= lim 

0 

0 

H“ 1 

\jf(z — 1) 

1 _i 

C-1)J 

r 1 

1_3«- + 2j; + 

- 1)- 1 

\jz ~ 1)^ {z - 1)_ 



2=1 


1 


3; 


Therefore the separation in this case is the folloAving : 




1 


3 

z~l 


+ 


1 ■ 


z^ 


In the cases considered, where ^(z) becomes infinite of the 
?'dh order for 2 ^ = a, the discontinuity is ahva.ys a polar ; for if 
we let 


(« - a)" <#.(2) = ^(2;), 


F(z) assumes a definite finite value different from zero for all 
paths of approach to a, and therefore 
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acquires the value zero for all paths of approach. Conse- 
quently <p(z) suffers a discontinuity of the first kind (p. 126 ). 
hroin this it follows further that, when <^(2^) is infinite of the 
'??th order for 2: — a, we can let 




m 

(z — a)’*’ 


v herein for z — cl, is finite and not zero, and conversely. 

This form, wdiich we can give the function cj>{z) in the case 
considered, -warrants the assumption that an infinity of the 72th 
order can be looked upon as a coincidence of n points, at each 
of whicli <i>(z) is infinite of the first order, or as an infinity of 
multiplicity n. For, if become infinite of the first order 
at two points a and h, say, we can conformably with the above 
principles let 


^ F{z 
(z - a)' 


wherein F(z), for a; = a, is not infinite, but is so for z =h, and 
that of the first order. Therefore we have further, 


F(z) = 


F,(z) 

z-lJ 


cf^(z)=z 


- a) (z - by 


whercdn is not infinite or zero at a or at b. 
points a and b coincide, it folloAvs that 


Flow if the 


cl>(z) = 


F^z) 


and therefore by the above criterion, is infinite of the 

s(‘c,()nd order at a. 

\V(i saw above that, when a function 4 >(z) is infinite of a 
iiniU^ ord(u for = a, it suffers here a discontinuity of the first 
kind; w(‘, will now show that the converse is also true. If 

ij>(z) ha,vc‘ a polar discontinuity at the point z = a, then 

is continuous, and has the value zero at this place. We can, 
tluand’ore, by ( 7 ), ^ 25 , let 

( ,' ) j ^ z=: 'j)^(z — a) -f- po (z — a)- + • • * + ik a)'*’ + • • • ; 

cl>(z) 


J ' < • ^ 
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for tlie first term po must be wauting, since it has the value 

acquired by at 2 : — a, and this is zero. Of the following 
cjyiz) 

coefficients, some may also be zero. Let the first which does 
not vanish be p.„. Such a coefficient must exist, otherwise 

would be constant, and would have the value zero for 

<p{z) 

every value of z. Therefore let 

dr = P’' + -Pn+iC 

wherein is finite and different from zero. Now if we bring 
this to the form 

tK = C - 0" [a +k+iC -«) + ••,•] 

<P{Z) 

and let = F (z), 

Pn + Pn-rl * 

we have <h(z) = • ; 

(z — ay' 

but since F{z), for z = a, acquires the value — , finite and 

Pn 

different from zero, then <l>(z) becomes by the above criterion 
infinite of the 7ith order, and therefore of a finite order. ^ 

Consequently the occurrence of a polar discontinuity at a 
point a is always characterized by the property that the 
function becomes infinite of a finite order at that point. 

From this it follows at once that the case mentioned on 
p. 126 (note), that cf^^z) always becomes infinite at a point a for 
different paths of approach to this point, but infinite of differ- 
ent orders, is in fact not possible, but introduces a contradiction. 

In that case —i— would receive the value zero for all paths of 

approach to a. But, as was shown above, (i>(z) becomes infinite 
of a definite order determined by that coefficient vdiich is the 
first in (3) not to vanish. 


Ivonigsberger, Vorlesxingen uher die Theorie der ell. Funlct.. I. S. 121. 
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W(i now turn oiir attention to the second x^ossibility men- 
tioned on ]). namely, that there is no power of z — a with 
a finite, positive (^x])onent fx, for which the product (z — aY<^(z) 
a(uiuires a hnite value for all paths of approach to a. Accord- 
iiiit to the ])r(‘eo(lin;:t, this can occur only in the case of a dis- 
(•ontiiinity of tlu*. stwond kind. But the series derived (10), 
§ 3(), holds for th(‘, latter, hecause for that development the 
discontinuity occurrinit a,t (t could be an entirely arbitrary one, 
i,lu‘ point ((. haviin^- Ixuni excluded by means of a small circle C. 

If in (10), § 3(), wt‘. let 


Vi) "b pi ('^ — 4- 

,d 

so that. \{/(::) represents a linite and continuous function for 
z = u, w(‘. obtain 


( 1 ) 


<I>Y) ~ 


•+ - 

- ((. [z 


- (if (z — af 


+ ./.(*)• 


I n til is, by (9 ), § -JO, 

' ') ^ <f>{z)(z — dz, 


t,lu‘ int.e<’'ral b(‘iny^ takcai alon^^ the circle G described round a. 
If \v(‘ subst.it.utu in that, integral 

r.' <( : v'ic.os 0 -I- 'A sin 0), = idO, 

z — (I 


we have L- ( ij>(7l)(z — 

2 


Now if, in orihu’ in tin* first plac-e to consider the former 
case from this point, of vi(‘w, </>(r.^) Ix" infinite', of the 7/th order 
(hr ,v //, tin'll c: - (tUfj){z) is finiti', a,t o,, and therefore 
c; u)'‘‘ !/>(;;) is /.ero. Hence, if tin*. ra.dius of the drek^ C b(i 
made to tend towards /,(*ro, c‘“ * ^ Aind with o'reater reason all 
raiccecdiny coeflicients, c'"^--', vanish. Therefore the 

serie;; c.ontained in (1) ends with th(‘. term - - - -- and changes 

(z~~-(iY j 

into tin' ('vpressiou J, found jua'viously unde.r (1). 1 If, on the 
coiitrarv, tin* second possibility alri'a.dy numfiomal occur, in 
wliich do(‘s not iia.va' a, tinib' limit for any finite 
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value of n, then none of the coefficients vanish, and 
the infinite series contained in (4) enters in place of the former 
expression A. In this case (l>(z) is infinite of an infinitely high 
order for ; 2 : = a, and at the same time, as remarked above, the 
discontinuity at a is of the second kind. 

Therefore the two kinds of discontinuity are also character- 
ized _by this, that in the first occurs an infinity of a finite 
qrder,^ jn the second one of an infinitely high order. 

We now return to equation (2), 

cj^(z)= A -f- ip(z), 

in which A denotes either the finite series (1) 

. c' 

^ z — a (z — ay^ (z ~ ay/ 

or by (4) an infinite series of the same form ; (il/)Zy however, 
denoting a finite and continuous function at a. This equation 
shows that a uniform function (l>(z), wdiich becomes infinite^ at 
a place a, is distinguished from a function which remains 
finite there, only by an expression of the form A. Heneui it 
becomes infinite only as this expression A does. For ox;im- 
ple, if be infinite of the first order for 2 ; = a, so that 
lim [(z — a)<li(z)]^^ is finite and not zero, w^e can then also say tliati 

cf)(z) becomes infinite there just as - — does. Or, if cf^z) bo 

infinite of the second order for 2 ; = a, it is then infinite either 
c' c" c" 

as [- or only as is. If we have anotluu' 

z — a (z — a)- {z — a)“ 

uniform function fiz), wdiich likewise becomes infinites of the 

? 2 th order for z = a, this can also become infinite only as <a 

similar expression A does, wdiich can differ from tht‘. forni(*r 

only in the value of the coefficients c. If the latter function 

f{z) be given, the coefficients c are thereby also given; th(UM‘- 

fore cfi(z) is knowm at a place of discontinuity a, if a function 

f(z) be given, wTich becomes infinite at this place just as 

(fi(z) does. We can then let 

(y) + 

Avherein \p (z), for 2 ; = a, remains finite and continuous. 
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From the equation 4>(z)~ A + \p(z) 
follows by dilferentiatioii 

where 

= 2 c" 3 c"' 

dz (z-iif (z-ay (z-ay *“ (^ - 

Now since (by § 24) if/^(z) remains finite for 2 ; = a, because 
il/(z) is h(u-e hnite, we have: The derivative A,'. (y)^Qf_ a uniform 
J'uhetion <h{f) a place z=ra, loliere <h(f) is infinite, becomes 
liken'isc vnjiu'de, and that of an order higher by unity than 
At all hnite points at which ch(z) is finite, also 
r(‘ina,ins iinite (by § 24), and hence the finite points of discom 
1 1 /II/ it If oj a> 'umifov'm fimction are identical with those of its 
(IfO'irativc <l)’(z). 


30. W(‘- now ])roeeed to tlie inquiry, how a uniform func- 
tion <l)(z) b(‘hav(js for an infinite value of the variable 2 :. We 
(’jui h'lid this iiivostigatio]! back to the xmeceding by putting 

r; \ w}i(o*(‘by <j>(z) may change into /(c.), and then examin- 
ing fill) a,t the point ?6 = 0. Now, in the first place, ffu) is 
linit(‘ For n ~ 0 (b^^ S 27) when lini [^^/'(^6)],,^o = 0. Therefore 


c/>(rj) is finite for z = cc 


when 



z=x> 


hhirtlnn*, f(n) })()(unnes infinite of the ??,th order or of multi- 
plicity /!■ (l)y § 21)) wlicn lim [7/y/*('i^)]„^,) is neither zero nor 
iiiiinit,e. 


1 1 (OKU*, (/)(z) is infinite of the nth order for z — cc) ivhen 
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Moreover, we can (by § 29) in this case put 


^ ^ ^ u ir iC vT 


where A (%i) denotes a function which remains finite for n — 0, 
and the quantities Q constant coefficients. If X (t^), expressed 
in terms of 2 ;, change into il/(z), we obtain from the preceding 
equation the following : 

( 1 ) cl,(z)= Q'(z)-h ••• + 

wherein \f/(z) remains finite for z~ao. In this case, there- 
fore, 4>(z) is infinite just as an integral function of 2 : is. 

From equation (1) follows 

(2) ^'( 2 ;)= Q' 2 Q''z -j- 3 Q"'z‘' + ••• + nQ^‘'''^z^ ^ 

To inquire, in the first place, how the derivative of the 
function \l/(z) (which remains finite at infinity) behaves at 
that point, we introduce again the variable u. Since 


— = - 1 
dz z^ 

and \Ij(z) = X( 26 ), 

we have il/'(z) = — ^^^X '(?<). 

Xow is finite for u :=z 0, therefore by § 24 \'{u) is also 
finite, and consequently 

il/'(z) = 0 for 2 : = GC'. 

Therefore, if a iini form, Junction he finite at the point 2 ; = 00 , 
its derivati ve is equal to zero at that po int. For example, 

2 ^- 4- 2 ; -f 1 
"2 2--1 ‘ 

Then it follows from (2) that J{z) is infinite of an order 
less by unity than ^(z), at 2 ;==oc. Therefore, if f{z) be infi- 
nite of the first order only, Jiz) remains finite for 2 ; = co. 
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The integral i'uiuTion of 2 ; occurring in (1) can be derived 
also froin the s(vries obtained § 20 (13), which holds when 
suifers a discontinuity of any kind at 2 ^ = 00 ; it is valid 
tlnai tor all ]){)ints 2 J lying outside a circle which encloses all 
imW points of discontinuity. If we denote by i[/(z) the first 
])art of that seri(^s and put 

2 ^ 2 ^“ Z‘' 


this fuiudion reniains hnih'. for z = oo and assumes the value 
Dcnoi.ing tlui otlnn- coc'fticients by Q instead of by c, we 
th(U’(d‘or(‘. obtain from (13), § 20, 

(;>) (l)(z):^ Q!z -b Q"z“ -f” 


wlKU’cin by (13), S 


: 


L- C^Ml 

ttIJ Z^^ '■ ' 


(Iz, 


th(' int(‘gral to !)(, tak(‘n along a, circle round the origin, outside 
which there is no j)oint of discoiitiniiity except z = cc. By 

Hiibstitiiilng th(‘r(‘in — idO, w(‘. obtain 

(/'" ,r. ' . (''"'/'C) 

2 TT. '« S" 


Now if </)(.:') b(‘ in{ini(.(‘ of tli(‘ /dh order for z = cc, then 


Hill 




is tinitc, a,nd lli(‘.r(d’or(5 liin 


\Kz) 


is zero. 


(t)nsc(pu‘ntly, if we 1<‘(, th(‘ circh‘ of integration eiihirgc indeh- 
nil.clw (‘tc., va.nish, a.nd tin' contained in 

(3) changes into tie* ini.egral function in (1). 

r>ut when </>(;;) is inlinif.<* of a.n inlinit'ly high order, and 
wii(‘n theiM'fon* it. suff(*rs a. discontinuity of th(‘. second kind, 
lh(*n in plact* of the integTal function in fl) tluuH*. enters the 
s(‘rics of int(*'-’;ral asc(‘nding |)o\v(‘rs ol z in (3). 


31 . hroin tin* pn*c(‘ding in V(‘stigation w('. now deduce the 
following [)roposit ions : If <(■ n/iifonn. JiaKiioti. l)(ico7H(i injlnitt 
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for no finite value of z, but only for z = qc, and that only of a 
finite order (^inidtiplwity n), then it is an integral function of 
the nth degree. Por we have in this case by ( 1 ), § 30, 

+ Q''^~ + Q"'z'' + •*• + + f(f)- 

But since \jj{z) is a uniform function, which does not become 
infinite either for a finite or for an infinite value of it is by 
§ 28 a constant. Denoting it by Q, we have 

Q -f- Q'z Q"z‘ Q"'z^ dr •••4' 

thus cji(z) is in fact an integral function of the ?ith degree. 
Conversely, an integral function of the nth degree becomes 
infinite only for z = ao, and that of multiplicity n ; for 

lim r iM] = Q("), 

and this limit is finite and at the same time different from zero, 
when (jitf) is of a degree not less than the 7 ith. 

If a uniform function 4 ( 2 ;) become infinite only for z = co, but 
that of an infinitely high order, then it can be developed, in a series 
of poicers of z converging for every finite value of z. For in this 
case the series (3), § 30, holds for all finite values of 2 ^, and \p(z) 
must be a constant for the same reason as before. 


32 . If a uniform, function become infinite only for a finite 
number of values of the variable, and for each only of a finite 
order (i/n short, if it become infinite only a finite number of times), 
then it is a rational function. 

Let a, b, c, •••, h, I, cc be the values of for A\diich 4(2^) becomes 
infinite, a, (3, y, •••, k. A, y, the respective multiplicities of the 
infinities 5 then we can in the first place let 

ij,(z)=Q'z 4- Q"z- H h Q^r-)zr- + 4(2;)^ 

where \!j(z) is not infinite for z — cc, and therefore is infinite 
only for z ~ a,b, c, -“,1', accordingly we have 
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where now is infinite only for = h, c, •••A. Therefore we 
have further 


'/'i(0 = 


cC 


+ 


Co ' 


z-h (z- b) 


+ 


- by 




If we continue in this way, we arrive at 


'I'n-F) 



+ 


C " C O'l 

—hi 1 ^ -Ja 

0-0- 0-0" 




where if/yz) is no longer infinite at all and therefore is a con- 
stant. Denoting this by Q, we obtain, when we combine the 
above expressions. 


(l>(z) — Q 4“ -f- -f- ••• 4" 


I _i_ ^ 

— a (z — a)~ (z — a)' 


z-b (z- by (2 - by 


4 - 

z-i (z~iy (z-iy' 

hence cf^iz) is in fact a rational function. 


a- rational function can always be brought to the above 
form, tliat is, can be separated into an integral function and 
],)artia.l fractions, it follows also, conversely, that a rational 
function (am always become infinite only a finite number of 
tinn^.s. 


33 . A ■H'/dform function cji(z) is deter mined, except as to an 
additice. canstant, when for each of its points of discontinuity ice 
are (jlcen a function luhich becomes infinite at this p)oint just as 
(l)(z) does, J>ut lohich othericise remcdns finite and continuous. 

L(it a„ < 1 ,, a.., etc., be tlio points oE discontinuity of 4>{z), and 
suppose the value cc to be included among them. Further, let 
/i(~)' ./.'’.(Oj the given functions, which become 
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infinite at tlie points ai, ao, etc., respectively^ but wliich are 
elsewhere finite and continuous. Then, if (fi(z) is to become 
infinite at % just as fi(z) does, we can let 

^(2) =/](«)+ 

where \p(z) is not infinite for = «!• Is ow, since f^(z) is finite 
for 2 ; = tto, \j/{z) must be infinite at that point, and that just as 
f^(z) is. Hence, if <#)(a:) is to be infinite at ao just as/ 2 ( 2 j) is, we 
can let 

where now \pi(z) does not become infinite for ai and Uo, but does 
for Us, etc. If we continue in this way, we finally arrive at a 
function if/ which is a constant, since it no longer becomes 
infinite at any point. Denoting this constant by (7, we obtain 


34 . We say that a uniform function (l^(z) becomes infinitesi- 
mal or zero of the nth order for a value of when becomes 

. . . 

infinite of the nth order for this value. For this case, by § 29 
and § 30, 


lim 


(z — a)”“ 

_ 4 >(?) 


lim 



V is neither zero nor infinite. 


How, since the reciprocal fractions must also have finite limits 
different from zero, v^e have as the conditions to ensure that 
is infinitesimal or zero of the ?ith order for a finite value 
— a, and for z — ^ \ 


lim 


r <^(0 1 

1 

_(2 — «)’*_ 



^ j 


is neither zero nor infinite. 


From these conditions are derived the former ones for the infi- 
nite state of (h{z) by substituting —n for hence we can 
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consider an infinite value as an infinitesimal value of a nega- 
tive order, or also convers(dy. 

If (i>(z) become zero of tlie nth order for z=ia, and if we let 


(a - af 




then according to the above F\z) is a, function which is finite 
and not zero for 2: = a. From this it follows that we can let 




and therefore remove the factor (z — ay'^ from <#> (2^). If we 
rephicev<, by —w, w(j obtain again tln^ (u)iidition given on p. 
that, if 4 >(z) be intinit(‘. of the vdli order for 2; — a, we (jan let 


and c.()nvers(dy. 




. N") . 

(a - «. ) '*’ 


If <j)(z) become infinitv.sima.l of the vdh order for z=c/:), 


then 




F(z) 


is finit(m'ind not, zero for 2; co ; a.nd this (‘.(pnition holds also 
for inlinite- valu(‘,s, if —71 Ix^ substitut(Ml for?/. IJcauamn this 
cas(*, for iniinit(!sirnal va-lii(‘s of <f)(z), \vi) c-aai hd; 


<l>(z) 

and for intinit<‘. values 

<j>(z) 



z’‘F(z), 


wlieix'in F(z) dmiott'-s a. function wliicli rcmialms (init,(‘, and not 
Z(U’o for 2; ' • cc. 


35 . ('losdy a.ssoc.iatcd with th<‘ prixu'ding is the, in(]uiry, 
how ()ft,(‘n in a, .given re.gion a, uniform function Ixu'.onu's 


iniinite 


inlinit.nsiinal 


of t,h(‘ tir'st. or(l(‘r, in which a.n . 


intinit,('. 


intinit.(\sinial 


val U(' 


of tin*. v;.l,h nivho’ !i 


iiitinit.(‘ 


v;i hu» /w 
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cder of multiplicity n. This number can be expressed 
efinite integral^ Within a given region T let the uni- 

unction 4>(z) become . , at the points cii, Uo, a^, 

^ lufinitesimal ^ 

P orders Uo, n^, etc., respectively, which are to be taken 

mly for infinitesimal, negatively for infinite values. We 

3w consider the integral 


j"dlog (j>(z) or J"' 




dz, 


over the whole boundary of T. The function 




be- 


infinite ^ all points at which .,<^( 2 ;) is, zero, y and also at 
nt§_at which ( 2 :) is infinite.^ But by § 24, cf>' (z) remains 
at all points at which <^( 2 ) is finite, and § 29 becomes 
e at all points at which <^( 2 :) is infinite ; hence the points 
continuity of <^'( 2 ^) within T are identical with those of 


Accordingly 


4>{z) 


becomes infinite at all the points 


a 3 , etc., and only at these. ZSTow by § 19 the above inte- 
aken along the boundary of T, is equal to the sum of the 
als taken round small circles described round the points 
3t A denote one of these integrals corresponding to the 

Cl, and let n denote the order of the . , value 

infinitesimal 

) at that point. Then by § 34 we have ^ 

<i>(z)= (z-a)y(z), 

i/r ( 2 ;), for z — a, remains finite and different from zero. 

is occurs first in Cauchy’s Avritings, Coniptes rendus, Bd. 40, 1855, 
dmoire sur les variations integrals des fonctions,” p. 656. 
is GAudent from (p(z) = (z — {n being positive) that p'{z) 

: when <p{z) is infinitesimal of the first order, and in general that 
> infinitesimal of an order lower by unity than 0 ( 2 ). [Tr.] 

cause (p'{z) is infinite of an order higher by unitv than (p^^z) 

). [Tr.] 

the relation given, n (as always now in the considerations follow- 
to be taken positively for infinitesimal, negatively for infinite 
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By means of tiiis relation we obtain 




the Integra o be taken along a small circle described round 
«. Smco ^(.) m not zero and ^-(.) not infinite witlfin the ciSe 
oi integration, is continuous, and hence by § 18 



II 

p 

M()r(30V(irj by § 20 ^ 

r 9 V 

1 = ^ TT?, 

J z ~ a 

aTid therclbr(i 

A. z=z 2 rrVn. 

If wi) siiin up tli(^s(3 

vuluoH for all points a, tve obtain 


j d log <#.(2) .. 2 4. n, 4- 4- • • •) = 2 ttiSu, 

the integral to be tak<ui along tin; boundary of Td 

' At tIuH f.dim, we, have fro,,, u,,, u,xt the folloiving; Therein 

IlOW <){'(,(> 
infinite* 


:^n indicates Jiow often d>(;:) Ik-ooiucs . 

, i„,i„i(,e inllni(,e.si,nal if 

we regard an value of tl,e. «th order as an . 

value of the Ih-st order of „„,li,i,,liei,,y \v,, Ujerefore havearlolW- 


iiigf),-o|,o.silion: '/Yfc inUf/nU 


j d log0(,;) 


0/ a nnithnn /,n,rUo„ u,h'n aUm.j tho. houndary of a rrr, ion T is 

2 .f Cars nu.nhrr points .oiUUn 

ilijinil.rshnal 

lilts .u.ilenieiit ol the result iH evidently ini.sleadiiig, because 2n is the 

al • 1 ,,.., e, sun. ol ,he onlen, of the inliniteshuai values of (u,o infinite 

s , c d hus .1 „ ho (he nun, her of |,o,„l,.s at which ^.(2) becomes zero, 
and., the nun,!,,. rot i.o.uts at whi.-h it heeou,e.s infinite (account being 
(■do 11 u, hoU, oases o( any mulliplieities), then iin =: d _ fi = 2. The 
M.Uenient is ro,'n.e(, Inuvevi',-, if only infiriii,esinial, or only infinite 
v.uiKbs, i)(‘ iiichuicd in an. a. 7; [ 'I'n. J 



150 


THEORY OF FUNCTIONS. 


If we let tlie letter n refer to the infinitesiinal values, and 
denote by — v the orders of the infinite values (since these are 
to he taken negatively), w^e obtain 

(1) J" cl log <^( 2 ) — 2 TTi i^n — 2r). 

If the function <^( 2 ;) remain finite within T, the term — 
drops out of the preceding formula, and it follows that : The 
number of points at icliicli a uniform function (p(z) is zero of the 
first order icithin a region T, in tchich cj)(z) is co7itinuous, is 
equal to 

N C cl log (l>{z), 

L TTt J 

taken round the boundary of T. 


36 . If we understand by the points a all finite x:)oints at which 
(^(z) becomes infinite or infinitesimal, it is still important to 
determine the behavior of (f>(z) for z = cco . Let us assume that 

6(z) is . , of the ?)^th order for ^ = cc, and again let 

^ infinitesimal 

a positive rn refer to an infinitesimal value, a negative m to an 
infinite value. If the boundary of T be assumed to be a circle 
round the origin, which encloses all the points a, then in the 
first place according to the preceding 


( 1 ) 


f d log <h(f) = ; 


I iri (fi,n — 2v), 


taken round this circle. ISTow, if a new variable u be intro- 
duced in place of 2 ; by the relation 



then to every point 2 : corresponds a point u, and to the point 
2 ; = GO, the point u = 0. Further, if we put 


z = r (cos ^ -\-i sin ^), 
u = - (cos ^ ^ sin 


we get 
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l^Tien 2 describes a closed line Z round the origin, it describes 
likewise a closed line U round the origin (because thereby 0 
increases from 0 to 2 ir), but in the o^Dposite direction. If the 

radius vector r be made to increase, 0 remaining constant, ~ 

T 

decreases, and conversely ; therefore to all points 2; outside Z 
correspond points it situated within U. If we now introduce u 
in place of 2; in the integral 

Jcnog<^(.)orJ^cfe, 

and denote by f(u) the function thereby resulting from 
we obtain 

/cuog/c,,) op/m*,. 

In the integral as to 2;, the ciirv^e of integration Z is a circle 
round the origin enclosing all points a ; therefore, in the inte- 
gral as to u, the curve of integration is also a circle round the 
origin, which, however, is described in the opposite direction. 
Hence, if we assume for both integrals the integration in the 
direction of increasing angles, we have 


J d log <li{z)=-Jd log f(u), 


the first integral taken round the circle Z, the second round 
the circle U. The circle Z encloses all points a; therefore cf>(z) 

becomes , outside Z only for 2; =00, and hence fUt) 

infinitesimal " ‘ 


infinite 
infinites 

of the mth. order, so that 


idtliin U is, . ' . , only for it~ 0. Tor 2: = oc, <h(z) was 

■ " ’ innmtesima] ^ 'r\ j 

infinite 

infinitesimal 


lim 


Z-ci,(z) 


= lim 


is finite and not zero ; accordingly f(u) is also _ of 

x-L XI, 1 ' c\ TO lx infinitesimal 

the ??2th order for u = 0. If we let 


f{tt) = vFil/(y), 



152 


TBEOItT OF FUNCTIONS. 


i/r(u) denotes a function which is finite and different from 
zero for = 0, and therefore everywhere within U. Now it 
follows as above that 


fdlogf(u)=mf^+f'!^clu, 


wherein the second integral vanishes, and the first, taken in 
the direction of increasing angles, is equal to 2 Trim. Accord- 
ingly we have 


J " d log 4>(z) = - J " d log/(M) : 


If we equate this result to the value of this integral, taken 
along the same curve, found in (1), we obtain 

( 2 ) :^7i — = — 771. 

If now cfi(z) be zero for a: = x, then m is positive, and we have 

m + '^71 = ; 


but if cj^(z) be infinite for z = oo, then m is negative, and 
substituting -- y for it, we obtain 


'%n = fx 5i/. 

In both equations, the left side shows how often 4>(z) becomes 
zero of the first order in the whole infinite extent of the 
plane, and the right side, how often this function becomes 
infinite of the first order; from this follows the proposition: 
A vMform fvmction m the v:7iole infinite extent of the ])la'n.e is 
just as often zero as it is infinite. Whence Ave immediately 
infer: A •unifcjrrii fimetion asswmes evej'y arbitrary 'ixdiie Ic j>ist 
as ofteai as it becomes wfi7iite. 

For j>{z)—lc becomes infinite as often as j){z) does; hence 
<P(z)~ Jc is zero just as often as is infinite, and therefore 
is just as often equal to k. 

From this follows immediately the fundamental proposition 
of algebra; for an integral function of the 7it[i degree becomes 
infinite only for 2 : = x, and that of multiplicity 7 i : therefore 
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it must also become n times zero, and hence a7i equation of the 
nth degree must have n roots. 


37 . We can now prove again in another form the proposi- 
tion already proved in § 32, that a uniform function, which 
becomes infinite only a finite number of times, must be a 
rational function. 

Let cp, a.2, a.^, etc., be the finite values of 2; for which 
a uniform function cj^iz) becomes infinite or infinitesimal, 
and let 711, 712, etc., respectively denote the orders of the 

infinite values, positive for infinitesimal, negative for infi- 

infinitesimal 

iiite values. We can then in the first place by § 34 let 
<t>(z) = {z - 

where \p(z) is finite and noL zero for = ai, but becomes 
infinite ^ ^ 


infinitesimal 


where now 


for 2: = ao, ag, etc. Then 


<//,(«) = 


(z — aiYfz — a.^n 


dot's not become , for ai and a.,, but does become 

infinitesimal 

_ for ttg, etc. 5 if we continue in this vmy, we 
inliiiitesimal 

arrive at a function 

^ 


' (z — a^y^fz — a^yfz — ttg)” 


’ Tl(z—ay 


vvhitili no loiiffer becomes . , for any finite value 

infinitesim ai 

of From this can now be shown, however, that it cannot 
bcconut . , for z = oj. Tor, since 


infinitesimal 




w(‘. can write 


n(z-a.y = z-”nri-- 
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But if m denote tlie order of tlie . value of c/)(^) 

infinitesimal 

for positive for infinitesimal, negative for infinite 

values, tlien by (2), § 36, 

'^71 ~ — rn, 


since here denotes the same number that was there desig- 
nated by ^lii — l^v. Accordingly we have 


n(iij — ay^~ z i — 




and 

But for 2 : = cc, 


X(«) = 




lim — ^ ^ z”‘(^{z), 


nfi - - 


and this is finite and not zero by § 34, since cf>(z) is . 

^ infinitesimal 

of, the mth order for z = c/d. Therefore X(z) is in fact a 
function which remains finite for z — ^\ now since it also 
does not become infinite for any finite value of it must by 
§ 28 be a constant. If we denote it by (7, we have 


Cll(z — ay. 


If we retain now a-j, ^ 2 ? ^^^ 3 ? etc., for the finite values of a;, for 
which (f){z) becomes zero of orders n^, etc., respectively; 

and if we denote by a^, a.j, « 3 , etc., the finite values, for vdiich 
(pfz) becomes infinite of orders i/j, vo, t/^, etc., respectively, then 
we have 

ck(z)=c ~ - ayyz — 

(z — ay^z ~ a^yyz —ccy^ ••• 

Therefore cj^iz) is actualty a rational function, and appears 
here with numerator and denominator separated into factors, 
while in § 32 it was resolved into partial fractions and an 
integral function. 
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Prom this follows, further: uniforni fitnction is determm^ 
exctpi as to a constant factor, iclien once ice Icnoic all finite values 
for ichich it hecoraes infinite and infinitesimal, and also the 

orders of the 'calms; and: Two uniform functions, 

ichlch agree in these values and in their orders, are equcd to each 
other except as to a constant factor. 


B. Functions v:ith branch-points. Algebraic functions. 

38 . An algebraic function w of is defined by an algebraic 
equation, in which the coefficients of the powers of ic are 
rational functions of 2; ; therefore by an equation of the form 

(1) 10^ -fi(^)wP-^ -f (~ l)%(z) = 0, 

wherein /i (2), /o(2:), •••, represent rational functions of 2^, and in 
which the coefficient of the highest power of iv is assumed 
to be unity. If vs, vs, •••; yh> denote the p roots of this equa- 
tion for any assumed value of they are then the p values of 
the fuucdion for the value of 2: in question. 

Of these values at least one must become infinite for some finite 
or infinite value of z. Por we have 

10^ -\-U'2-\ rvq,=:f(z). 

"Mow, since (2;), as a uniform function, must by §28 become 
infinite for some value of 2:, so for this value of 2; at least one 
of the summands vj], vn, ••*, vq, must become infinite. 

Ihit Avc^ can shoAv further that ic can become infinite only for 
siicdi a, value of 2: as leads at the same time to an infinite Amlue 
of a.t least one of the rational functions f(z), f(z), •**. Por 
•w(‘ have 

vs -t- yh H f- yf =/i(^) 

( 2 ) tegvo + iCiiCr, H h y'p-iyf. = /2(^) 

icpro’-‘Uq=:ffz). 
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If we now denote by v-^ one of those values of iv which be- 
come infinite for a certain value of z, we can remove this and 
introduce the sums of the combinations of the remaining 
values of w. 

Letting + tc, H -r = ^1(2) 

w^v:, -I- -I + = <^>2(2) 


wyic,--- 

we then easily obtain 


fp(z) = w^4>p-i{,z). 

Xow since Wj, is infinite, therefore, by reason of the last equa- 
tion, either /^(^) must be infinite, and then the above pro})Osition 
is already proved : or, if this be not the case, 4>p-i(z) must 
vanish. In like manner it follows from the next to the last 
equation, that either must be infinite or cj^p^-i(z) mast be 

zero. Continuing in this wuiy up to the second equation, if the 
case occur that none of the /-functions from J^(z) to J'jz) is 
infinite for the value of in question, the cjb-functions must all 
vanish from to cj)i(z'), and therefore it follows from tlui 

first equation that^/(;^) must be infinite. 

Xow since the converse also follows from equations (2), viz., 
that, whenever one of the /-functions becomes infinite', so doi's 
at least one of the vj-f unctions, we obtain a,ll the r<r-])oints at 
which the algebraic function iv becomes infinite, by looking for 
all the ^-])()ints at which the rational functions J\(z). Mz). ••• 
lieconie infinite. But since the latter can beconu^ infinite' at 
only a finite number of points, therefore also an ahjnhraic j)cnc- 
tio '/i can J)CcoTiic vi ffiiiitc at onhj ccjialtc 7i>j//iibcT of points} 

Uv()nigsherger, VorUsungtn liber die Theorie dcr elUptiscJien Fuai/c- 
tionen. I. S. 112. 
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It can now be ])rove(l also thal an a.l^n^braici function (‘unnot 
bec-omo inlinitc of an inlinitiby Iiii^h order at any ])oint. lor, 
since the rational /d'anclions bec.()ni(‘. in(init(^ of only a finite 
ordtu- (§ d)2), l('t'; a b(‘- a. point at whicli ocauirs the iuHiiity of 
hi[(h(tst order for tli(\s{‘. fuiK'.tioiis, aaid let tins highest ord(U‘ bo 
tlu‘, (?'--l)th. lluiu, for thos(‘.l-fiinelions which become iiihnite 
of this highest ordu’, ilu^ j)r()(luc.t; 

{z - (O'- 

is noitlnu* zco’o nor inlinit(‘ at T;; r- a (§ 29). hor those functions, 
on th(M)t.Iuu- luiiid, which a,r(‘ (‘ith(*r not infinite at all or inhnite 
of a lowur onbn* at z a, this prodm^t is zero; a,nd this wiliui 
holds for all the- yd unctions, wlnui in pbuu^ of r — 1 a higher 
(txporuuii. o(*('urs. Now, if w(‘ introduc.(‘, in (‘([nation (1) another 
fiiuctiou iriii ])lac-(‘ of 7c, by l(‘tting 

.o. ir 

(5) ?e • , 

W(*. obt-afn for irth(‘ following (spiaJ-ion : 

W^' iz icyj\{::)\V^' ’ \ iz - u)-%(7s) 

(( \y'(z uy%(z) 0. 

But. sinc(‘ in this tJic (exponent, of z a for (‘.v(‘ry c.o(‘flic.i(‘.nt, 
is gi'cat(‘r than r I, tlies(‘ codlicients all va.nish for r; ■ c, and 
t.h(‘ c([uation rcdius's to 

11'’ 0 

for this value (d’ so that the valu(*s (d’ Ih e-orra'sponding t.o 
(c are all zero. Now, from (.'>) follows 

\V (Z ay'/r; 

tlnaMd’ore the. values of tin* //•d’uiictions ha.V(‘ t,h(‘. prop(‘rty that, 
for thein the pro(liicl (;; u)Or va.nishcs at th(^ points rJ a. 
But. sinc(‘ om* or more of (hem a.r(‘ h(‘r(‘ infinit(‘, ther(‘. must. 
b(‘ t’or tluuu a. pf );'.it i \ inl.e;';ra.l or fra.etiona,l (cxpomud. /i,, /e.s.s 
ffniH. j\ for which the oroduet ■ u)fOn lasadves a. linit.c'- va.liu‘. 
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different from zero ; and in sncli a case ^ve again say, the 
^6'-fnnctions involved are infinite of a finite order d 

If a denote a point at which none of the /-functions acquires 
an infinite value of an order as high as r — 1, but at which, 
nevertheless, one or more of them become infinite, the state- 
ment holds so much the more. But if an infinite value occur 

for z~c/z, the substitution z = — is made, and then the /-func- 

u 

tioiis become rational functions of ii ; therefore the previous 
reasoning is applicable to the point n = 0 if the ir-f unctions be 
also treated as functions of u. Hence we obtain the proposi- 
tion : An algebradc function ahcays becomes infinite at a finite 
number of points, and at each of them infinite of a finite order. 

In the Kieinann surface, in which by § 12 an algebraic func- 
tion can be regarded as a uniform function of position in the 
surface, we no longer need to examine those points which are 
not branch-points, since for them the principles of the preced- 
ing section which refer only to the finite parts of the plane 
containing no branch-points do not lose their validity. 

Hence we have in this place to examine in detail only the 
branch-points themselves, and we begin with the investigation 
made in § 21, which proved the following proposition : ii z=zb 
be a branch-point of a function f{z), at which m sheets of the 
fi^-surface are connected [a icinding-point of the (yni — l)th order 
(§ 13)], and if we let i 

by which f{z) changes into <#>(0? say, then docs not have 
a branch-point at the place ^ = 0 corresponding to 

Xow we can, in the first place, apply to the point ^ — 0 the 
criterion of p. 128 for the finiteness of the function, and infer 
that (/) (f) remains finite at the place ^ — 0 if 

limK'#>(Q]i=o = 0; 

therefore we obtain as the necessary and snfficient condition 
that f{z) remain finite at the branch-point z = b: 

lim [(« — = 0. 

1 Konigsberger, Vorlesungen. u. s. w., I. S. 177. 
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Purtlier, tha considerations of § 29 show that if become 
inlinite of the ‘/dh order at the point ^ = 0^ we can let 

(]■ (V (F' n(n) 

^(0 = + • •• + ^ + A (S); 

wluM'cin X(C) rcmiaiiis finite tor ^ 0, and the quantities g 

denote constant ('ueilicaents. Therefore we have 



wlnn’chi, ij/iz) C(\\uih \{l), say, and remains finite for z = h. 
Tluoi 


liin {z - and not zero, and the order of the mfinity 

of fiz) os denoted. Iif the fraetion. . 

ni 

At b, -m sIi(H‘is of tJH‘- r>siu'ra.ce are connected, hence in this 
{)lac.(i ‘//i rnnct/ion-vatnes Ixu'-onui (iquah If these be designated 
l)y v\, nij, th(‘ ()iia.nt.ii,i(‘s 


■irfz ~hy% n\,(z - hy'\ ~hy^ 

liave (‘iich a, Iinit,(‘. limit difiV.iHmt from zero, and therefore the 
sanu'- is also t.riie of lh(‘ prodmd: 

... - - tiy\ 

II(‘n('(* \vc can a.lso say: The ft netion, 'ic become.^ infinite of 
'nndt ijliritif n. at b tehcre ni- .sheetn are conneded, if each of the 

raiites t}(‘C(>/ni mj e(iit(d i(t this place l)e. infinite of the order 

TjI 

d'h(* pi’inci j)Ic provM'd on p. lo<S (*.a,n ihon ])a expressed as fol- 
lows: u 1 // a hfeb ra (<'. futiction- ahcdys l)eco'tnes vnfinite a finite 
nmidx'r of times. 

Wr (l(d (‘lan i IK' more (‘xpru'it.ly iJu'. kind of infinity^ of f(zy by 
specifying I he expri'ssion hy which f(z) differs at from a 
ruiietion wiiieh la'inains tinit.i'. at that ])oint. This expression 
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proceeds, as tlie last equation sIiotvs, according to powers of 

— Tlius, we say, for instance, that f(z) becomes 

q’ c)'' 9' i 

infinite as — ~ or as — ' or as j--i 

- 6)- - by {z - &)- - h)- 

Let us now consider the value z = cc, which, as w^e have 
already seen, § 14, can be represented by a definite point, and 
which can also occur as a branch-point. Let us put 

z = - and f(z) = ; 

u 

then u = 0 is a branch-point of the (m ~ l)th order for <jf)(2^), if 
2: = cc be such for/(2). Therefore 7(2;) is finite for z = cc, if 


liin 




— lini 


7 (^)' 


= 0. 


But, if f(z) for z= cc , and hence also for il = 0 become 

infinite of the order — , then 
m 


lim 


= lim 

r/(*)i 


_j 

u=0 

- z^ ~ 


is finite and not zero, and we can let 

u'^ 

or f(z) = g’z^ + ^"2- + . . . + + ^(2), (4) 

wherein if/^z) = \ (u) remains finite for z =: cc. In this case Ave 
say that f(z) becomes infinite of multiplicity n z — cc. 

39 . We must now also study the behavior at a branch-point 

of the derivative in which tc is Avritten for f(z). First let 
dz ^ 

us consider only those finite points at AA'hich iv remains finite. 

It has been proA’-ed (§ 24) that if lu be finite, continuous and 
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uniform in a region, i.e., if it possess neither points of discon- 
tinuity nor branch-points, then ^ likewise remains finite and 

continuous in the same region. Xow, if we express the deriva- 
tive by the limiting value to which it is ec£ual, denoting by uy 
the value of tv corresponding to z == a, we have 


chv 

dz 


lim 


■IV — ■?(;„ 

_ — a 


and can accordingly say that when 2: == a is neither a point of 
discontinuity nor a branch-point of iv, then 


is not infinite. 


lim 



Jlut we can also determine under what condition this limiting 
value is not zero. To that end we have only to consider 2: as a 
function oE iv. If the point -iv = icy, corresponding to the point 
= a, be not a branch-point of the function 2:, then according 
to the above 

lim r 

JV - lVa]z^a 

is not infinite, and hence the reciprocal fraction 


is not zero. 


lim 


2 — a 


lleiu'e, we obtain in the first place the following proposition: 
'If 7: “ (I, and to — he two fodte points corresponding to each 
otit.er, and: if neither z = a he a hranch-point of tv. nor tv = ?iy a 
hraneh-poivd of z. ilten 

is finite and not zero. 

Ft follows that the derivative — at a finite point (at w'hich 

dz 

tr also is finite) can become zero or infinite, only when at that 
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point a branching occurs, either for w considered as a function 
of 2 ;, or for 2 ; as a function of iv. 

Xow, if in place of a a branch-point b enter, at which, how- 
eyer, ic has a finite value u*j, let 

(z - b)’^ = 

the ; 2 -surface vdnding m times round b (by § 21) ; then ze, 
considered as a function of has neither a point of discon- 
tinuity nor a branch-point at the place ^ = 0. If we assume 
now the case in which also regarded as a function of zc, does 
not have a branch-point at the place lo = v:^, the hypotheses 
of the preceding proposition are satisfied, and therefore 


lini 


IV — Wf, 


— lim 




‘ W — 'Wi ~ 


is neither zero nor infinite. But now 




therefore 2 is a rational function of ^ and consequently by 
§ 15 just such a branched function of w as f is. Therefore, if 
^ do not possess a braiich-x^oint at the place iv = zcj, then 2 ^, 
considered as a function of ^c*, likewise has no such x)oint there, 
and hence the x^toposition follows : — 

(i.) If v: have a icindingiyomt of the {in — l)th order at z= b, 
but z. regarded as a function of tv. no branch-x>oint at w — iVj,, then 


Urn 


w — 


\-(z - by 


is fin ite ojid not zero. 


If this finite and limiting value be denoted by 7q then also 


lim 


' (iv — wf" 
z-b 




but 


hence 


\z — b dz 




dz 




lim 
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Therefore : — 

(ii.) With the hypothesis of proposition (i.), ~ becomes infinite 
at h, and in such a manner that 


lim 


{tv ■ 


dz 


and lim 


{z-hy 


-dw 

dz 


are neither zero nor infinite. 


Ex. tv=Uz, = W 
dz 3^22 


for 2 : = 0. 


If, on the other hand, I or {z — INfi possess a branch-point 
at w — such that y. sheets of the ic-surface are connected in 
it, the hypotheses of proposition (i.) are satisfied, because J as 
a fuiuhion of w has a -winding-point of the (/>t — l)th order 
at but w as a function of ^ has no branch-point at ^ = 0 j. 


r I 

hence lim ^ — 

-(w — 

and tlierefore also the reciprocal fraction 


lim 


- {z — dfi - 


is finit(‘- a,nd not zero. Since now ^ and ^ are like-branched 
functions of v), we conclude: — 

(iii.) If iv luvve a ivinding-point of the {m—V)th order at 
2 ; and z as a, function of ic, a ivindirig-point of the (fx — l)th 
order at the corresponding place to = tVi,, then 


lim 


(w — 

- (z — hy^ 


is finite and not zero. 


If we denote this finite limit by A, then 


lim 


{to — tof)}^ 
z — h 
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lim 



z-b 




die 

dz 


-lim 





lim 


h^(z — b) 


d'V"' 

I the hyj)otJiesis of irroposUion (iii.); is zero or infi- 
ng as ix> or <r/i, and in such a manner that 


■w — w^) 


[T die 
dz, 

cero nor infinite. 


and lim 


(z - h) 


- dv: 

dz 


= z~, for z — 0'^ m = 3, /x = 2, 


^^2_1 ^2J.^ 
dz Sfis 


! still to examine the Talne z = oo, retaining the 
that it represents a branch-point at which iv is 




1 

u' 


De the value of ic corresponding to z = cc or u — 0. 
me that z ~ oo is a winding-point of the (m — l)th 
but that ic = ic' is a winding-point of the (/x — l)th 
we obtain by (iii.); since 2 : and ii are like-branched 
; v:, and also since the branching of ic remains the 


1 


im 

1 

y 

1 

^ > 

1 

or lim 

I 1 ~ 

1 Z^iiv — Ic'Y 


^ V.yn 

0 

ii 

L 


not zero. 


nit be denoted by h, we have by (iv.) 
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I)Ut now 
th(‘,refore 
(lu 


= — lini 


dw __ 

z~ 


1 dio ^ 
z~ du ’ 


• lim 


li^ii 


m 


or 

dm 

- = — Inn 

(w — vA) e- 

= — lim 

" 


dz \ 

L j 


M-J-m 
1-2! m - 


(/(.)ns(‘(|U('iitly : - 


d. w . 


(vi.) IIV/A (he hi/jxd/iesis of (v.), is zero, and in such a 
■nionnor flud (he eicjiressions 




dn) 

dz 


1 


hare (hnds fu\i(e and differe.td from zero. 


'll, 

dz ^ dz 


I']x. (in - v/?7 




; ~ . >, /A : 


2 • 


dm 

dz 


AM 


Id ns I. uni t.o t.h(‘ ('.oiisidiu-a-l.ion of the case -when iv 
it, self Ix'conu'S inliiiitc a,(, a, l)ra,n('li-[)()iril,, and at first let as 
assuiiH* the latta.r U) Ih‘ linit,(‘ a,nd (‘(jual to />. Now, if ??'6 sheets 
a.r<‘ ('oiiiicctcd at a-iid /a slnud-s at7r;z.~cc, we can deter- 

iniin‘ diri'i'tiy froin (v.) wlia-t (‘X})r(‘SHion rcunains finite and 
(}ilT(‘r(*iit, triMu zero, hor, if z ■ I) lie tlie,j-e put in place of 
/p //•', and >r ill pla,ee, of rj, and if fiirtlier and /x interchange, 
it, fnllows t,liat 


lim 


I 1 - 

/ne (z - (>)"' 


.7 •/, 




nunains tiuit.i* and not, zero. Now sine.e from this results 


lim 


w(z - If' 
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SO that this limit is also neither zero nor infinite^ it follows 

(by § 38) that to is infinite of the order ^ in this case ; and 

the converse at the same time holds. Making the same sub- 
stitutions as above in the second of the expressions (vi.)^ we 
see that 

1 dz 

' ^ cho’ 

(z-b) » 

and hence also the reciprocal value 

is finite and not zero in the limit, and that therefore — 


infinite of the order 


'//l -}- fX 


dz 


IS 


Hence the conclusion is : If w 

fX 

become infinite of the order — at a vcinding-point z=h of the 

(m — l)tli order ^ then the point w = cc itself is at the same time 

a branch-point of the (fx — l)th order, and conversely; and 

div , .... ..7 ^ m 4- ix 

-TT- becomes iirfimte of the order 

dz ^ ‘ ni 

Secondly, if ic become infinite for z = , and if this point 

be a winding-point of the fni ~ l)th order, while ic = oc is a 

winding-point of the (/x l)th order, let ;$: = i j then by the 
preceding proposition 


and hence 


lim 


lim 


ft 


is finite and not zero, and therefore lo is infinite of the order 

If. hurther, 
m 


lim 


m 

diL 


and lim 


1 dm 
dn 


remain finite and not zero. 
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Xow since 


dvj __ ^2 

du dz^ 


therefore 


liin 


zh dvS 

n 

dz 


is finite and different from zero, and hence — is either zero or 

' dz 

infinite^ according as m > or < fx. E.g., take the equation 


(iv — iv'y(z — by = 1; 

then 

f 1 7 1 

10 — w’ = Tj z~h = 

(2 - hf (iv - tofi 

and therefore iv is infinite of the order for z = b. At the 
same time three sheets of the ;s:-snrface are connected at the 
place z =:b, and at the corresponding place to = cc five sheets of 
the zr-snrface. Further 


dio 

dz 


o 

'3 


(2 - by 


and tlierefore the derivative is infinite of the order J for z == b. 
For the equations 

tv ~ z " , and to = 

the places z = cjo and tv = oc correspond. We obtain respec- 
tively 

dw _ 3 dio _ . 

z 

hence, for z = cc , — is zero in the first case, and infinite in 
^ ^ drz ' 

the second. 


40. AV e can now specify in what way the a;-surface is repre- 
sented on the ?6'-surface in the vicinity of a branch-pointy and 
thus dispose of the exceptional case mentioned in § 7. 



168 


THEOBY OF FUNCTIONS. 


If we assume that = 6 is a winding-point of the (m — l)th 
order, and v: = a wdnding-point of the — l)th order, w^e 
have, by (3), § 39, for 

{v: - 
(z - b'f 

a definite, finite limiting yalne different from zero. Therefore 
if z' and z" be two points l 3 dng infinitely' near to b in different 
directions, v:' and to" the points of the u-surface correspond- 
ing to them, then it is the above expression, and no longer, as 

in § 7, the expression - which has the same finite limit 

z — b 

for both pairs of corresponding points. Therefore 

g I 

(vj'—w^y (v:" — v:^Y 
1 1 

(z' -by^ (z" -by 

1 p 

or ( ~ V' = ( . 

\io" — icj \z'' — b) 


If we now put tc' — 


we have 


z' -b 
z^^ -b 


1 



= /o' (cosi//' 4- ?’sini/^'), 
= /o''(cos ip'' -f i sin ip"), 
= r' (cos + ?: sin cp’), 


~ r''(cos (p" 4- i sin cp"), 


xb' — xb" 


% sin 
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Hence there no longer exists similarity in the infinitesimal 
elements in the neighborhood of the branch-point. 

In the example cited in § 7, 

IV = z^, 

m = 1 and p = 2 ; therefore ^ = 0, for the branch-point w = 0 

(corresponding to « = 0), since > m. At the same time we 
have 

a particular case (§ 7). 

An immediate consequence of this is (among others) the 
proposition:^ The angle under ivhicJi tico confocal parabolas 
intersect is half as large as the angle between their axes. By the 
method given in § 7, or also easily in another way, we satisfy 
ourselves that to each straigdit line in 2 ; which does not pass 
through the origin, corresponds a parabola in ir, the focus of 
which is at the origin, and the axis of which corresponds 
to a straight line in 2 : passing through the origin, and at the 
same time parallel to the former. The angle which two 
straight lines in not passing through the origin, make with 
each other is just as large as the angle under which the corre- 
sponding parabolas intersect; under the same angle also 
intersect the straight lines in passing through the origin, 
which correspond to the axes of the parabolas in lo. But 
since the origin is a branch-point of 2 :, and in fact m = 1 and 
g. = 2, the axes of the parabolas make with each other an 
angle twice as large. 

41 . It was shown above (§ 38) that a multiform algebraic 
fuiudhon becomes infinite a finite number of times. We now 
])rov('. the converse, namely: 

Jf a fn/nction iv have n values for each vcdiie of z, arnd become 
infinite only a,' finite nuniber of times, it is an algebraic function. 

1 Su'hc'ck ; “ Ueher die grapliische Barslellung imaginarer Fiinktionenc’ 
Crellws Jonrii.^ Bd. a5. S. 
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Let iis denote by ivj, iCo, vh, the n values of iv corre- 

si^onding to a definite value of 2 ;. If we form the product 

S=i(T — ICj) (a — IVo) • • • (o- “ 

wherein cr denotes an arbitraiy quantity independent of 
then S is symmetric with regard to tCj,, ivo, Xow let 

2 : describe any apparently closed line (§ 12) , then some or 
all of the values zvj, •••, itn ^^011 have changed, but at the 
?i points of the 2 ;-surface situated one immediately above 
another, tv will again have the same values, but in a different 
sequence; consequently .5) regarded as a function of 2 :, has 
not changed. S is therefore one-valued at all points, and 
hence is a uniform function of 2 :. In addition, aS becomes 
infinite only when one or more of the functions zcj, tv.y, •••, be- 
come infinite. Each of the latter, according to the assumption, 
becomes infinite only a finite number of times; hence the same 
is true also of S. Therefore S is a uniform function which 
becomes infinite only a finite number of times; and hence by 
§ 32 it is a rational function of 2 :. If now 2 ; = a be a point 
of discontinuity of iv which is not at the same time a branch- 
point, and if be infinite of multiplicity a at this point, then 

ivfz — af, and therefore also (cr — ivf{z — a)'', 

is not infinite at a (§ 29). If, further, 2 : = be at the same time 
a point of discontinuity and a branch-point, and if fx sheets are 
connected in it, then /x values of v: also become equal. If these 
be denoted by zcj, ivo, and if the number of times that to 

becomes infinite at h be denoted by /?, then by § 38 the 
quantities 

0 3 3 

v:fz — 6)^, ivfz — hY, •••, iv^(z — hY, 

and therefore also 

3 6 3 

(cr — v:^{z — by, (cr — ivf){z — by,-", (o- — wy(z — 6)^, 

are not infinite. Consequently the product 

((T - Wi)(o- — vu) ■■■ {a-to^iz-hy 

also remains fi.nite for z — h. 
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]^ow let a.2, •••, a 

denote the points of discontinuity which are not branch-points, 
and 

the points of discontinuity which are at the same time branch- 
points ; further, let the respective orders a and /5 be designated 
by corresponding subscripts. Then if we multiply S by the 
product 

Z — (z — ai)“i(2: — ao)“2 ... (z — 

x(^- ... 

the product 

SZ = (<j — ICi) (cr — ICo) • • • (cr — ZV„) 
x(z — — a2)“2 ... (z — 

x(z- h,y^(z - ... ( 2 : - 

remains finite for all values a and b. and therefore for all 
finite values of 2^. Consequently SZ is 21 uniform function 
which becomes infinite only for z = cc, and that of a finite 
order; therefore >SZ is (by § 31) an integral function of 2. Now 
in the first place in SZ each factor of Z becomes infinite for 
z = ac] nil denote the number of times that lo becomes infinite 
for 2! = cc, then the number of times that SZ becomes infinite 
for 2; = cc is 

h -f- -j- 2^, 

and this number is exactly the number of times that lu becomes 
infinite altogether. Nor lo becomes infinite a times at a point 
a, 8 times at a point b, and h times at the point 2: = cc. If we let 

Ji -f- ^Ci, -j- 2^ = Wl, 

then SZ is an integral function of 2^ of the mth degree. Attend- 
ing now to the quantity o-, we see that SZ is also an integral 
function of cr of the 7d]i degree. Therefore, if we suppose SZ 
to be arranged according to powers of or, we can say that SZ is 
an integral function of cr of the nth degree, the coefficients of 
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which are integral functions of z at most of the »ith degree ; 
this Eiemann was in the habit of expressing by the symbol 

This expression vanishes when a acquires one of the values 
w^, it\ 2 , •••, w.^, and hence these are the n roots of the equation 

Therefore : An n-vcduecl function, loliicli becomes infinite of 
multiplicity m, is the root of an algebraic equation betioeen w and 
z, of the nth degree icith regard to vc, the coefiicients of which are 
integral functions ofz at most of the mth degree} 


SECTION- VTIL 


IXTKCrRALS. 

A. Integyxils taken along dosed lines. 

42 . We proceed now to complete tlxe propositions qiven in 
Section lY., in which, liowever, we will considcn* only in{init:(* 
values of finite order. According to the jirinciples rcdatiug to 
infinite values of functions established in the precx'-ding s(‘cti()ii, 
we can express the proposition derived in § 20 in tin*, form : 
If the integral 

J7(z)dz 

be taken along a closed line enclosing only one ]K)int of diseon- 
tinuity a, which is not a branch-point, and at which f(z) b('('.orii(*s 
infinite of the hrst order, then 

f/(z)dz = 2 TTt lim [(z — a)/'(z)]_, 

1 We observe that here the coeificieiit of the hihw'st jicwer of v: is not 
necessarily unity, as was assumed in § dB. 
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We will now investigate the value of this integral, when f{z) 
is infinite of the nth order at a. By § 29 we have in the domain 
of the point a 


(1) /(^) 


C. 




..n-i 






z~ a {z — aj- ' ' — tt)* ' ' 

wherein remains finite and continuous for = a. If we 
now construct ^f(z)clz in reference to a closed line round the 

point a, we can choose for that purpose an arbitrarily small 
circle described round cl and we then have first 

^ \J/(z)clz = 0, 

and in addition 27 rict 

J z — a 

ext, letting z — a — r(cos 4> i sin t^). 

But this integral vanishes, because for every integral value of 
7c not zero 

J '^StT /'•277 

cos = 0 , I sinTcc^ric^ = 0. 

0 ' Jo 

Therefore for every value of Tc different from unity 
r c^z 

J (z — ay 

Tlierefore, in the integration, all terms except the first Amnish 
from expression (1) and we have 



2 Trfct 


Accordingly the integral is ahvays equal to zero, if the term 

— be Avanting in the expression Avhich defines the natm'e of 
— a 

the infinite value of f(z)\ but if this term be present, the 
integral has the value 2 iric’. 
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Let us proceed now to tlie case of a branch-point. If b be 
a point of discontinuity at which m sheets of the 2 ;-surface are 
connected; we have in the vicinity of the point b (§ 38) 


(2) 


9 


9 


{z — b)" (z—by 


.Am) 


.Ak) 






Ic h ‘ 


(z-bf 


aW 

d ^ 

(z — by^ 


wherein xpiz) is finite and continuous for z = b. If we now 
construct ^ f(z)dz, taken round a closed line enclosing the 

point b, we can for that purpose choose an arbitrarily small 
circle, the circumference of which, however, must be described 
m times in order that it may be closed. Again in the first 
place 

\p(z)dz = 0, 

and further, for 

z — b = '/’(cos <j6 d- i sin <;f>). 


J z — b 


■ 2 


Finally, k denoting an integer different from m, 

dz 






(z — b) (z — IS) 

r(« 


But now again 


— ^2m7r / . Jc — 711 , , 

COS (h — ism (h ]d(h, 

\ m m ' 


I cos <^dd> == 0, I sm (fidcf) = 0, 

Jo ni Jo 7Ji 


as long as k is not equal to in, and hence, also, 
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Therefore, in the integration of expression (2), all the terms, 
with the exception of A — vanish, and consequently 


J f(z)clz = 2 m7Tig^”^\ 

Therefore, this integral, likewise, always vanishes when the 

term A — _ is wanting in the expression which defines the 
2 : — b 

nature of the infinite value of /(z), and the proposition in 
general can be expressed in the form : — 

The integral ^f(z)dz, taken round a point of discontinuity 

about ivJiich the z-surfaxe winds m times, and at ichich f(z) becomes 
infinite of a finite order, has a vcdue different from zero, vAien, 
and only ichen, the term ichich becomes infinite of the first order 
is present in the expression defining the nature of the infinite 
vcdue of f(z) ; and this value is equcd to 2 m-n-i times the coefficient 
of this term. If the point of discontinuity be not a branch- 
point, we have only to let in — 1. 


43 . In the consideration of the infinite value of 2 ;, we have 
to conceive the infinite extent of the plane, by § 14, as a sphere 
with an infinite radius, therefore as a closed surface, and to 
imagine the value z = c/o to be represented by a definite point. 
We can then also speak of closed lines which enclose the 
infinitely distant point. We will now investigate the behavior 
of integrals when they are taken round such closed lines. 
These still form closed lines when we imagine the infinite 
sphere again extended in tlie plane, but then that region which 
contains the point z — zc lies in the plane outside the line 
by which it is bounded. 

If another variable u be introduced instead of 2 ;, by letting 



and f(z) = </)(?/), 

wherein h and k may denote two points to be chosen arbitrarily, 
then to every point 2 ; corresponds a point u, and conversely. 
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But to tlie points z = h and u — 7c correspond respectiyely 
u — cc and z — zc. If we let 

z ~ li= r (cos </) + i sill 

tlien u — ]c~~^ (cos </> — i sin cjy). 

XoW; if 2 describe a closed line Z enclosing tlie point li, then 
increases from 0 to a multiple of 2 tt : hence the corresponding 
line U. described by u, also encloses the point and indeed in 
an equal number of circuits, but it is to be described in the 
opposite direction. Further, if go from the perimeter of Z 

outward, then r, or modulus oiz — li, increases ; therefore i, the 

r 

modulus of u — Ic, decreases, and hence n goes from the perim- 
eter of O' inward. Accordingly, to all points 2 ^ lying without 
Z correspond such points ii as lie within U. If we now regard 
the curve Z as the boundary of the portion of the surface lying 
on the outside, the positive boundary-direction for this is 
opposite to that for the part of the surface in the interior; 
hence Z and U are simultaneously traversed in the positive 
boundary-direction of corresponding portions of the surface, 

XOTV f{z) = clz = - 

therefore we obtain 

^ I 1^ LI 

wherein the first integral refers to the curve Z, the second to 
the corresponding curve U. taken over both in the positive 
boundary-direction. Xow, if there be in a closed surfac-e a 
curve Z enclosing the point cc, this becomes in the plane a 
(dosed line which bounds the portion of the surface lying on 
the outside. The arbitrarily assumed point Ji can always Ix' so 
chosen that it lies within the curve Z: then the part of tlie 
surface containing the point z = zc corresponds to the part of 
the surface lying within and the above equation 

X^' 
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holds, extended along the positive boundaries of these portions 
of the surface. Thus the value of the boundary integral 

\ f(z)dz depends upon the nature of the function 
‘d (u — k')- 

We now need consider only such curves Z as contain no points 
of discontinuity, » = sc excepted ; then <^(m) becomes infinite 
within Lf at most for ?t = 7 c. Thus the inquiry conies to this, 


whether and how 


</>(») 

{u-ky 


is infinite for u — 


This expres- 


sion is equal to {z — and since for = oc 


lim {z — li)-f{z) = lim z-f(z)^ 


it follows that^ not so ranch the nature of the fimction f{z) at the 
point z = zc, as much more that of the function zf(zf is serviceable 
for the evaluation of the boundary integral. But if this principle 
be observed^ all previous propositions which hold for boundary 
integrals are valid also for such closed lines as enclose the 
point cc ; at the same time it is to be kept in view, however, 
that when the integral is taken in the positive boundary- 
direction of the piece of the surface containing the point co , 
the value of the integral must have the opposite sign. There- 
fore, if zf\z) be finite for 2: = a: , that is, if hni = . 0 , 

the integral is zero ; lienee it does not suffice for this end that 
f(z) remain finite, the function must rather be infinitesimal of 
the second order. Turther, if z-f{z) be infinite of the first 
order, that is, if lim \zf{z)\^^ be finite and not zero, then 


Jf{z)dz ^- 2771 . lim [zf(z)^,^^, 

the integral being taken in the positive boundary-direction 
round the point 00 . Tn general, the integral has a value dif- 
ferent from, zero wdien, and only Avhen, in the development of 
f(z), ill ascending and descending powders of 2;, .a term of the 

form is present. 

; 2: 
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Ex. 1. 


here 


dz 

T+7^’ 


]im = lim 



- 0 , 


therefore the integral^, taken along a line enclosing the point 
X . is equal to zero. In fach each line enclosing the two 
points z — — i and ;;; = -f- f is at the same time a line enclosing 
the point x . since the function has no other points of discon- 
tinuity; and we have already seen (§ 20) that for such a line 
the integral has the value zero. 

Ex. 2. If the integral 



be taken along a line round the origin in the direction of 
increasing angleS; it has the value 2ttL But the same line is 
also one which encloses the point cc; since the functicm 

= i possesses only the one point of discontinuity z — i). 

ISToW; although in this case f(z) is not infinite for z — c/z , yet 
the integral has a value different from zero, because 


lim hf(z)],^ = lim =\. 

We therefore obtain 



and in fact the line must be described in the opposit(^ direction 
if it bound in a positive direction the part containing the 
point X . 

Ex. 3. We can from this principle find tluj value of 



extended along a line running in the first sheet, whidi enclos(\s 
the two discontinuity- and branch-points +1 and I; tlu'Sf* 
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being joined by one brancb-cut. For sucli a line encloses at 
tbe same time the point oc ^ without including any other point 
ot discontinuity. 

In this example 


therefore 


lim [»/(*)]„„ = lim 


LVl - 2l 
J=±2-n-, 



where the sign is yet to be determined. But, on the other 
hand, th.e line which encloses the points + 1 and — 1 can be 
contracted up to the branch-cut. If we then agree that the 
radic-al is to have the sign + on the left side of the branch-cut 
(tah(ai in the direction from — 1 to +1) in the first sheet, and 
Inmce the sign — on the right side of the same, likewise in the 
first sheet (cf. § 13), then also 





2 :" 


x: 


dz 


vr=" 


Vi- 


integratcd in the direction of decreasing angles (in the posi- 
tive boundary-dirc(dion round the point cc). Since in this 
c.as(‘- all the; (dciinmts of the integral are positive, J must also 
be. positive',, and hcn(‘,e 


r - 

Jo -^/l z 




a, ml ill er (do re also 


dz IT 

./() \ —Z~ ^ 


With (-('snev.t to th(‘, circumstance that the integral preserves a 

^ -I 

liiiilc. valiK', although the function — becomes infinite for 

Vl — 

2 ' 1, ('-oinparc the following paragraphs. 



B. Integrals along open lines. Indefinite integrals. 

44. We Avill inquire in this paragraph whether and under 
lat conditions a function defined by an integral may remain 
ite^ when the upper limit of the same either acquires a 
lue for which the function under the integral sign becomes 
mite, or the limit itself tends towards infinity. We will 
;[uire further in what manner the function defined by the 
:egral becomes infinite, if it do not remain finite in these 
5es. But at the same time we limit ourselves to such 
:egrals as contain algebraic functions under the integral 
;n. 

Let F(t) = { (j>(z)dz 


the integral to be investigated, wherein h denotes an arbi- 
Liy constant. We here consider only such paths of integra- 
n as lead to the same value of the function ; the next section 
11 show that the multiformity of a function defined by an 
:egral, arising from different paths of integration, does not 
ect the considerations here employed. 

If we assume in the first place that <p(z) becomes infinite of 
3 nth order at a point z = a, which is not a branch-point, we 
1 , by § 29, let 


4>(z)-- 


■ + 


z — a (z — a) 


-+••• + 


An) 


(z ay 




lerein ij/(z) remains finite for = a. From this follows 


r<^{z)dz=c' r +-+e<’‘) fyw 

//* Jh z — a Jn (z — a)- Jh (z — aF 


(z - aifi 


-h 


\!j(z)dz. 


is last term is a function which also remains finite for 
: a ; if we denote it by \(t), and if we suppose included in 


it the constant terms arising from the lower limits h of the 
integrals, wm then obtain 


Fit) — c' logit — a) 


t — a 2(t — ay 

+ x(0. 


(n — l)(t—a)^ 


Xow, if Ave let the path of integration end in the point t = a, 
then the function defined by the integral is distinguished from 
a function Xif), wdiich remains finite for t = a, by a quantity 
wdiich contains the term log it ~ a). We say in this case, Fit) 
becomes logarithmically infinite. This case occurs wdien in the 

expression (1) for cfi(z) the term — — is present. If, on the 

other hand, this term be wanting, the logarithm drops out and 
F(i) becomes infinite of an integral order. But, finally, F(t) 
remains finite for t = a, only wdien 

lim liz — a)(h(y)']z=a= 0 ; 

that is, wdicn 4>(z) itself remains finite for z — a. 

iN’cxt, let us assume that the point of discontinuity a is at 
the same time a branch-point. If m sheets of the ^^-surface 
be couiuu'.ted at this point, wm can, by § 38, let 


<#>(*) = ' 


(z - a)” {z - «)”' 


qW 

0 - «) 


(« - a) 


vherein xIj{z) remains finite for z = a. From this w’e obtain 


Fit) = p'- 


- it — a) 


m — J 


_j. ... _l_ — a)”‘ + log it — a) 

-/rtg-... +x( 0 , 

(j. - ur 

if, as above, X{l) denote the last term, wdiich remains finite, 
iiududiiH'- the constants arising from the lowmr limits h. 
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If at most the first m — 1 terms be present in this expression, 
F(t) remains finite for t = a. This case occurs when in (2) 
also at most the first ra — 1 terms are present. Then <p(t') is at 

most infinite of the order ~ and, therefore, 

771 

lim [(z -- = 0. 

Consequently the condition that F(t) may remain finite is here 
the same as before, ^ and the general projDositions follow : — 

(i.) The function defined by the integixd 
Fit) (t>iz)dz 

of an algebraic function has a finite value for t = a, ichen, 
and only ichen, 

lim [(z — a)(li(z)f^^ = (). 

(ii.) Iflwi [(z — be finite and different froiii ze 7 'o, 

then F(t) is logarithmiccdly ii fin ite for t = a. 

(iii.) If Urn [(a; — a)^< 5 {)(y)]^^^ Aate afimitc vcdue different from 
zero for am integral or fractional eoyponent ichich is greater 
than unity, then F(t) is infinite of am integral or fractional order; 

and. if in the develoiynient of <j)(z') the term of the form — '■ — bn 

z — a 

present, F(f) is at the same time logaritJwiiccdly inf i/rite. 

45 . We have now to examine the value t — co. By the sub- 
stitution already so often used 

1 

a 

we reduce this case to the former. Let 

i=r, P(() = J’,(t). -^(2)= 

tl.m Fit, = - J’ 

h 

Q note in particular : If the function cp become infinite of multi- 
plicity a at a branch-point of the (m — l)th order, and a<;m, tlie integral 
remains finite. 



INTEGRALS. 


183 


Tlie nature of the function Fi(r) depends^ therefore^ upon the 
nature of the f auction —4— for the value = 0. The results 
of the preceding ]')aragrap]i then give : — 

(1) Fiir) is tinitOj wdien 


= liiu 


(2) Fi(r) is hjgarithmically inhiiite, when 

li,n I 

Jr.-O 

is 1init(‘- and not zero. 

(3) Fi(t) is of an int(‘.gra.l or frac-tional order (or also at the 
saiiui tini(‘. logaritliinic.ally) iidiniUg when, tor /x>l, 


■fr 


lim [w'" -<jf>i(M)]u:.0) 


is and not /(‘.ro. 

Th(‘r('r()r(‘. W(‘ c,()iiclud(^ for /. -- cc : — 

(i.) Fit) /r/if'ii lifih | rjc/) (.'2) :“-0. 

(ii.) I'(t) i.s l()(/((.rit}i/ii iraJlif inJuutVj Imi ^ ds‘ 

Jhiltv ((./id /Kjt z/’i'o. 

(iii.) F{i) is of an }/it(>(j/'(d or //'(U'.tioual orfFr (or (dso at th« 
sin/H' (iino lofjif.i'ilh.i/i i('(dh/) inJbvUe. wIkoi //ha, I” 41 Jlnite, 


sd/iK' tinn' 

lo(j(f./'il !/■/// i(‘(dli/) infuiitv- 'ioJkoi tii/i 

L 

and. not ZiO'o { fi 'positi/u' a/id ’..-^1). 

ILva/nptr 

s : 

r 

J't I -1- ;j 

is loga,rithiui('.a,lly infinite', for t — 

fin it. c, for ( 

yj. 

r 

rcniniins finite: for t ~ h 1, and i 


V ' 1 - h" 

inlinit(', for t .. ; '/o. 
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dz > 1 

— — remains finite for ^ 1 and t=±~, 

^ V (1 — z~) (1 — Jc-z'-) ^ 

and also for t ~ : lienee it is finite for every value of t, 

I -< f- -~I .— — ■ dz remains finite for t = ±1, and becomes in- 

finite of tlie first order for t =cc. 
dz 


X‘ 


and t 


remains finite for t — ±1, 


(1 - a-z^ V(1 - 2-) (1 - fcV) 

= ± f likewise for t = cc, and becomes logarithmically 


infinite for t ± 

a 


SECTION IX. 

SIMPLY AXD MULTIPLY CONNECTED SUEFAOES. 

46 . Eor the investigation of the multiformity of a function 
defined by an integral, ^f(z)dz, the character of the connec- 
tion of the ; 2 -surface, for the function f{z) under the integral 
sign, is of special importance. In this relation, xve have 
already pointed out (§ 18) the marked distinction existing 
between those surfaces in which every closed line^ forms by 
itself alone the complete boundary of a portion of the surface, 
and those in which every closed line does not possess this 
property. 

We call, after Riemann, surfaces of the first kind slinyly 
coimected, those of the second kind multiply connected. A cir- 
cular surface, for instance, is simply connected; so is the 
surface of an ellipse, and in general every surface Avhicli con- 
sists of a single sheet and is bounded by a line returning 

1 For the present we shall understand by a closed line such a one as 
returns simply into itself without crossing itself. 
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simply into Itself witlioiit crossing itself. IMultiply connected 
surfaces can arise when points of discontinuity are excluded 
from simply connected surfaces by means of small circles. 
Tor instance, if we exclude from a circular surface a point of 
discontinuity a, by enclosing it in a 
small circle k, a surface is formed 
which is no longer simply con- 
nected ; for, if a closed line m be 
drawm round k^ this line does not 
constitute the complete boundary 
of a portion of the surface by it- 
self alone, but only in connection 
with either the small circle k or the 
outer circle n. Hut, without ex- 
cluding any isolated points, we may have multiply connected 
surfaces, when, for instance, they possess branch-points, and 
hence consist of several sheets continuing one into another 
over the branch-cuts. 

The investigations which now follow relate both to Eie- 
inann surfaces and also to other cpiite arbitrarily formed 
surfaces. Nevertheless, wm must exclude such surfaces as 
either separate along a line into several sheets, or consist of 
several portions connected only in isolated points without 
winding round such points, as the Biemann surfaces do, by 
means of branch-cuts. Por surfaces of this kind (divided sur- 
faces), the properties to be developed would not be valid in 
their full extent. But since wm have here, nevertheless, to do 
with surfaces the structures of which can be extraordinarily 
manifold, we must seek to base our investigations as much as 
possible upon general considerations. 

In the first place, it is important to obtain a definite criterion 
by w'hich Ave can distinguish Avhether or not a closed line 
forms by itself alone the complete boundary of a portion of 
the surface. To this end, we remark that two portions of a 
surface are said to be connected when, from any point of one 
portion to any point of the .other, we can pass along a contin- 
uous line Avithout crossing a boundary-line; in the opposite 
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case, the portions of the surface are said to be distinct. If a 
portion A of the surface be completely bounded, it must be 
separated by its boundary from the other portion B of the 
surface; otherwise, we could pass from A to B without cross- 
ing the boundary of A, and hence that boundary would not be 
complete. 

We will assume that the surface to be considered is bounded 
by one or more lines, that it possesses an edge consisting of 
one or more boundciTy -edges. e will always assume that 
these lines reiiirn simply into themselves and noichere branch. In 
the Kiemann surfaces, this is always the case, since in these 
a boundary-line has only one definite continuation at every 
place, even where it passes into another sheet ; but in divided 
surfaces this would not always hold. In order that, witliin 
such a surface, a closed line rn may form by itself alone the 
complete boundary of a portion of the surface, the following 
condition is necessary and sufficient. By the line m a 
‘piece, containing none of the original boundary -lines, must be 
separated from the given surface. We can now sltow that this 
condition is satisfied, when we can come from any 2)oint of 
the line rn to the edge of the surface, without crossing the line 
rn, only on one side; that, on the contrary, when this is possi- 
ble on each side of the line ???., the latter cannot form a com- 
plete boundary. 

For, if we suppose the surface actually cut along the line ni, 
two cases are possible: either the surface is divided by the 
section into distinct pieces, or it is not. In the lattcir case, no 
part is separated from the surface, and therefore rn cannot form 
the boundary of a piece. Since, however, in this case all por- 
tions of the surface are still connected, we can come from 
either side of rn to the boundary of the surface. 

If, in the opposite case, the surface be divided by the section 
along rn into distinct pieces, it reduces to only two pi(iC(!s, A 
and B, because an interruption of the connection has nowlieia^ 
occurred along one and the same side of rn. Xow, eitlun' 
both pieces A and B can contain original boundary-lines, or 
only one of these pieces can. If both contain boundary-lines, 
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neither of them is hounded hy m alone ; in this case, we can 
again come from rii to an edge of the surface on each side of 
m. If, on the other hand, only the one piece B contain one or 
more honndary-lines, and the other piece A not, then m forms 
by itself alone the comtdete bonndaiy of A, and we can come to 
the edge of the surface only on one side ‘of m, namely, in B, 
not on the other side in A. Consequently a closed line m 
does, or does not, actually form a complete boundary by itself 
alone, according as we can come from m to a boundary of the 
surface only on one side, or on each side of m. (Cf. Fig. 36, 
where we can come from an arbitrary point of the line on 
the one side to the part of the boundary 7c, on the other side to 
the part of the boundary n.) 

This criterion cannot be immediately applied to completely 
closed surfaces, which, as for instance a spherical surface, do 
not possess a boundary. But we can assign a boundary to 
such a surface by taking at any place an infinitely small circle, 
or what is the same, a single point as boundary. (We suppose 
a sheet of the surface pricked through with a needle at some 
point.) This point, or the circumference of the infinitely 
small circle, then constitutes the boundary or edge of the 
surface. We shall always, hereafter, suppose a closed sur- 
face bounded in this way by a point, which can, moreover, 
be assumed in any arbitrary place in the surface. By this 
means the above criterion also becomes applicable to closed 
surfaces. We may now adduce some examples in illustration 
of the preceding. 

(i.) A spherical surface is simply connected. For, if we 
draw in it any closed line m, and assume anywhere in the 
surface a point a; as boundary, we can always come to .r from 
m only on tlie one side, never at the same time on the other 
side ; therefore every closed line m forms by itself alone a 
complete boundary. 

(ii.) If a surface have a branch-point a, at which n sheets 
of the surface are connected, and if a portion of the surface be 
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simply connected. For in ^vliatever ^yay we may draw therein 
a closed line, we can always come only on the one side of the 
same to the edge of the surface. 

(iii.) A surface consisting of two sheets closed at infinity, 
and possessing two branch-points a and b (Fig. 37), wdiich are 

connected by a branch-cut, 



is a simply connected sur- 
face. We can in this case 
draw only three different 
kinds of closed lines : such 
as enclose no branch-point, 
such as enclose one, and 


71 



Fig. 87. 


such as enclose two. The 
first and last kinds are not 
essentially different from 
each Other; for, according 
as we regard such a line m 


or 71 as the boundary of the 


inner or outer portion of the surface, it encloses either both 
branch-points or neither. But such a line as 7n or 7i always 
forms a complete boundary, for we can always come fi’oni it to 
the arbitrarily assumed boundary-point only on the one side. 
A finite closed line enclosing only one branch-point, for instance 
a, goes twice round the sani('., because 



in crossing the branch-cnt it (inters tlui 
second sheet, and therefore, in ordcm to 
return into the first and bec.ome closed, 
it must again cross the branch-c.ut. Ibit 
then it likewise forms a compkit(i bound- 
ary. 



(iv.) The preceding surra,(ie b(ic.oin(‘s 
multiph' connected, wlien onex* it is 
bounded in each sheet ])y a ('.los(id line 


ill and /c. Fig. 38: the dotted iiiui runs 
in the second sheet); for now a line enclosing a a.nd h iii 
first sheet does not form a complete boundary, because w(i can 
come from it to the edge of the surface on each side ; namely, 
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on tlie one side directly to Ic, on the other to h over the 
hranch-ent. 

(v.) A surface consistin^t of two sheets^ closed at infinity, and 
possessin.^' four hranch-jxaiits joined in pairs by branch-cuts ah, 
al, is multiply (annu'.cted (Via;. f)9). ’For, if we draw a line 
enclosing tlu'. points a and h in the first sheet, we can come from 
the sanu^- to the arbitrarily assunuid boundary-point x on each 
side. If X be in tlui first slu'.et, say, this is done directly on the 
OIK'- sid(‘, on th(^ other, 
how(W(‘r, by c-rossing 
tlui bra.nc.h-c.ut ah. My 
this iiK^a-ns w('. a.rrivc‘. 
in th(^ iU'c.ond slu‘(h, a.n(l 
can, witfioui- ni('('ffng 
th(‘- liiK'- m (siiKu'- this 
runs (uitirdy in tfu‘. first, 
sluuh/), c.ome. i-o tlu'. 
oi.Iu'r bra.iich-c.ut rd , 

(trussing it., \V(‘ ritf.iirn a.ga.in into tint first slutet and so arrive, 
a.s b(‘f‘ore, a.t, x. 

47 . Now it. is of flnt gr(*at('st impori.anc.ct l.liai; we b(t abbt 
to modify a. iniilt.iply conii(‘ct.('(l surfa.c.c' into oiui simply c.on- 
n(‘ct-(‘d by a-ddiiig (ter tain boiindary-li ncs. As will app(ta.r lafatr 

db), Ifiis is {i.lways possible*, in a, Ki(‘ma.nn surflicat, if it. luivo 
a. finit.(‘. number of sh(‘(‘f.s a.ii(l bra,nch"poinf.s, and if its bounda.ry- 
liiH'S foi'iii a. finit.e line-syst.cm (in ifn*. mca,ning of § dO). Fh(ts(‘. 
iK'W ])()unda-rydiiK's a.rc. ca.llcd, a.f’fcr h.i(‘mann, cro.s'.swc/ds. Flmt 
is, by a, rr()s.s-<'it[ is un(h*rst.ood in gnnu'ra.l a lim*. whic.h bi'.gins 
a.l. oiM*. point of a. boimda.rv, goes int.o t-ln*. iidc'rior of t.lnt surfa,c<t 
a.nd, witliout. aiiywliria*. in f,(‘rs<‘ct.ing eitfmr anolhctr boundary- 
line, or it.self, ends a.f. a. point, of fin*, boundary. In ordttr t-ha.t. 
l,h(‘ nu'a.ning and cxleiif. of t.his (h'finif.ion may b(t nuuh' p(udite.t ly 
<d(‘;ir, h‘f. us eonsiden* sonu'wliat more, in (hdail f.lu*. dilbnamt, 
kinds of {’I’o.sssnd s. cross-enf, can eoniu'et, wit.h (sudi othc'r 
t.wo points of the. samr. boundary-liiu'. big. 10); a, Iso, two 
point. s sit.ua.t(‘d on diffe.rcnt bouiida.ry-lin(‘.s. It can also 
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end in the same point of a boundary-line in which it began 
(efge), and therefore be a closed line. This is especially the 
case, when a cross-cut is to be drawn in a closed surface ; for, 
since in such a surface the original boundary consists of only 
a single point (§ 46), the cross-cut must begin in this point and 
also end in it, unless the case to be immediately mentioned 
occurs, in which it ends in a point of its previous course. It 
has been stated already that the cross-cuts are to be regarded 
as boundary-lines, added to the already existing boundary-lines. 
Hence, if a cross-cut have been begun, its points are immediately 
regarded as belonging to a newly added boundary ; and since 
it is only necessary for a cross-cut to end in a point of a bound- 
ary, it can also end in one of its previous points (abed, hig. 41). 


/ 



c 



hor the same reason, since each cross-cut already drawn forms 
part of the boundary, a subsequent cross-cut can begin or end 
at a point of a previous one. (Fig. 41, where ef is a pre- 
vious cross-cut, and gh a subsequent one.) Finally, stress is to 
be laid upon the following consideration. Since a cross-cut is 
never to cross a boundary-line, it is also never to cross a 
previous cross-cut. Therefore, if a line joining two boundary- 
points cross a previous cross-cut, such a line forms not one, 
but two cross-cuts ; since one ends at the point of intersection, 
and at the same point a new one begins. Thus, for instance, 
in Fig. 42, the two lines ab and cd form not two, but three 
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cross-cuts; namely, according as db or cd was first drawn, 
cither ah, cc, ed, or cd, ae, eh. In like manner, two cross-cuts 
are formed by the line fglii, namely, fglig and gi, or ighg and gf. 
In all cases a cross-cut is to be regarded 


as a section actually made in the surface, 
so that in it two boundary-lines (the two 
edges produced by the section) are always 
united, one of which belongs as bound- 
ary -line to the portion of the surface 
lying on one side of the cross-cut, the 
otluu' to that on the other side. 

Idle })ossibility of modifying multiply 
c'.onnected sur Faces into simply connected 
surbices may be brought into consideration 
in the first ])lac.e in some simple cases, 
hor instaiu'-e, if a cross-cut he be drawn in 
the surface bounded by the lines k and n 


a 



Fig. 42. 


(hig. 4U), and if both sides of the same be included in the 


boundary (sim-.e the surface is regarded as actually cut through 


along hr), a closed line can no longer be drawn to include 



FTr..44. 


k, imii ev(U’y cIosimI line forms by itself alone a complete 
lioundary. d'iic. sa,nie c.ondition is obtained in the surface 
])()un(l(‘(l by i.hc. liiu's //■, k. 7/ (fhg. 1^1) by means of the cross- 
cuts ah, rd. \V(' rcimirk tliat, in the last example, the modi- 
fication. into a simply connected surface can be effected in 



192 


THEORY OF FUNCTIONS. 


several ways^ but always by means of two cross-cuts ab, cd-, 
for example, as in Fig. 45 and Fig. 46. 




48 . We now proceed to tlie general investigation of the 
resolvability of a multiply connected surface into one simply 
connected^ and to that end we prove some preliminary proposi- 
tions. 

I. If a surface T be not resolved by any cross-cut ab into dis- 
tinct pieces. it is midtiply connected. 

Let us first assume that the end-points a and b of the cross- 
cut both lie on the original boundary of T\ by this assumption^ 
however, we are not to exclude the case in which a and b 
coincide. Since, according to the hypothesis, the cross-cut ab 
does not divide the surface into distinct pieces, the two sides of 
the same are connected, and a closed line ni can be drawn from 
a point c on the cross-cut which leads from one side of it tlirongh 
the interior of the surface to the other side.^ Such a closed line 
m, however, does not form by itself alone a complete boundary ; 
for we can come from c on each side of rn along the cross-cut 
to the edge of T, that is, to a and b. Therefore T is in fact 
multiply connected. The same is true, if tlie cross-(mt, not 
resolving the surface, be such a one as ends in a point of its 
previous course (cf. Fig. 41, abcdf For, in tlnat ca,se, wi^. must 
be able to draw from a point c, situated on the (‘IoscmI port of 
the cross-cut, a closed line m leading from the one side of the 

^This construction is to be so understood here, and likewise also later, 
that the line m would be closed, if the cross-cut did not exist. 
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same to the other side! But such a closed line m does not 
form a complete boundar^p, since we can come from c on each 
side of m along the cross-cut to the edge of the surface^ that 
is, to a. (In Fig. 41, the two paths are cha and cdba.) 

II. It is ahcar/s possible to dravp in a midtiplu connected sur- 
fuce, at least one cross-cut tchich does not resolve the surface into 
disti/i.ct pieces. 

Since tlie surface is multiply connected, there is in it at least 
one closed line rn which does not form by itself alone a com- 
plete boundary ; thus we can come from each side of this line to 
the edge of the surface (§ 46). A¥e can therefore draw from a 
point c of the line m two lines, ca and cb, which go on different 
sides of the line rn through the interior of the surface and end 
in the points a and b of the edge (wherein a and h may also 
coincide). These two lines then form together a cross-cut ab, 
because together they may be regarded as one line which 
begins in a point a of the edge and, without anywhere crossing 
a boundary line, ends in a point 6 of the edge. This cross-cut 
does not, how^ever, resolve the surface, for we can come along 
the line rn itself from the one side of the cross-cut to the other 
side of the same : so that these two pieces of the surface are 
connected and not distinct. 

Notf:. — Tiie foregoing shows cU the same time how w'c can draw in a 
multiply connected surface a cross-cut which does not divide the surface, 
w'hen Ave know in the surface a closed line wdiich forms by itself alone a 
complete boundary. 

II I. A surface consisting of one piece can be resolved at most 
into t ICO pieces bg a cross-cut. 

hither the ])ortions of the surface lying on each side of the 
cross-cut are connected, in Avhich case the cross-cut does not 
resolve the surface ; or they are not connected, in Avhich case 
those portions of the surface lie in distinct pieces. If the 
tiiimber of the hitter amount to more than twn, there must 

iTliis is possible when, for instance, within the closed portion bed, there 
is a branch-cut Avhich the line ?/z can cross, thereby coming into another 
slieet in which it does not meet the cross-cut, and when by means of a 
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occur an interruption of the connection in a portion of the 
surface lying on one and the same side of the cross-cut ; but 
this is not the case, because the cross-cut no^vhere crosses a 
boundary-lined 

IV. A simply connected surface is resolved hy every cross-c>d 
into tiro distinct 'pieces, each of loJiicli is again by itself simply 
co'anected. 

The first part of the proposition follows imniediately from 
I, and III. ; for, if no cross-cut would resolve the surface, 
the latter could not be simply connected, and it cannot be 
resolved into more than two pieces. But it is evident with- 
out further proof that each of the pieces formed must be 
by itself simply connected ; for, since in the unresolved 
surface every closed line forms by itself a complete boundary, 
the same also holds of every closed line which runs entirely 
within one of the |)ieces formed. 

Y. A simply connected surface is resolved by q cross-cuts into 
qp-l distinct pieces, each of which is by itself sirnpjly connected. 

If, after the surface is first resolved into two distinct pieces 
by one cross-cut (IV.), a new cross-cut be drawn, this can run 
in only one of the two pieces already formed, because it is not 
alloAved to cross the first cross-cut (§ 47) : but it resolves the 
portion in which it falls into two pieces, so that the two cross- 
cuts divide the surface into three pieces. These again are each 
by itself simply connected. If we now draw a new cross-cut, 
again only one of the already existing pieces is resolved; 
and likewise the number of pieces is increased only by unity 
for every succeeding cross-cut. Therefore, at the end, after 7 
cross-cuts have been drawn, 7 -h 1 distinct pieces are fbrmcd ; 
and these are each by itself simply connected (IV.). 

Cor. Prom this follows immediately : If there bo a system 
of surfaces consisting of a distinct pieces, each by itself simply 
('Oiinected, this is resolved by 7 cross-cuts into uf-g simply 
connected pieces. 

ijn the case of a cross-cut ending in a point of its previous course, the 
one side consists of the portions of the surface on the inside contiguous to 
the closed part, the other side of the remaining portions of the surface. 
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Kote. — The foregoing considerations are also applicable to the case in 
which the a pieces of which the original system consists are not all simply 
connected. In that case, however, the distinction occurs, that there may 
now he cross-cuts not resolving the pieces in which they are constructed ; 
and finally, as a consequence, that, after the introduction of the q cross- 
cuts, less than a-^q distinct pieces are formed. But more than a-t-g pieces 
cannot arise. We conclude therefore : If q cross-cuts he drawn in a 
system of surfaces consisting of a pieces, the number of pieces arising 
therchy is cither equal to or less than a -f g, hut never greater than 
a + g. 

YI. If a sv/rfaoe he resolved by every cross-cut into distinct 
pieces, it is simply connected. 

Foiq were it multiply connected, it could not be resolved by 
every cross-cut (II.). 

Yl[. If a surface T be resolved by any one definite cross-cut Q 
Into tico distinct pieces, A and B, each of vcliich is by itself simply 
c(j}nie.cted, T is also simply connected. 

VVc slinll sliow til at under tlie given hypothesis, every cross- 
cut drawn in T must resolve this surface. In the first place, 
it; is evident that every cross-cut which lies entirely within A 
or B, and which therefore does not cross Q, resolves the siir- 
rax'(‘. ; Cor, if such a cross-cut lie entirely within A, for instance, it 
r(‘solvcs A into two distinct pieces (IV.), and that one of these 
pieces wliiidi is contiguous to Q, together with B, forms one 
pi(‘('.e of 7\ and the other forms a second piece distinct from 
t,h(^ foniier. If, liowever, a cross-cut Q' cross Q one or more 
t,iin(‘s, it; is divdded by the points of intersection into parts 
wliich form cu’oss-ciits in either A or B, and which therefore 
jigu.iii resolve these portions into distinct pieces (I^.). dims 
W(‘ ('.an not (‘Oiue irom the one side of Cf to the other side 
(‘iih(‘r in .1 or in B Hut then this is also not possible in T, 
/.r., by (M'ossing (f because thereby we always come only from 
.1 lo /d or e.onversely. Therefore Q' likewise divides the sur- 
ilnue Sinec' this is resolved into two distinct pieces by every 
(•ross-e.iit, it is sim])ly coniiee.tcd (VI.). 

VIII. If a iiudtiply connected surface be resolved into two 
distinct pieces by a cross-cut, at least one of the qneces is again 
ni u it iply connected. 
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Tor. if both were !sim]3lv connected, T could not be multiply 
connected (VII.). 

IX. If a sv/jface comisting o f one piece he resolced hy q cross- 
cuts luto p -j- 1 pieces, each of iclii cl l is by itself simply connected, 
then it is itself simply connected. 

Each of the cross-cuts draAvn divides the part in which it 
falls into two distinct pieces ; for, if only a single one should 
not do this, there would at the end be less than p + 1 distinct 
pieces, since a cross-cut can never divide a portion into more 
than two pieces (III.). If the given surface were multiply 
connected, the first cross-cut could at most cut off one simply 
connected piece (VIII.), the other piece remaining multiply con- 
nected. If we now assume, in order to emphasize the inost 
favorable case, that the cross-cut is drawn every time in the 
multiply connected portion, so that from this a simply con- 
nected piece is detached, at the end a piece v'ould remain which 
is not simply connected. In general, by each mode of resolu- 
tion, either less than q -\-l pieces Avould have been formed, or 
at least one of these pieces Avould necessarily be multiply 
connected. 

49 . Erom these preliminary principles Ave now proceed to 
the folloAvdng fundamental proposition : — 

If a surface, or a system of surfaces, T, he resolved, in one icay 
hynp cross-cuts Qi into Ui distinct -pieces, and in. a second ivay hji 
(j.y cross-cuts Q ,2 into Uo distinct pieces, in such a manner that both 
the (Cl p)ieces of the first may and. also the cu qyiere.s of the second 
icciy urre, each hy itself, si-rnpiy connected, then in all cases 


— (Cl — a.i. 

Proof} — The tAvo systems of surfaces formed from T hy 
means of the cross-cuts Qi and Qo be called fi a,nd 7), 
respectively. If aa'C draAV either the lines Cf in 7), or the lines 
Qi in To, Ave obtain in both cases the same system of surfaces, 
exactly the same figure. Call this ueAv system of surfaces C. 


1 Piemann, Grundlagen, u. s. av., s. 0. 
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riie lines Q. form, it is true, q., cross-cuts in tire original 
surfium T, but not necessarily the same number when Llrawii 
in : for, since on the one hand the lines Q. cease to exist as 
cross-cuts in if they coincide entirely with the lines Qj, and 
since on the other hand they may be divided bv the lines Q, 
into se\eral parts (each part forming a distinct cross-cut), the 
number of cross-cuts actually formed in T, by the lines Q. may 
be less, or even greater than q,. Likewise, also, the number 
of cross-cuts formed by the lines in the system T., mav 
be different from q,. We will designate the cross-cuts formed 
by tlie lines Qo in by QA their number by qA: the cross-cuts 
formed by the lines in If by their number by qA The 
essential feature of the proof consists then in this, that, if 
•we let 

qA = q, -j- m, 

then also ry/ = -g 

To prove this, let us direct our attention to the end-points^ 
of the ('ross-cuts, observing that the number of cross-cuts is 
luilf as grciaf as the number of their end-points, and that this 
is invariably tlie case if we only count twice a point at which 
the initial point of one cross-cut coincides with the terminal 
])oint of another. Accordinghn the number of end-points of 
tlui q.y cross-cuts Qo is 2 q.,. But if these be regarded as cross- 
cuts Qh in the system L\. already resolved by the lines Qj, on 
tlie one hand some end-points of the lines Qo may cease to be 
end-])oints of the lines QA and on the other hand new points 
may occur as encl-])oints of the lines QA (Cf. Fig. 47, wherein 
the limes (A are represeiited by the heavier lines, the lines 
by the lighter. Li. places where a line Qj coincides with a 
liiu' (A. wl lolly or in part, they are represented running closely 
bi'sidci (uich other.) 

(1) An end-point of a line Q., is always at the same time an 
en(l-])()iiit of a line QA if it do not fall on one of the lines Qi 
A.fj., a or /3), and also in the case wdien only an encl-y^ra'/d of a 

^ Wc. will call Llie initial and terminal x^oiiits of a cross-cut together the 
two ciid-poinls of the same. 



theory of function s. 
eoiucides .-itl. an 

; Other hand an end-jwt/i ° -. q coincide for 

,0 an end-point of a hne ^ ,,,1, a line 

ace from this “S poiih in question 

. d., Sr, op, po). In sudi 1 a line Qd 

ceases altogether to exi. ■ (While, for in- 

«■ “ “ j S ar.t'' i a. 

, the cross-cut chl^, = ^ ^ ^here- 

,me, regarded as a line QP.) IIow 

end-pouit of m .vliicli coin- 

are both end-pieces ‘ (. q coincides with a 

- {e.g., ds), or an end-piece of a line 



„,, ,h,o ft s.^ o., ,»). ift 
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Similar considerations are applicable to the cross-cuts Q-. 
An end-point of a line ceases to be an end-point or a l::n- 
Q\ ? "'■vlien an end-piece of a line coincides either with an cn.l- 
j)iece of a line Qo ch) or -witlr a mid-xhece of a line Q.. - 
e(j). If therefore vj be the number of times that an cndi- 
X)iece of a line Qj coincides with a mid-piece of a line Q . , then 

V -f- Vi 

is the number of end-points of the lines which are not at 
the same time end-points of the lines therefore the iiuin- 
bcr 2 of enct-points of the lines Qi must be diminished by 

V "T I’l- 

(2) But iiotv new points appear as end-points of the lines 
Q.>’ or Q/? ^vhich are not end-points of the lines Qo or Q;. Let 
us again consider first the lines Qo'. As new end-points of these 
lines ax^pear, in the first x^lace, the displaced x')oints mentioned 
above (e.g., r or s ) : then, also, both those points at which a 
'niid-yoLit of a line Qo coincides with a mid-point of a line Q, 
(c.r/., y and 77), and those near wdiich a rnklpnece of a line Q.. 
(coincides with a raid-piece of a line Qi (e.g., tu). All these 
c;ases can be characterized as those in which the lines Qi and 
Qo cither meet or sex^arate in their mid-course. Let p denote 
the number of times that this occurs. The following consider- 
ations are to be noted, however, concerning the determination 
of this numbei>. In the first place, wherever a line Qo has 
common with a line Qi only a single mid-point (not a segment: 
cjj.. at y or 77), this point must be counted twice, because it is 
a tcrminal point of a line Qd and at the same time an initial 
point of a new line Qd We will, however, stipulate that the 
iiiiinber p be so determined that its value shall be indepemienr 
of wlK'ther we put the lines Qo in relation to the lines Q> or. 
('onvcrscdy, the lines Qi in relation to the lines Tms 
r(‘fpdres us to take the greater number, wdienever the one 
ladatiou produces a greater number of points to be eountcu 
than the other, for two particular cross-cuts. The points whicn 
arc thus counted too often must then be set aside. Xow tins 
case occLirs with the cross-cuts Qo' when, and only when, an ena- 
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piece of a line Q^, coinciding Avitli a line terminates ^ in that 
mid-point of the line with which a mid-point of another line 
Qi coincides (e.r/., at e, where fe ends ; here in the determination 
of /X, e must be counted tAvice, because xc and ah ha\m only one 
point common at e, and e is at the same time an end-point of ea 
and em ; but e occurs on xc only once as an end-poinh namely, 
of xe, Avhile the segment ec. regarded as a line Qd, begins only 
at g, AA'hich point must likeAvise be counted in the determina- 
tion of /x). This case occurs therefore when, and ahvays when, 
an end-piece of a line Qi coincides Avith a mid-piece of a line 

; for, that this may be possible, another line Qp must at the 
same time pass through the end-point of this line The 
number of times that an end-piece of a line Qi coincides AAhth a 
mid-piece of a line Q., Avas denoted aboAm by r,. Therefore, 
among the points counted in the determination of the number 
jw,, are vi such p)oints as are not end-points of the lines Qo'- 
Therefore the number of new end-points of the lines Qo which 
occur amounts to 

fX~v{. 

iThis case can also occur wlicn the line ends in a point of its 
previous coarse. Cf. the third note. 

- Cf. preceding note. 

'^Tiiere are also cases in AAdiich the number ju can be computed in 
diherent ways : tlie difference m - however, remains the same. In 
Fig. 48, two such cases are given. The cro.ss-cut ahrPP (a line, ()i), end- 
ing in a point of its previous course, coincides with rf (ns a line (pp along 
the part bd. Sow, if we take the first in the sense abdrb, wo have two 

points , a on each cross-cut, namely, b ami 
d ; therefore /x = 2, and, bd being at the 
same time a mid-pieee, = 0. If, on 
the other hand, we take; tlu' lim- Qi in the 
sense rthalh, h is t.o be coiint.ed twie.e, ami 
I we have therefore now /j. = -1; at tlu! same 
time, however, dh is an eiul-pi(‘C(' of the 
line Qi Avhich coincides Aviih a niid-j)iecc 
of the line Q-y. and tlK-n-fore. \ . Tlie 
difference u — zn is in hotli cas(‘.s tlic' sa.rma 
The other example is similar to tlu' pu;- 
ceding. In this we. liave, the cdioice of 
assuming Z/oVj as the i)revious cross-cut 
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The reasoning is similar in the deteriiiination of tlie number 
of points which enter as new end-points of the lines Q^'. The 
nnniher /x remains the same as before, if it be determined in the 
manner given above. Among these fx points^ howevep those 
are not end-points of the lines Q\ near which an end-piece of 
a line Qo coincides with a mid-piece of a line (e.t;., near 8, 
which point is to be counted twice : it enters^ it is true, as an 
end-point of 8n, but not of 8b, because this cross-cut, regarded 
as a line Qi, begins only at 7'). According to the above nota- 
tion this occurs vo times : therefore the number of points Avhich 
enter as new end-points of the cross-cuts Qi equals 


fJi — Vo, 


Xow, according to (1), v + vo end-points are to be subtracted 
from the original 2 go end-points, and, according to (2), fx — vj 
new end-points are to be added. Therefore the number 2 qo' of 
end-points of the cross-cuts QC is 

2 q.,' = 2 (yo — (i/ + V 2 ) +• (m — vi), 


and hence 


. , /w, — (r 4- Cl + Vo) 

qC = q, 4- ^ 


On the other hand, according to (1), v 4 n end-points are 
to be subtracted from the original 2gi end-points of and 
according to (2), fx — vo are to be added. The number 2g/ of 
end-points of the cross-cuts Q/ therefore is 

2 g/ = 2 gi — (f 4 ri) 4 (/^ — m), 

/ , iu, — ( 1 / 4 4 ro) 

and hence gb = gi -j 


and hf(j as the subsequent one. or rijhik as the previous and hi as the 
subsequent cross-cut. The piece fhi coincides with the cross-cut myi of 
tl)o second kind. Tf we choose the first ordcut we have to count three 
points. 'L and/; therefore ,a = 3. At the same time, however, hf is 
an end-piece, and therefore = \. On the other hand, with the second 
order, only/ and i are to he counted, and therefore m = but at the 
same time ~ 0, because /A is now a mid-piece. 
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Tlierefore^ if we let 

M -(t'4- vi + va) _ _ 

9 — 

we have simultaneously 

= g2 + and + m ; 

this result was first to be proved. 

Let us, before proceeding further, consider Fig. 47 in detail 
in reference to the above-described relations. 



Fig. 47 . 


In the following table the cross-cuts Qi are enumerated in 
the first column, and, in the same row with eacli, are given 
in the second column the pieces into which it is divided if 
the surface be regarded as previously resolved by the lines 
Qo] the latter therefore are the cross-cuts Qr'. The colinnns 
headed Qo and Q .2 have similar meanings. 
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Q]- : 


Or'. 

Q.. 

1 

Q-Y 


ah 

ae, era, 

mn, nb, rb 

xc 

; o:e. 

gc 


(Xl 

cf/, gy, 

ys 

€Z 


7]0, 

oz 


1 


Xf3 

' xra, 

rag, 

gh 

gli 

i gv, vh 


yg 

yn, 

ng 


ik 

io, pk 


y3 

yo, 

8y, 

7/3 

Id 

ku, tl 


du 

rv 






gd 

gs 






ea 

et, 

up, 

pa. 




op 





From tills we obtain 

= 6, qi =15, m = 9. 
q., = 9, go' = 18, 

Let us further eiiuinerate the points /x, indicating each point 
which is to be counted twice by a 2 set over it : 

2222 22 222 
e m n h T g y s q yj 0 p t u] 

hence /x = 23. 

The end-pieces which coincide are : 

class of v-’-cls, V = 1, 

'' vi--eq, 1^1 = 1, 

vo-**8>*, op, j)o, 1/^ = 3; 

.1 j: ^ — (v + Vi -f- y-i) 23 — 5 ^ 

therefore 7?i = ^ — v; = — — ~ 0, 

as above. 


The rest of the proof is now veiy easily given. According 
to the hypothesis, the system consists of distinct pieces, 
each by itself simply connected. From this the system £ is 
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produced by the qJ == Qo 4- '>'1 cross-cuts Qo'- Tlie latter system 
consists of only simply connected pieces (§ 48, IV.). Letting 
S denote the number of the latter, it follows from § 48;, \ . that 

'C!l — -f" (/l’ “f" 

The same system (i, is also produced from T) by the 

Qi = 

cross-cuts Qx'. Since, however, according to the hypothesis, 
T> consists of cu distinct pieces, each by itself simply con- 
nected, it follows also that 

‘9I- = Uo -f- pi + Tfl, 

Therefore, «i + po + ra = a., V pi + m, 
or p_> — Uo — pi — ^^ 1 . 

SoTE. — Having prescribed ilie conditions to be kept in mind in the 
proof of this proposition, we can iDrove it more briefly in the following 
manner : ^ Let us assume, in the first place, that the lines Qi and Qo have 
in common only this, that a line of the one kind simply crosses one of the 
other, and in such a way that the point of intersection is not an. end-point 
of a cross-cut. If such a case occur 7 j times, we have, according to the 
above explanation and with the preceding notation, 

2q,' = 2q,^2E 2^b-2pi-}-2Z:, 
and therefore q^' = q-i -r L qi = pi -r /t. 

If, however, both systems lie in any arbitrary relation to each other, 
the lines Qi and Q-: in part cro.ssijig one another at arbitrary points, in 
part touching one another, or oven coinciding with one another wholly or 
in part, then an infinitely small deformation of the linos of om; sysUmi 
can cause the coincidence either to be entirely removc'd or to conform 
only to the foregoing hypothesis. If, after such a deformation, k points 
of intersection occur, it follows again that 

pT = p 2 - k and pfl = Qi ^ /j, 

from which the proposition follows as above. If this hold after the 
infinitely small deformation, it must also be valid before, tin; snnn^; hu* 
by this deformation neither the number of cro.ss-cuts ]ior the number of 
pieces into which the surface is resolved is changed. 

1 Xeumann, Vorlesungen uhtr Eierjiann-s Theoric, u. s. w., S. 200. 
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50 . riie proof of tlie fundamental proposition given bv 
Eieniann and set forth in the preceding paragraph renders 
detailed discussions necessary, if none of the cases which 
might possibly occur are to be overlooked. 

Xeumamrs proof is shorter, it is true, but it does not make 
use of the property which forms the principal part of the 
preceding proof, that in general 

+ 12' (R -r 

This property is important in itself, howmver, and will later 
have to be apiDlied. On that account it is, perhaps, not un- 
profitable to add still another proof of the fundamental propo- 
sition, which is simpler and which yet employs the above 
property. Such a proof has been given by Lippich.^ It pre- 
supposes, it is true, some knowledge of the properties of 
general line-systems, but it is characterized by great simplicity 
and leads, moreover, to a new and very important principle. 
To give this proof, we must introduce the following preliminary 
considerations.^ 

Di(jression on Une-syste7ns. AYe Avill consider a system of 
straight or curved lines which in other respects can be quite 
arbitrary ; yet we do assume that no line of the system ex- 
tends to infinity, and also that none makes an infinite num- 
ber of wdndings in a finite region. Vie further assume that 
all the lines are connected with one another, or, if this be not 
the case, that they form only a finite number of pieces. 

Trom each point of a line we can, following one or more 
lines, take either a single path or several paths. Accordingly 
we distinguish three kinds of points on the lines: (1) Let a 
point from which we can take only one path be called an encl- 
'pomf ; c.p.. a, a,, in Fig. 49. (2) Call a point from which 

we can proceed hy two paths an ordino/ni point; e.ry. h. 1], A. 
(3) Let a point from wdiich we can take more than two paths 

1 F. Lippich. “Femcrkmig zn einein Satze aus Kiemanivs Theorie der 
Funktiorienc’ 11 . s. w. (^Sitz.-Ber. d. Yien. Acad.. Bd. (>9, Abtli. IF, 
Jaiuiar 1874.) 

- The continuation of tlie main investigation follows in ^ 52. 
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be called a nodcd-jooint, and let it be called 7i-pie^ wlien n paths 
proceed from it, i.e., when n line-segments meet in it. In Fig. 

49, c is a triple, d a quadruple, 
e a quintuple nodal-poiut. Xoav 
if a line-system, constituted in 
this way, contain either no end- 
and nodal-points, or only a Unite 
number of such points, it will be 
called a finite line-system. We 
will introduce the following addi- 
tional definitions. Let a coiitin- 

X Ki. 

nous line, which contains two 
end-points and in addition only ordinary points, be called a 
simple line-segment^ e.g., ahcii ; let a continuous line which con- 
tains only ordinary points be called a simply closed, line, e.y., A. 

If. as Avill immediately occur, a description of connected 
lines of the system be under discussion, it will always be 
assumed that therein no line-segment is described more than 
once, but that the description is always continued and does 
not cease as long as a line-segment, not yet described and 
connected with the segment last traced, presents a path for 
further motion. Then, on account of the hypothesis made in 
regard to the construction of the line-system, the dc^scription 
must always come to an end sometime. This always occurs 
on arriving at an end-point, but at an ordinary ])()int wlum, 
and only when, this wa.s at the same time the initial ])()int. 
At all the nodal-points, sections are ahvays to be associated 
with the description in such a way that Avlien a nodal-point is 
passed for the first time, when, therefore, we arrives at the 
nodal-point on one line-segment and leave it on any othc]*, all 
the other line-segments meeting there a.re to be regarded as 
cut. Lach of these latter, then, acquires an end-])()int at the 
nodal-j)oint, and its connection with the other lines is r(‘garded 
as broken at that point. If this method be adhered to, tln^, 
description does not stop at a nodal-point when we arriw^ at it 
for the first time, but always ends when we return to it for 
the second time. 
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If a line-system do not contain any nodal-points^ a single 
end-point cannot occur in it: the end-points^ provided there 
are any, must rather occur in pairs. For if the stated descrip- 
tion begin at one of the existing end-points, it can end neither 
in a nodal-point (since there are none), nor in an ordinary 
point (since the initial point was not an ordinary point) ; thus 
it can end only in an end-point, and, since an end of the 
description must sometime occur, there must still be a second 
end-point. Therefore, starting from an end-point, we ahvays 
arrive at another end-point, and, since in the meantime we 
have passed through only ordinary points, we have traced a 
simple line-segment. Each existing end-point, therefore, in a 
finite line-system containing no nodal-points, is associated with 
a second end-point, the Uvo together bounding a simple line- 
segment. Since, now, conversely, every simple line-segment 
also possesses two end-points, we conclude : If a firate Ime- 
system contain no noclcd-joomtSythe mrmher of simple Une-secjments 
constituting it is half as great as the number of existing end- 
points. 

In the case of an arbitrary finite line-system affected with 
nodal-points, we can remove the nodal-points altogether by 
means of the sections mentioned above, by regarding all the 
line-segments meeting at each nodal-point as cut except two, 
which are to be left connected. Then each nodal-point is 
changed into an ordinary point and a number of end-points ; 
and in fact, if the x)oint be an h-ple nodal-point, it is changed 
into one ordinary x)oint and h — 2 end-xmints. FTow, since the 
two line-segments left in connection at each nodal-xmint can 
be chosen quite arbitrarily, the sections may be effected in 
very many different ways. These having been effected, the 
line-system no longer contains nodal-points, and therefore the 
simple line-segments then contained in it can be found accord- 
ing to the x)receding j)rinci]:)le, by counting the number of end- 
X)oints vdiicli occur. For instance, if ^ve denote the number of 
end-points contained in the original system by e. the number 
of trix'de, quadruple, •••, n-pA nodal -]ioints by /q, /q, •••, 7q, we 
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have, since each A-ple nodal-point furnishes h ~ 2 end-points, 
in all 

e -j- A‘3 -f- 2 A'4 -f- 3 /I’j H r (n — 2) 

simple end-points : therefore the number of simple line-segments 
occurring after the sections are effected equals 

[e -f An -f 2 -f- 3 A,^ -| h (n — 2) /A’, JO 

This number depends, ho-\vever, upon the originally existing 
end- and nodal-points, and is entirely independent of the way 
in Avhich the sections were effected, which, as stated, can be 
made in very many different ways. We therefore conclude : 
Jf all existing nodal-jjoints be removed from a given finite line- 
system, after the section.s are effected the system contains a series 
of simple line-segments, the number of icliich is constant and inde- 
pendent of the ivay in ichich the sections were effected. 

The line-system may originally contain simply closed liiies, 
but the sections can always be effected in such a way that 
thereby no new simjjly closed lines are furnished. For tliis 
could only occur when, after all line-segments excc])t three 
have been cut at a nodal-point, a particular one of these tlii’ce 
is then cut. But if we choose to cut one of the two oth(U‘ line- 
segments instead of that particular one, no sim])ly closed liiie 
will thereby be furnished. If the sections be elfetd-cal in this 
way, and if the system contain originally no simply closial 


1 The number 


e T A’3 + 2 /.a -f 3 kr, r (n — '2)kn 

according to the above, an even number. If we Lake from it first tlie 
even iiumber 

2/c4-f 4/n,-f 

and then tlic even nmnber 

2A:3-f 


tlie remaining number 

e -f- k.i -p /i> -i- /,:7 -g • • • 


must also be even. Thus it follows tliat ; kn. ((finite. Ji ne-siiste m (be iiinn- 
her of end-po'ints and of odd nodal-poinis UnjcUier in c/cvgv.s cn evoi 
number. Tor instance, it is not possible to draw a line-sysicni conta.in iiig, 
say, two end-points and a quintuple nodal-point (and no nionj nodal- 
points). 
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lines, after tire sections are effected it consists of only sim^de 
line-segments constant in nnmber. 

It is of advantage, in a system containing no simply closed 
lines, to conceive the resolution into simple line-segments as ^ 
effected by successive descrijrtions, with which, as already 
stated, sections are to be associated at every nodal-point 
passed. Then simply closed lines can never occur, not even 
in the case of a triple nodal-point, because the description 
stops at a nodal-point only when we arrive at it for the 
second time. To effect the resolution, we begin the description 
at an end-point; then we must once more arrive at an end- 
point, which either originally existed or was furnished by a 
section at a nodal-point previously p)assed. We have then 
traced a simple line-segment. We next begin the description 
again, either at an originally existing end-point or at one 
furnished by a section, and obtain a second line-segment, etc. 
Sliould the case occur that there is, on one of the simple line- 
segments to be traced, no end-point at which to begin the 
description, then there must be a nodal-point in some part of 
the system not yet described; for, otherwise, this portion 
would contain only ordinary points, and therefore consist of 
only simply closed lines, while, according to the hypothesis, 
the system does not contain any such lines. In such a case 
we get an end-point at a nodal-point by cutting only one line- 
segment, and begin the description at this point. In doing 
so, if the point be a triple nodal-point, avo ]nust certainl}” be 
careful not to cut exactly that line-segment by the section of 
Avhich a simply closed line could be furnished. We therefoin 
obtain the folloAving proposition : A ji7ute Une-.s^/steyn, nut (lon- 
U.univfj any Amply closed lines, is resolred by successioe descrip- 
tions (yfcUJi icliicJi a section is to be associeUexl a,i enery nodul-poi nt 
passed,) into (ndy simple line-seymerds. the nn/niber of ivhich is 
altrayjs tlic same in irhatmer v:ay the descri]>tion, and v:ith it the 
resolution into simple lijie-seiymeyits^ may be efj'ecled. 

51 . W e will now assume that in a given surface tliere is a 
finite line-system Z, Avhich satisfies the two folloAving conditions : 
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V>i\t it is now easy to show that these line-segments constitute 
a system of cross-cuts drawn in the surface. For, since from 
the preceding considerations there is at least one end-point 
situated on the boundary, the first line-segment can be traced 
from such a point. The second end-point, at which we then 
arrive, cannot by (1) be in the interior, but it is either on the 
boundary or it has been furnished by a section at a nodal-point 
passed. But in both cases the simple li]ie-segment traced is 
a cross-cut : in the second case it is such a cross-cut as ends 
in a point of its previous course. Xo^v there must be still 
another end-point (in case there are any lines not yet traced), 
'which is situated either on the boundary or on the first cross- 
cut, since, otherwise, condition (2) would not be satisfied. 
Thus wm can trace a second simple line-segment, starting from 
this point ; the second end-point of this segment lies either 
on the boundary or on the first cross-cut, or it is furnished 
by a section on jjassing through a nodal-point. This second 
line-segment is therefore also a cross-cut. The same process 
is repeated as long as there remain lines not yet traced ; there- 
fore the line-segments collectively do, in fact, constitute a 
system of cross-cuts, and the following proposition, established 
by Lippicli, follows: Every fiiiite line-system tchich occvrrs in a 
surface, and tchich satisfies conditions (1) and (2), forms a sys- 
tem of cross-ctits. completely determined in -number, and this 
nnniher remains ahcays the same in tchatever icay these cross-cuts 
may he successively droAcn. 

From the definition of cross-cuts (§ 4T) it is immediately 
obvious that, conversely, every system of cross-cuts forms a 
line-system vdiich satisfies conditions (1) and (2). 

The proof of E.iemanids fundamental proposition, based 
upon this principle, is very simple, Tn it we retain the nota- 
tion of § 49. If we su])pose first the lines ff and then the 
lines (f druAvn in the surface T, we obtain a line-system which 
consists onl}^ of cross-cuts, and which therefore satisfies con- 
ditions (1) ami (2). According to tlie preceding proposition 
tins now' forms at th.e same time a system of cross-cuts, fully 
determined in number, and this number may be denoted by s. 
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If it he possible by means of cross-cuts to modify a multiply 
connected surface into one simply connected, and if this he pjossi- 
hle in more tJuui one icay^ then the number of cross-cuts hy means 
of ichicli the modification is effected is cdicays the same. 

In addition to this proposition tlie following is of the greatest 
importance ; 

If a midtiply connected surface can he modified into one simply 
connected in any one definite v:ay by means of q cross-cuts, then 
this rnodification is cdicays effected hy means of q cross-cuts, in 
ivhatever way these may he drccwn, provided only that they do not 
divide the surface. 

Although it has been proved in the preceding proposition 
that the number of cross-cuts remains the same if the resolu- 
tion into a simply connected surface be possible in a second 
way^ yet it remains to be discussed ichether this resolution can 
in fact be effected in a second way ; whether, on the contrary, 
for the modification into a simply connected surface, the 
cross-cuts must not be drawn in a definite way, according to 
a definite rule, so that, if they be not so drawn, the surface 
always remains multiply connected and a simply connected 
surface is never obtained, however far the drawing of the 
cross-cuts may be continued. But we can in fact show that 
this case cannot occur. IVe therefore assume that the surface 
T is modified by q cross-cuts (f, clraAvn in a definite v'ay, into 
a simply connected surface T^. Then in the first place it 
follows from the preceding propjosition that, if instead of the 
former cross-cuts others be drawn, the surface T cannot be 
made simply connected by means of less than q cross-cuts. 
Henc(a by s 48, II., it is possible to draw q other cross-cuts 
(f, wliicli likewise do not divide the surface, by means of 
wbi(di a surface T., may be formed; the cpiestion then arises, 
wludlier must be sini])!}' connec-ted. Let us form, as in 

411, a new system of surfaces h from 1\ and 74 tAvo Avays, 
first by draAving the lines (f in I\, and secondly by dra.Aving 
the lines (f in To. As in ^ 41). let the number of cross-cuts 
Avhich the lines (f form in be denoted by q -r vn. Then, 
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according to the first part of the proof of the fundamental 
proposition (§ 49 or § ol), the number of cross-cuts whicli the 
lines (^1 form in T.j is likeovise q + m. Sow 2\ is, according 
to the assumption, a single simply connected surface, which is 
transformed by q + m cross-cuts into the system of suj'faces 
d ; therefore (r consists of q + m -}- 1 distinct pieces, each by 
itself simply connected (§ 48, V.). But the same system is 
also produced from 21 by q -h ni cross-cuts ; therefore the sur- 
face To, which consists of one piece, has the property that it 
is resolved by q -f m cross-cuts into q -f- m -r 1 distinct pieces, 
each by itself simply connected. Thus, by § 48, IX., 21 is in 
fact simply connected. 

Upon this is based a classification of surfaces and the more 
exact determination of their connection. 

If a surface be multiply connected, a cross-cut can be drawn 
in it which does not divide the surface (§ 48, II.). If the case 
occur that, after the addition of this first cross-cut, the surface 
has become simply connected, then according to the last propo- 
sition it is changed into a simply connected surface by every 
cross-cut which does not divide it. In this case the surface 
is said to be doubly connected. 

But if. after the first cross-cut is drawn, the surface remain 
multiply connected, a new cross-cut can be drawn which does 
not divide it. If this change it into a simply connected sur- 
face, tlie same result is obtained by means of any other two 
cross-cuts vhich do not divide the surface. The surface is 
then said to be triply coiinectecl. 

If the surface be still multiply connected after the addition 
of the second cross-cut, a third can then be drawn -which does 
not divide the surface, and, according as the resolution into a 
simply coiniected surface is effected by moans of llrree, fimr. 
etc., cross-cuts, the surface is said to be q^nulrnpli/, quintiqdy, 
etc., connected. 

In general, «, snrfci.ee is said to be (q -f I )-ph/ conneded iclien 
it can he changed by means ofq cross-cuts into a simyly ronnecled 
snrjace. In that case it is unimportant how the cross-cuts are 
drawn, provided only that none of them divide the surface. 
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But after tlie surface becomes simply connected^ it is no longer 
possible to draw a cross-cut in it -wliich does not divide the 
siudace (§ 48; IV.). 


53 . e are now prepared to prove some propositions, in 
part relating to the variation or non-variation of the order 
of connection^ in part relating to boundary-lines. 

I. T]t.e order of connection of a surface is diminished by unity 
by every cross-cut ichich does not divide it. 

Bor, if the surface be -e l)-ply connected, it follows from 
the second proposition of § 52 that, however the first cross-cut 
Avbich does not divide the surface may be drawn, the resolution 
into a simply connected surface is always effected by means 
of p — 1 cross-cuts; hence the new surface is ^-ply connected. 

II. If a line be drawn froni a. yioiat a of the boundary into the 
interior of the surface, and if icithout returning into itself it 
Old in a. poi/nt c in the interior of the surface, such a line does 
not ch.ange the order of connection of the surface, (If a section 
be made along this line, it is called a slit.) 

Call the original surface T and that formed by the intro- 
duction of the line ac, T. In the first place it is evident that, 
if T be sim]dy connected, T must also be simply connected; 
for, if every closed line in T form by itself alone the complete 
boundary of a portion of the surface, so also does every closed 
line in T, i.e., every line which docs not cross ac. Therefore 
l(t T be multiply connected, say (ry -f l)-ply. Then a cross- 
cut whicli does not divide the surface can always be drawn in 


T (§ 48, IT), and in fact so that the line ac forms part of the 
same. This is always possible; for, if the cross-cut be drawn 
as (lircu'.ted in § 48, TI., with the help of a closed line wliich 
do('.s not form by itself alone a complete boundary, it can be 
made to run from, a point of the latter on each side to the 
e(lg(‘. (jf the surface in an entirely arbitrary way; therefore, 
siiu'.o a lies on the edge, so that ac always forms part of the 
same. Let this cross-cut be denoted by ac5, and let the surface 
formed from T by means of it be called T"; then the latter 


1 Sometimes called connectivity, (Tr.) 
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surface is (/-ply connected (I.). But T" can also be formed 
from T' by means of tlie line cb, and this line forms in T' a 
cross-cut wliich does not divide the surface^ because it is so 
drawn that the contiguous portions of the surface on both 
sides of it are connected. Consequently T' has the property, 
that it is changed into a g-ply connected surface by ineaiis of 
one cross-cut which does not divide the surface ; therefore T 
is (q 4- l)-ply connected, just as T was. 

XoTE. — This proposition remains perfectly valid, if the internal point 
c be a branch-point. 

III. If a single point c he removed from a surface T at any 
place, the order of connection is thereby increased by unity. 

Let the surface formed by the removal of the point c be 
called T'. Connect the point c with any point a of the bound- 
ary of by means of a line which does not intersect itself, 
thereby forming a new surface T'. Then the latter can also 
be regarded as a surface formed from T by draAving the line 
ac, Avhich starts from a boundary-point a and ends in an 
interior point c; therefore the order of connection of T" is the 
same as that of T (II.). On the other hand, ac is a cross-cut 
in T- Avhich does not divide the surface, since Ave can pass 
round c from the one side to the other. Accordingly, by I., 
T is of an order higher by unity than T", and therefore also 
than T. 

XoTE. — The preceding does not lose its validity if the point removed 
be a branch-point. 

ly. If an {actually') closed line, forming by itself alone the 
complete boundary of a portion of a s^crface, be draion in, any 
position in a y)ortion 'KhicJi contcdns either -iio bramch-point or at 
■most one (of any order [§ 13]), and if the portion, hounded, by 
this line be rernoved from the surface, the order of connection is 
thereby increased by unity. 

For the order of connection aauII not be changed, if the 
boundary-line Avhich bounds the piece removed be more and 

1 If T be a closed surface, it is assumed that it already possesses a 
boundaiy-point a (§ 1(3). 
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iii()r(‘, contracted. lUit if it finally shrink into a point, the case 
is th(^ sa.iiic as thc^ precedini^. Hence this proposition holds, 
if the ])ii‘c.c‘ nniioved contain either no branch-point or only 
OIK*. Ihit if it <'ontain inon*, than one, it would no longer be 
possibU*. tr) U't tin* boundary-line shrink into a point. 

Tor. In tin*. (‘a,se of a, surCacc closed at infinity, it is 
TKUK'ssary i-o a^ssunni in some ])lace a boundarN'-point (§ 46 ). 
This may it.sdf also b(*. a brancli-point. If a piece ichich con- 
t((ins (liis bnt no other branch-pointy be removed 

from HucJi a snrjd<n>, the order of comtection is not changed. For 
\V(‘ can l(‘t, bonuda.ry-liu(*, which bounds the phece removed 
(‘ontract. into tin* bouuda.ry-])oint, and thus obtain again the 
original siirhua*. 

V. If it' (7 d'- I yp^tt connected surface T he resolved by a cross- 
ent /t into t/co distinct pieces d (Did B, (>a,cli of the latter has a 
finite order of ('otnu'i'tinn ; and if r and s be the n.umbers of cross- 
cuts K'hieh deter m i nc thesi' ordio's., then r f- s = 7. 

llu* surface 7' is r(‘duc(Ml to Iavo sim])ly connected pieces by 
mca.ns of 7 f 1 cross-cuts, of which the lirst 7 do not divide 
the surface. If, howcv(*r, tin*, dividing cross-cut B be first 
<lraAvn, we cannot ininicdialcly intca* the truth of the above 
enunciation from IMcinanirs funda.iiKUit.al proposition, because 
that- proposit,i<ui already a.ssunics wha.t< will licre be fust proved, 
namclv, that, now also alter tin*, addition of a finite number of 
cross-cuts siiuplv conned, (*d pi(‘('c,s a,r(*. linally obtained again. 
\Vc remark that all tin*, cross-c.uts running in A can be so 
placed tlmt. thev mcd. tin* cross-cut, B (uth(‘r not at all or only 
ill one of its imd points. Kor, sinc-c, B, (‘xcept for its eiid- 
])oints. lies entirely in tin* int,(‘rior of th(' surface, and since 
thcroforc a /one free of boiinda.ry-lincs (‘xists on each side of 
ip vre can disphico along the lim* B tlu* end-i)oints of all the 
ci'oS’.ciit.s which nu'ct B unt'il tlu'y' coincidi* with an end-point 
III,. but then every cross-cut wliie.h docs not divide 

j i... dividing; cross-cut, in T. From this it follows 

that the number r of icui-di viding cross-cuts possible in A can- 
not bo g-ivabu* than 7; for, ot.lK‘rwis(', it would also be possible 
to draw in 7’ more than 7 non-dividing cross-cuts, and this is 
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contrary to tlie liypotliesis that this surface is (q -f- l)-piy 
connected (§ 52). Therefore r is a finite number, and Avhen 
these r cross-cuts have been drawn in A, another non-dividing 
cross-cut is no longer possible : thus A has become simply 
connected (§ 48, VI.). Exactly the same holds for B. Here, 
too, all cross-cuts can be so drawn that the}^ likewise form 
cross-cuts in T, and if 5 be the number of non-dividing cross- 
cuts possible ill B, s cannot be greater than q and is therefore 
a finite number. By drawing these s cross-cuts B is made 
simply connected. Xow if all these cross-cuts, and E also, be 
drawn, we have obtained two simply connected pieces by means 
of H- s -r 1 cross-cuts. Therefore, according to Kiemann’s 
fundamental proposition, 

r -\-s= q. 

Of these q cross-cuts, r run entirely in A, the other s entirely 
in B. 

VI. If a (q -f l)-2>ly connected surface T he resolved by means 
of V noii-dividing aiul s dividing cross-cuts (icMcli may he draicn 
in any order) into s -h 1 distinct qjieces Aq, Ai, Ao, •••, H 5 , and 
if the orders of connection of these qneces he deterrnined by the 
numbers of cross-cuts Tq, r^, iv, ••*, 7 %, respectivehq then 

P = r -f- -J- 7‘j^ -f- 7‘o -f- • • • -f- Tg. 

Since by the last proposition a surface of finite order is 
always resolved by a dividing cross-cut into two pieces which 
are also of finite orders, these orders will still be finite if a 
series of non-dividing cross-cuts be drawn in T before the 
division. The same conclusion holds, if each of the resulting 
pieces be further resolved in like manner. Therefore r^. To, 
• 7 *^ are finite numbers, none of which is greater than q. in 

wdiatever order we may have drawn the v + 5 cross-cuts. Xow 
if all the pieces A be further changed into simply connected 
surfaces by means of their respective r cross-cuts, we have 
finally .s* -j- 1 simply connected pieces, which are formed by 
means of v 4- <S‘ Tq -f- V /v + ••• + r, cross-cuts in all. But 
we likewise obtain s -pi simply connected pieces, if we first 
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iiinkc T siitiply (uiimc.ctod by iiuiaiis of q cross-cuts and then 
by iiicaus of .v additional (U'o.ss-cuts resolve it into s -f- 1 pieces. 

<! -f - .S r;;. 1/ -f- .S* -)- n -j- To -f- . . • Tg, 

or q -= V -f~ /•„ -f V, + ro 4- . . . -j, r,, 

\’II. // a {<i coHne.cted surface he resolved hy m 

vross-nds info f/ro disfihid pieces, one of irJuclv S, is simply 
connected, then the other, T, is (ji rn, f- 'J^yply comtected, i.e., 
only ([ -{m - 1 ) cross-cnt.s ore needed to modify it into a simply 
con ms'ted snrjdcc. 

L(‘(. .r 1)0 th(‘ iiuinl)(‘r of cross-c.uts which change T into a 
siiiijhy coiukh'UhI surfa.('(* Tf If these cuts be drawn, we 
ha.v(‘ two simply conii(‘(h,(ul surfaces, If and S, foiMiied by 
means of in H .r cross-culs. But if flic original surface be first 
mo(lili<‘(l into onr simply (‘oniHudcHl ])y means of the a.p])ro- 
jiria.t.c. 7 cross'cuts, and if th(‘ surhicc so forimal be then divided 
into t.wo distinct piec(‘s by in(‘a.ns of an additional cross-cut, 
W(‘ ha.v(‘ a:;-ain fornn'd two simply coiinected surfaces ])y moans 
of 7 4 1 cross-cuts. 'Idic.n, by the fundaiuoutal proposition, 
(ii lb), 

imf x) 2 •.:(7 4- r).-2, 

and hence .r - 7 — (vn - - 1). 

\dll. If (f snrf'ace consist imj (f one piece possess more than 
one hoKndary line, i.e., if' its honndnry consist (f secend dlstin(‘t 
clased lines, it is mnUiply connected. 

If oand h be tavo points sitna-tial on difrerent boundary-lines, 
W(‘ can, bunco )iic surface is coiincclial, (lra,\v a. liiii' from fr to 
h (hrnua’h tin' interior of t.ln‘. surfax'c. This is a, cross-cut, 
vhieh docs not diviih* tin' surfa.ca', h()W('V(U*, for \ko. can come 
from <mc .side of the cross-cut. t.o tbe ot.ln'r side, of tlic same in. 
the :.urfac<* by bdlowing oin* of t.hc tovo boundary-lines. Sincai 
it is thus pos.siblc to draw in tin' surface' a cross-c.ut wliicli 
due.; not di\ Idc it, tin' surra.(‘(' is multiply coniu'ctcd (§ • 1 (S, i.). 

IX. fh'oiH tlii.'; follov.s: J simply conneclml snrface olnmys 
possesses a sinyh- Uonndary line, i.e., its hon ndo ry can be triU'ed 
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in a continuous description. (0?*, its boundary consists of only a 
single point.) 

Therefore, after a multiply connected surface has been modi- 
fied into a simply connected surface by means of cross-cuts, 
wherein the cross-cuts, as they are drawn, are to be added to 
the original boundary as new boundary-pieces, it must be 
possible to trace the latter, together with the original boundary, 
in a continuous description. Therein each cross-cut simulta- 
neously forms the boundary of each piece of the surface con- 
tiguous to it on each side. If then the entire boundary be 
traced in the positive direction, so that the bounded region 
always lies on the left of the boundary, each cross-cut must 
be traced twice in opposite directions. (Cf. Tigs. 43 to 46, 
pp. 191 and 192.) 

X. The number of boundary-lines is either increased or dimin- 
ished by unity by every cross-cut 

According to the discussion of § 47 a cross-cut always fur- 
nishes two boundary-edges, because it simultaneously bounds 
the portions of the surface contiguous to it on each side, 'i^ow 
there are three kinds of cross-cuts (§ 47) : 

(1) The cross-cut may join two points a and b of the same 
boundary-line. The latter is then divided into two parts by 
the points a and b: one part forms with the one edge of tlie 
cross-cut one boundary-line, the other part forms witli the 
other edge a second boundary -line. Thus two boundary-lines 
are formed from one, and the number of boundary-lines is 
increased by unity. ^ 

(2) Tlie cross-cut may join two points which lie oii different 
boundary-lines. Then it unites these into a single one, because 
its tAVO edges establish the connection. Thus from two b(uni- 
dary-lines is formed one, and the number of boundary-lines is 
diminished by unity. 

(;>) The cross-cut may begin at a point of the boiiiulary and 

This result still holds if the iDoiiits a and b approacli each oilier and 
ftnally coincide. 



SUIPLY ANJJ MULTIPLY CONNECTEI) SURFACES. 221 


(‘11(1 at a point of its ])rovi(ms ('-ourse. Then one of its edges^ 
t,()g(‘tli(n‘ with tli(‘ boundary-line from wliicdi it starts, forms a 
single (dos(‘(l boinnhiry-line. But in addition the inner edge 
of its (dos(Ml poi'tion I’orms a new boundary -line, so that tlie 
number of liouiKhiry -lines is imu’eased by unity. 

XL If a .sar/hre therefore pOHsesse.s hit one 

h(fi(n(I((.rii-j)oiiit) he ni eitiplif eonvected, and if it can be modified 
into a .sitn/)fif coneer.ted Hurfi.ce by means of a fitidte number of 
cr<iHS-rnU, the etanher of seek cross-cuts is ahcajjs even. 

L(‘t tlie giv(‘n surra.e.(‘. be + l).ply connected, so that q 
cross-euts modify it, into a, simply connected surface. Since 
th(‘ surbuM*. originally ))oss(‘.sses only a single boundary-point, 
the iiumlxu' of its bounda.ry-lin('.s is 1. This number is either 
ini‘r(‘a,sed or diminish(Ml by unity by every cross-cut (X.). Let 
p b(‘ th(‘ numbin’ of cross-cuts which ])roduce an increase, and 
the.nd'or(‘ 7 -p t-lu‘. number which produce a diminution in 
th(‘ nunibm’ of boundary-lim^s : them at tlie end the number 
oi‘ bouiidarv~liiu‘s is 1 \ - j> ■—((/— ]>). Ihit since the surface is 
then sim})ly ('oinu'ct-ial, it possess(‘.s only one boundary -line 
(IX.); ai'cordingly wo have*. 

I j, 

and h(‘nc(‘ 7 2 />». 

Tims 7 is a, 11 (‘vmi numbin’. 

54 . If we know the numbe.r of sho(d;s, as Avell as branch- 
points, in a. siirla.ci^ (dosed a,t inliuity, wo c,a.n ihd'ermine its 
order of conni'.ctaon, hor this purpose', a.s in § L‘>, avc regard 
a winding-point, of lh(‘ {in ■ I )th order as result ing fi’om the 
eoineidmiec of m -1 simple bi’a,n(di-])oints. .11“ in this sense 
a bi‘ the number of simple, bra.iudi-points, n the number of 
sheids, and 7 tiie niimbin- of c.ross-eul.s whiidi modify th(‘. sur- 
fa.ee into one simply connect, ed, we ca.ii lind a, ladation between 
t he,';i* t hi’(M‘ numbers.' 

Wf. with the fnllowing; Koch, I’chcr Funktioiuni coinidcxer Gros- 
song’ Si’hh hiiiicht-^ Xcilsrhr. f. Maih., Ihl. 10, S. 177. 



22*2 


THEORY OF FUXCTIOFS. 


Let Aq be the boundary-point to be assumed in the closed 
surface. We udll also remove from the surface n — 1 other 
points Ao, •••; An-\, one from each of the 7^.-1 other 
sheets ; for greater simplicity let us assume that these 7i points 
lie directly below one another. Xowg since the order of con- 
nection is increased by unity through the removal of every 
such point (§ 53, III.), the order in this case is increased by 
n — 1. Therefore g + 7i — 1 cross-cuts are necessary to modify 
the surface into a simply connected surface after the removal 
of the n — 1 points A^, A.,, -Tn-i- lit this (g H- 
nected surface let us now draw cross-cuts in the following tvay. 
Lrom each point A let us draw lines to all the branch-points 
which lie in the same sheet with A. Then it is evident that 
thereby we have actually formed cross-cuts, because we can 
pass through a branch-point into all those sheets which are 
connected at that point. If two points A,, and A,, lie in two 
sheets which are connected at a simple branch-point a, then 
AjSi and aA^^ together form a line which leads froin one bound- 
ary-point Aj, through the interior of the surface to a boundary- 
point thus Aj,aA;, is a cross-cut. On the other hand, if 
a be a Avinding-point of the (m — - l)th order, at wliich are (un- 
nected m. sheets containing the points ui,, A^, •••, A^, say, tlum 
first is a cross-cut, but after it is drawn each one of the 

m — 2 other lines aA-^, aA^, aA,^ becomes a cross-cut; 
therefore in this case tve liavo in all 7/i — 1 cross-cuts, just as 
many as there are simple branch-points united in cc. If wc 
proceed in this tvay tvitli all the branch-points, wo, obtain 
exactly as many cross-cuts as there are sim])lc brand i-]K)ints, 
i.e., g. But these g cross-cuts resolve the surface into v. distiucl 
pieces, each by itself simply connected : that is, tlu' n. sluuts 
of the surface are separated from one anotlnu' by tlnun in a 
certain manner. For. if 2hi ])oints lying one 

above the other in any two sheets, tve can come from to p;. 
only by crossing branch-cuts and svinding round braudi-points ; 
but the latter is rendered im])Ossibh' by the C‘i*oss-cuts C'on- 
striicted. Thus erunw trvo such points always li(^ in distirnd 
pieces. Only the points vl furnish exceptions. We can always 
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come from any one point A to another point A by crossing a 
branch-ciit. The n sheets of the surface are therefore sepa- 
rated from one another in this way : in every sheet an angular 
piece (or also several such pieces), which is formed by two 
cross-cuts meeting at the point A, is separated from the sheet, 
and in its place enters a corresponding angular piece of another 
sheet. Accordingly the surface consists of n distinct portions. 
But each of these is by itself a connected piece ; for, since it 
is closed at infinity, its boundary consists solely of the cross- 
cuts which meet in the point A. Bor the same reason, also, 
each portion is by itself simply connected, since we can come 
from only one side of every closed line drawn in it to that 
boundary; thus each closed line forms a complete boundary. 
Therefore, after the removal of the n — 1 boundary-points A^, 
A. 2 , •••; the given surface is resolved by g cross-cuts into 
71 distinct pieces, each by itself simply connected. But this 
surface was {q -f- connected ; therefore g -{- — 1 cross- 

cuts are necessary to modify it into a simply connected surface. 
Xow, to divide the latter into n distinct pieces, n — 1 additional 
cross-cuts are necessary (§ 48, Y.) ; accordingly the original 
surface is divided into 7i distinct simply connected pieces by 
means of g + 2(7?, — 1) cross-cuts. But the same number was 
found above equal to g, and therefore, by the fundamental 
proposition (§ 49), 

CJ= q + 2{n - 1) or q==fj- 2(n - 1). 

Compare with this result the examples given in § 46 to 
which it is applicable. In the third, n = 2, g = 2 ] tlierefore 
g =r 0, and the surface is simply connected. In the fifth 
example n~2, f/ = 4; therefore g — 2, and the surface is 
trij)ly connected. 

From tlie result obtained above we may draw^ certain con- 
clusions. Bor, since in a closed surface g is always an even 
number (§ NA, XI.), g must also be even. Therefore a surface 
closed at infinity always possesses a,n even nnm1)er of siinple 
branch-points. "With an vosheeted surface the sim])lest case 
W'ould be the occurrence of tw’o branch-points of the (?? — l)th 
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order; and if this be the case, the surface is simply con- 
nected. 

A further inference, rvhich follows from the preceding, is 
this, that a surface, which serves to distribute the values of 
an algebraic function v: so that this becomes a uniform function 
of position in the surface (§ 12), always possesses a finite 
order of connection, and therefore can be changed by a hnite 
number of cross-cuts into a simply connected surface. For 
the number of sheets n is equal to the number of values which 
the function v: possesses for each value of the variable, and is 
therefore a finite number. That the number g of simple branch- 
points is also finite, follows from the fact that the branch- 
points are to be sought for only among those points at which 
values of the function become either equal or infinite (§ 8). 
The number of the latter points is finite (§ 38). But if 
z)=0 denote the equation of the ?ith degree by which lo 
is defined, the points at which values of the function become 
equal are those which simultaneously satisfy the equations 

F{ic, 2 ) = 0 and ^ q. 

By the elimination of from these equations we obtain an 
equation of finite degree in MoreoA^er, since at most n values 
can become equal at each of these points, and since therefore 
at each branch-point ii sheets at most can be connected, each 
branch-point is of finite order. Accordingly n and g are finite 
numbers, and hence q is also finite. 

55. From the result of the preceding paragraph tve can also 
derive a relation betAveen the order of connection of an unclosed 
surface extended in a plane, the number of its sinqdo branch- 
points and the number of circuits made by its boundary. 

AVe begin AAdth a surface closed at infinity. Let this be 
(p '-|-l)-ply connected ; let r/' be the number of its sim}de branch- 
points and n the number of its sheets. Then, according to 
the preceding paragraph, Ave have 

7'^g'-2Ca-l). 
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We will now assume that the hoiinclary-point which is to be 
assigned to the surface lies at the point at infinity of one 
of its sheets, and first premise that in no sheet is the point at 
infinity a branch-point. If w-e then remove from each sheet 
a piece which contains its point at infinity, and Avliich is there- 
fore bounded by a line returning simply into itself, the order 
of connection of the surface is increased by unity for every 
piece removed, with the exception of that which contains the 
assumed boundary-point (§ 53, IV.). Thus the order of con- 
nection is increased by n — 1. If, therefore, the new surface 
be (q + l)-ply connected, we have 

q==q' + n — 1, 

and consequently q = g' — n 

But after the points at infinity have been removed from the 
surface, wm can assume its sheets, which were previously to 
be conceived as infinitely great spherical surfaces, to be again 
extended in the plane. Each sheet then appears bounded by 
a line returning simply into itself, which makes a positive 
circuit if it be described in the direction of increasing angles. 
Consequently, if U denote the number of circuits forming the 
boundary, we have U = n. The number of simple branch- 
points g contained in the new surface is equal to the previous 
number p', since by the assumption no branch-point Avas re- 
moA^ed from the surfcxce. We therefore obtain from the last 
equation 

q=:g -Upl. 

This is the relation mentioned above, and it will now be shown 
that it does not lose its Amlidity Avhen certain changes are made 
in the surface. 

Let us first consider the case Avhen m sheets in the original 
surface are connected at a point at infinity, Avhen therefore 
m — 1 simple branch-points are united in that point. Then 
the number of piec.es removed is no longer equal to n as before, 
but since one of them is bounded by a line AAdiich makes m 
circuits round a branch-point, and since it thus takes the place 
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of m of the previous pieces, that number is equal to only 
n — m + 1. Moreover, that piece vhiicli contains tlie assumed 
boundary-point does not cause any increase in the order of 
connection ; accordingly that increase amounts to n — m, or 

CJ^ 

that is, q == — 2(71 — 1) + n — m 

— g' — m -f 1 — 71 -f 1. 

AVlien the sheets are extended in the plane the number of cir- 
cuits U is again equal to t-i; for the only change in this respect 
is that all the n boundary-lines are no longer distinct, but ni 
of them are united into a single one, which now, however, 
makes m circuits. On the other hand, m — 1 simple branch- 
points are removed from the surface with the points at infinity 5 
therefore now 

g = g' - m -r 1. 

If we substitute this value of in the last equation, we obtain 
again as before 

9 = £/ - (7,4- 1. 

We will now modify the 77-sheeted surface extended in the 
plane by removing places in the interior. 

Let us first consider a closed line bounding a portion of the 
surface which does not contain a branch-point, and let us 
imagine this piece removed. Then, in the first place, q is in- 
creased by -r 1 (§ 63, IV.). But the new boundary -line, if 
its boundary-direction is to be positive, must be described in 
the direction of decreasing angles. Therefore, if we now 
understand in general by the nv.mher (jf posi IN e circuits the 
positive or negative number U, which results from subtracting 
the number of circuits in the direction of decreasing angles 
froin the number of circuits in the direction of increasing 
angles, this number U in the preceding case must be increa.sed 
by — 1. At the same time q is increased by + 1, and thus 
the above relation remains unchanged. 

For instance, if the surface consist of one sheet, then <7 = 0: 
if, further, it be bounded by one outer line and Ic smaller 
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circles enclosed by the former, then the outer line makes a 
circuit in the direction of increasing angles for a positive 
boundary-direction, but each of the inner circles a circuit in 
the opposite direction; therefore 

u=i- fc, 

and ve obtain q = Tc — 1 + l = 

thus the number of cross-cuts is equal to the number of inner 
circles. 

Secondly, if a piece of the surface be renioved which con- 
tains a branch-point of the (^ra — l)th order, the boimdarv-line 
of which therefore makes m circuits, q is again increased by 
-f 1 (§ o3, ly.), U at the same time by •- m, (j by —(^ni — 1), 
and therefore g — L" by + 1 ; consequently the above relation 
again remains the same. 

After the modifications introduced hitherto the surface con- 
sidered lias a configuration sncli that the outer boundary-lines 
enclose all branch-points situated in the finite part of tlie 
surface; it also has gaps in the interior, yet of such, a kind 
that each of the pieces of surface removed contains either no 
branch-point or only one (of any order). We have now to 
inquire whether the above i-elatiou changes, either when the 
outer bouudary-lines no longer enclose all finite hraneh-iioints, 
or wdien the inner boundary -lines eiudose portions of the sur- 
face that were removed in wliich more tlian one l)r:in(*h-{)oint 
was contained. Both conditions lead to the sanui inquiry; 
namely, to the examination of the ('.ase wdion thorci is removed 
a portion of the surface contiguous to jin (oiitcu' or iniKU') (ulgo 
which contains a branch-point of t.h(' (m — l)th order, Init no 
gaps. The latter assumption can Ix'- nia,d(' without loss of 
generality, since the occurrence of gaps lias aliuuuly Ixaui dis- 
posed of by the preceding considciratioiis. Now if such a, pica-o 
of the surface is to be removed, tluui, since it is coutiguoiis to 
the edge, its removal must be effeehul by uieauis oF ('ross-cups, 
and these must he drawn in such a, way that the lioinidary of 
the piece removed, consisting of i,li(3 (‘.ross-euts auid th(3 con- 
tiguous parts of the boundary, forms a eloscal line which 
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makes ra circuits round the funding-point. If none of these 
cross-caits wind round the branch-point, then in cross-cuts are 
necessary to that end; otherwise a less number. Since, how- 
ever, the xhece removed is bounded by a single actually closed 
line, it is simply connected (§ 46, Ex. 2). We will now^ 
examine the case in which no cross-cut winds round the branch- 
point; then a simply connected X3iece of the surface is removed 
by means of m cross-cuts, and consequently the order of con- 
nection of the surface wdiich remains is diminished by m — 1 
(§ d3, YII,). At the same time g is diminished by m — 1 
through the removal of the windingqioint of the (m — l)tli 
order. But the number U suffers no change. For, since the 
rn cross-cuts add no new x^ositive or negative circuits, merely 
a different kind of connection of the boundary-line is produced 
by the removal of the branch-point, while the circuits of the 
same remain unchanged. Thus, since q and g are each dimin- 
ished by til — 1 and U remains unchanged, the above relation 
still holds. 

Finally, let us consider the case in which the boundary is 
changed by means of cross-cuts Avhich do not divide the sur- 
face. In this we turn our attention to the change of direction 
which the lines experience, and remark that a line makes a 
positive circuit if it experience a total change of direction 
equal to 2 tt. If a non-dividing ('.ross-cut be drawn in th.e sur- 
face, this at the same time furnishes two boundary-pieces and 
must be described twice in opposite senses in conforming to 
the positive lx)undary-direction. Where the cross-cut meets 
a x^art of the boundary of tire surface, 
the boundary-direction experiences an 
abrupt change. Let a be the angle by 
which the direction clianges (Fig. 50). 
(Fhe case can, it is true, occur in whicdr 
the cross-cut changes into a part of the 
boundary without an abrupt change of 
direction, but this is included in the ])receding if we assume 
a =: 0.) In the descrix^tio}! of the boundary-lines, of 'which 
the cross-cut always forms a part, wc once more return to the 
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foriiu'r })lac(s siiico the cross-cut must be described twice; 
tluai tb(‘. cross-cut, is described iii the opposite direction, but 
tin*, contic^uous ])a,rt of the original boundary in the same 
dircH'.tion a,s b(d'()rtc Krom tliis it follows that the boimdary- 
dircH-tion now (‘xpe.riiuic.es an abrupt change equal to ~ — a. 

( ',oiis(‘(pie.iitly th('. (ui(b[)oint of the cross-cut produces a total 
change, of direcfion (upuil to tt. (Also in the case when this 
(‘lids in a, point, of it,s pri'.vious course, because then the cross- 
(*iit it.scdf t.a,k<‘s th(‘ pla.c(‘, of tbe original boundary-line.) The 
sam(‘. cha,ng(^ occurs a,t the otlrer end of the cross-cut. There- 
fori' t.lu‘ cross-(ad, c,a,iis(‘s at its end-points a change of direction 
(‘(pia.l t,o 2 TT. On tin', othen* hand, the change of direction 
(‘Xpericnc.(‘.(l by t,ln'. (‘.ross-cvit during its course need not be 
considenul, l)(‘ca,us('- this change is neutralized by that of the 
subse(iin‘nt. di'sc.ri ption in the opposite sense. Consequently 
(uich non-dividing c.ross-cut increases the number of positive 
circ.iiits (' by hi;* ‘d the same time, however, it diminishes 
tin' order of e.onin'c.tion by unity (§ d3, I.) and therefore q is 
incivasi'd by I. Oonsc'.iiiiontly the above relation holds in 
t,his ease also. 

According in t,ln‘ pn'cu.ding considerations, the equation 
,j r 1 1 holds for a,ll surfaces which can be formed by 


1 'I'hv snun* conclusion holds wiicn a cross-cut divides the surface into 
two distinct pieces. Kor, siinni a cross-cut which joins two different 
boundary-liiics never divhh^s t,h(‘, surface (§ 53, VTII.), a dividing cross- 
rut, e;m ’cither merely join t,wo points of the same boundary -line, or, 
Martiim; from om* bonndary-lino, mid in a point of its previous ^course. 
Ill both c'lse-; two honndarv-rnnu arc produced by it from one. (§ 53, X. 

,, J , CP,. See a, Iso Fig. -10 and Tig. 41, p. 100.) If these be traced 

i„ .uivession in tlu‘ positive* b()Uinlary-direction, the original boundary- 
p,,,,.ribrd oime, but the. cu-oss-cut twice in opposite ^ directions. 
( 'oiiMMinently the above eonsidtum, lions still hold. Therefore if L he the 
nuinher of eireiiite of t-lic ori,‘!,ina-l Toundary-lines, Li and Lo ITg numbers 
ii,,. t.wo boundary-lilies resulting from The cross-cut, we have 

(h \ = U q I- 


It. is (‘Videllt at. 
hi, uluhiry linos 
inoii, in whi'di 
(-aeli other and 


once that this formula. do(*s not lose its validity, if the two 
in, 111 t.lu' c.ross-cni have only one point in com- 
ease t.wo pi(‘ei‘S of the original boundary-line approach 
Ili'idr.-ss-nit, ,lr;,.\vu at 1,1, is plact is iafinitesinial iii length. 
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means of tlie cross-cuts discussed. For the formation of many 
kinds of surfaces (as, for instance, those represented in Eie- 
niann^s dissertation: “Lehrsatze aus der Analysis situs^^^ 
ti. s. Crelle's Jormi,, Bd. 54, S. 110, last example), it 
would be necessary still to consider the case in which a por- 
tion of the surface contiguous to an edge and containing a 
hrancli-point is to be removed by means of cross-cuts whicli 
wind round the branch-point ; in another place ^ it was shown 
that in this case also the above relation does not lose its 
validity. But wm cannot always affirm w^ith certainty tlaat 
everv surface, however bounded, could be produced by means 
of such cross-cuts, as long as tve do not know in advance tlie 
form of a particular given surface. Therefore we will in pref- 
erence add another proof for the genera,! validity of the above 


relation. 

This is based upon the property, that the boundary-line of 
a simply connected surface, extended in the plane and con- 
taining no branch-points, 
always makes but one cir- 
cuit, and that this also holds 
wdieii the surface has first 
been reduced to this siinpale 
connection by means of 
cross-cuts. For in the first 
place only one boundary -line 
can ever occur in sucli a 
surface (§ 53, IX.). But if we represent this as a movable 

thread, vm can show that it can always be deformed into a 

circle which is to be described once. For. since the boundary- 
line nowhere intersects itself, and also since its displacement 
is noAvhere prevented by a hranch-point, the deformation into 
a cdrcle could he made impossible only by the line somewhere 
forming a loop which could not be opened by enlarging. I hit 
if this be the case, the portions of the surface which are con- 
tiguous to the houndary-line where this forms the loop, and 
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i-‘Zur Analysis situs Kieinann’sclicr Flachen,” Ber. d. Wien. ^17cad.^ 
Bel. GO, Abth. II., Jannar 1874. See here Fig. 1. 
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Avhicli tlins pass one over the other, must later be connected 
with each other in their continuations be^mnd A and B 
(Fig. 51). If these portions ahAmys remain separated beyond 
A and B, the loop can be at once opened by enlarging. But if 
A and B be connected, we can, by drawing a cross-cut from a 
point of the loop, come from the one side of the same to the 
other beyond A and B, since these are connected; thus the 
cross-cut does not diAude the surface and this is multiply con- 
nected (§ 48, I.). xVccordingly eAmry loop AAdiich occurs in a 
sim])ly connected surface can always be opened, and the 
boundary-line therefore be deformed into a circle. If the 
latter be described in the direction of increasing angles, it 
forms a single positiAm circuit. 

Assume uoaa" an arbitrary Riemann surface extended OA'er 
a finite ])art of the plane, and let q, g, U haAm. for this their 
former meanings. Then — C7+1 is ahvays an integer (or 
zcu'o). The formula to be proAmd asserts that this number is 
oxa-ctly equal to q. We will now not presuppose this, but will 
assume 

g — L -f- 1 = (/ "T ^5 

and then proA'e that h must be zero. To this end we first 
remove', all branch-points from the surface, by enclosing each 
one in an actually closed line and remoAung from the surface 
th(‘ |)i('c.o so bounded Avhich contains the branch-point. Then the 
l;ist, rpnation still holds; for, as Avas preAUously sliOAvn, p. 227, 
for the rcunoval of a branch-point of the (771 — l)th order, q 
change's into ([ -f- 1, g into g ■ — hu -h 1? B into Tj 777., and hence 
q -U into — Therefore, if q change into q', into 

IP a,ft:er the removal of all the branch-points, Ave obtain, since 

(f iK’C.OIlKiS /.(il’O, 

_ ir + 1 = r/ + 7c. 

i,lui modification of tlie surface into one simply connected, 
r/' non-dividing cross-cuts are requisite. If these be drawn, q’ 
(diangos into q' — 1. for eacli one, and, by p. 229, TJ' at the same 
lime. into U’ + t- Consequently the preceding equation still 
holds. Hence if U' change into U" when the surface becomes 
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simply connected, and when therefore q’ becomes zero, we 
have 

But now this surface is not only simph- connected, but it no 
longer contains a branch-point; its boundary-line therefore 
makes but one circuit, i.e., L"" = +l, and consequently 
which was to be proved. 

Bor a simply connected surface (q = 0) the equation 
q~ cj — L +1 

changes into p + 1. 

Accordingly the proposition, which we found to be valid for 
a special case, § 13, holds generally : The number of circuits 
of the boundary-line of a simply connected surface is greater by 
unity than the number of simple branch-points in its interior. 
Yet it is well to notice that the validity of this relation, as 
well as of the more general one q = (j — -f- 1> depends upon 

the surface being extended in the plane. 

56 . We will noAv also examine such Iliemann surfaces as 
cannot be extended in a plane, inquire under what conditions 
their orders of connection are finite, and determine tliese orders 
more exactly. At the same time we f rst premise that the sur- 
face possesses only a linite number of sheets and l)ranch-}}oints, 
and assume that none of its boundary-lines pass through a 
branch-point. 

We begin Avith a closed surface, Avhich therefore possesses 
only one boundary-point a. We will (‘.all t.his a coraqjlele surface 
and designate it by IB. l>y § dl, the ndation 

Q^G~2{n-\) (1) 

holds for this surfaces, if G denote' the number of simple 
liraneli-points contained in it, u the number of its sheets, and 
Q the number of its cross-cuts. Accordingly, Q is a fiiite 
num'oer, it G- and u, be finite. Heiu'e our further investigations 
relate exc'liisively to the boumhuy-limss. 

The boundary-lines Avhich a.re to be introduced into a com- 
idete surface must be furnished by cuts drawn in the surface. 
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Either these do not divide the complete surface, or they divide 
it and remove from it single surface-pieces. Accordingly Ave 
distinguish tAVO kinds of boundary-lines. 

By hoicjiilary-line^i of the first kind ^ve understand such as do 
not remove a piece from a complete surface. They are there- 
fore characterized by the condition that in the new surface B 
two edges, Avhich belong either to different boundary-lines or 
to one and the same boundary-line, run everywhere infinitely 
near each other. If ^ve consider only the lines along tvliich 
the cuts are made, without regarding the edges furnished by 
them, these lines form a line-system, and the portions of the 
surface T itself which are contiguous to the two sides of each 
line belong wdth that line. 

Secondly, it may happen that, tvhen pieces are removed from 
W by the cuts introduced, so that gaps occur in T, the edges 
belonging to the boundary-lines Avhich are furnished by the 
cuts, likewise run for considerable distances infinitely near 
one another in isolated places. We will, however, lay partic- 
ular stress on those boundary-lines in connection with which 
this is not the case, and call them by the distinctive name 
of the second kind.-. Consec][uently a boundaiv- 
liiic of the second kind is formed by a closed line, and every- 
wluu’O on one side of this hue there borders a portion of the 
surraco belonging to T, while on the other side a gap occurs. 
Thus in connection with a boundary-line of the second kind 
two ('.(lgc‘,s never run infinitely near each other for any dis- 
^ on the contrary, when in connection wdth boundarv- 
liiK's wliicdi divide the surface twm edges do so run, a boun- 
(hiry-liuci of tlie first kind is connected Avith a boundary-line 
of tlie scM'Oud kind. If the boundaiw-lines of the second kind 
l)(‘ eomuMved in this wmy, each boundary-line is either of the 
first or of the second kind, or it is a combination of the tAA'o. 

Wo will noAA' show that every surface T, AAdiich possesses 
arbitrary boiindary-lines, can be obtained from an appropriate 


> I’lio case ill Avliich edges, Avhicli belong to boundary-lines of the second 
kind, come iidinitcly near one anotlier at isolated points aauU be considered 
later. 
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complete surface by means of cuts. Let us first assume that 
T contains only boundary-lines of tlie second kind. In tliis case 
it can first be made into a complete surface W by the addition 
of surface-pieces and then be obtained again from this sur- 
face by means of cuts. This is at once evidenfi if each one of 
the boundary-lines which enclose the gaps run entirely in one 
and the same sheet. If, on the other hand, a boundary-line run 
in several sheets, we assume that the sujDpleDuentary piece B 
consists of the same sheets, by imagining each sheet extended 
beyond the edge. In a place where the boundary-line passes 
from one sheet into another, a branch-cut must occur, or be 
capable of being assumed, in 21 At such a place we extend the 
branch-cut into J5, let it end in B at a branch-point, and assume 
that the connection of the sheets at this point in 2? is just as it 
actually occurs in 21 This can be effected in every place where 
it is necessary independently of every other place, and depends 
only upon the particular connection of the sheets in 2^ for each 
branch-cut. If a gaj) be bounded by several boundary-lines, 
the same method of procedure is followed for each. We 
thereby obtain a surface B everywhere contiguous to the 
boundary-lines, which contains no gaps, and which is also 
completely bounded by these boundary-lines, since the latter 
bound completely the gaps. 

If any surface T, which possesses arbitrary boundary-lines, 
be under discussion, we imagine all boundary-lines of the first 
kind removed, by regarding the lines along which they run as 
not drawn. We then supplement the surface, in the manner 
outlined above, into a complete surface and cut from this first 
the boundary-lines of the second kind. This done, it is at once 
evident that the boundary-lines of the first kind, wlndhoi* tlu^y 
occur alone or in connection with those of the second kind, can 
be cut in the surface. 

Thus we can always regard a given surface T as one formed 
from a complete surface IF by means of cuts. Let tlu'. number 
of surface-pieces B removed from IF by boundary-lines of the 
second kind be ,s*. All cuts made in IF run along ceilain lines. 
We Avill now suppose these lines to be drawn in TF; then they 
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all together form a line-system. It is not necessary for all the 
lines of this system to be connected. We will assume that it 
consists of r distinct systems I.,, •••, Z,. Each Z forms a 
connected line-system complete in itself, but it may at the 
same time contain seYeral boundary-lines. Let us assume 
the boundary-point a, whicb is to be assigned to IE, on one of 
the systems Z, and let a boundary-point be also taken on each 
of the r — 1 other systems. Then all the systems are exactly 
alikt'- in this respect, — that each one is connected with a 
boundary-point. We therefore need to examine more closely 
oidy one of these systems; w^e will designate it indefinitely by 
Z, and the boundary-point on it by a. 

Since Ij is by itself wholly connected, and hence, wfith an 
exception to be mentioned immediately, contains no simply 
closed lim^s, it (‘an be decomposed into simple line-segments 
(§ 50). (The exception referred to occurs whenZ consists of 
a single sini])ly closed line, which therefore begins at a point a 
and also ends at that point; but in that case Z forms one cross- 
c.ut.) I r we denote, as in § oO, the numbers of end- and nodal- 
■{)oints (u)ntaln(Ml in L by e, Zj, 7^, Z,, •••, then, by §50, Z 
consists of 

•?; (e -f- 7^3 -f- 2 7^4 -f- 3 7c- -h * * *) 
sini])h‘ lin(',-s(\gnieuts ; or of 

+ K) 

simple, liiK'.-segments, if for brevity we let 
7o. + 2 7t4 + 3 7c;W*- 

A siniph', liiuvsegment is a cross-cut, if both of its end-points 
li(‘ on a.n (ulg(i: but it‘ one end-point lie in the interior of the 
siirravc, th(‘ siinpl(‘, line-segment is a slit (§ 53, II.). Hence 
ih(‘. syst(‘ni L in gcmeral consists partly of cross-cuts, partly of 
slii^s." Ihit th(‘ latter need not be considered, because a slit, 
which h(*gins at the edge and ends in the interior, can never 
divi(l(‘. th(‘, siirbu'C and does not change the order of connection 
(§ 53, II.); its (dTect, on the contrary, consists only in extend- 
ing a, hoiimhiry-line which already exists. Hence it is impor- 
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tant to determine the number p of cross-cuts contained in L. 
To that end we remark that the line-system according to 
Lippichh proposition, can in fact be regarded as a system of 
cross-cuts, but only wdien conditions (1) and (2) of § 51 are 
fulfilled. This is not the case if the end-points of L lie in the 
interior of the surface. We can, however, remove these by 
cutting off every line-segment wdiich contains such a point at 
the nodal-point nearest to it. Then the system which remains, 
since it satisfies conditions (1) and (2), consists of only a delinite 
number p of cross-cuts : but the line-segments cut off become 
slits. We wull now always place the boundary -point a, Avhich 
can indeed be arbitrarily assumed, either at an end-point of 
at an ordinary point. If a be an end-point, only c — 1 line- 
segments are to be cut off, since a, as a boundary-point, need 
not be removed. To find p, therefore, tve must deduct from 
the number -^-(e -|- K) of all the simple line-segments the 
number e — 1 of segments which are not cross-cuts, and we 
thereby obtain 

F = -Ke h ~ 1)= 1(71- c) -f- 1. 

We obtain the same value if a be an ordinary point. Then all 
the e end-points must be removed : but now', in order to decom- 
pose the system which remains into cross-cuts, since all the 
line-segments which end at a must be regarded as ])Ossessing 
end-points at that place, we must, according to the disc'.ussion 
of § 51, count a as two end-points in addition. Thus the whole 
number of simple line-segments is now' 

i(2 + e + K), 

and therefore 

p ^(2 h c -b W) - c e) h 1, 

as before: and this relation is also valid for the exceptional 
case mentioned above. 

Consequently each of the r line-systems L contains 


i(77_ e) h 1 
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(M’oss-cvitSj and tlieiefore tliey all in tlie aggregate contain 

cross-cuts. 

1 r now refer the letters e, and K to the end- 

and. iiodal-poiiits of the entire line-system formed by all the 
bouiuhiry-liues; that is, if we write e and K instead of and 
we obtain for the number ^3 of cross-cuts which are formed 
by all th(i boundary-lhies the value 

■p == - 6) + r. (2) 

Somc‘. of tlutso (U'oss-cuts divide the surface; others do not 
dividi*- it. According to the assumption s surface-pieces B 
wauM' r(‘. moved from W] thus, including the piece T which 
nMimins, W is divided into ^ + 1 pieces. Hence s is the num- 
b(‘r of dividing (U'oss-cuts, because no cross-cut can divide a 
surfac.e. iid.o mor(‘, than two pieces, and none can cross another. 
(('!’. § 4S, V.) If, moreover, we denote by v the number of 
non-dividing c.ross-cuits, we have 


V -f ,s = I (7i — e) -f r. 

( 3 ) 

Now by (1) the rehition 


Q=a~2{n-1) 

0) 


l,,dd for th(‘ surrac(‘ Th; but r — 1 boundary-points were re- 
inoV(‘d Croni llA and th(U‘orore Q must be increased by r — 1. 
ddds (V } <‘oan(‘c,ted surface has now been divided by 

v- 1 .s cross-cuts into .s -f- 1 pieces; accordingly the proposition 
proved ill § od, VI. can be apiplied. If we denote by q the 
of cross-cuts for and by the numbms 

l’,,r the .S’ snrfae.c-])i('cn.s P> which were removed, then by VL, 

< h.d, W(‘ llUA'C, 

q + =v + (l^ 0 ) 

l-'i’iiii] this .‘<inat,i(in and (.5) we obtain 

(! (J -- 1 -- ■, ( Iv - ( ) — + < 5 . 
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We can find from this formula when g is a finite number. 
For, since Q, and by YI., § 53, also every g,/, is finite, g remains 
finite if 6', K, e be finite, i.e., if the boundary-lines form a finite 
line-system (in the sense of § 50). 

If T possess only boundary-lines of the first kind, we can 
quite generally determine the number of its cross-cuts. For 
in this case the cross-cuts contained in the boundary-lines 
are all non-dividing, and therefore Q is first to be increased by 
r— 1, and then to be diminished by the number p of cross-cuts 
which are contained in the boundary-lines. But the slits, 
which can, moreover, only enter as boundary-lines of the first 
kind, or as parts of such lines, do not change the order of the 
surface. We therefore have 

q=:Q fir-1 -p, 

or by (4) q G — 2 n fi 1 fi r — p 

and finally by (2) q — g — 2n -F 1 — I (K— e), (6) 

if at the same time the number of sim])lc branch-points con- 
tained in Tj which in this case is equal to (f be again denoted 
by g- 

But if T also possess boundary-lines of the second kind, we 
will, in order to obtain a defiiiifi^ (iX])n^ssiou for g, make a 
limiting hypothesis; namely, that all the surf ace- j)ieces B 
which are removed can be extended in phones. ^ 

For this surface the relation 

g = g — U-\- 1 

of § 55 can be applied. If we denote numbers of simple 
branch-points contained in the snrfa(‘.e,-pi(U'(',s I> by yf gf 
gb, we have 

^ = r/ -h -.d//- (T) 


1 IE a complete surface, say a llinmum inany-slutetcd spherical sur- 
face, be resolved by any cuts wiiatever iiit.o two distiiud. ])i(uu;s, it is quite 
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If, further, [J, be the number of circuits of the boundary-lines 
in ()n(‘ of the pieces B, then for this piece 

Ifi — 9h + 1 * 

Tliertd'on', if we let F= ^Uf,, 

we. obi.aiii lor tlie aggregate of surface-pieces B 




I( wt‘. Hu])t.ra,ct tills equation from (4) and attend to (7), 
obtain 


Q-^q,^ = g-2n + 2JrV-S‘ 


we 


and siiKui from 
it, follows that, 


(•'5) 

<3 — 2$/ = 9 + V - r + 1, 


q = g~~ 27 i-\- 2 'i~V— s 


= f/ — 2 n -b 1 — (v H- s — r) + F, 

and finally l)y (<‘>) 

7 =r/-2n + l-4(7r-e)-l-F (8) 

If tliore b(‘ no I loiindary-lines of the second kind, and hence 
if r ' 0, Miis formula reduces to (6). 

d’li(* ('ircMiits I'"" of the boundary-lines of the second kind are, 
a‘‘(’(»r<lin:.’' to ( In*, prcicuding, to be counted in the pieces B Avhich 
;ir<‘ romovo(b and in. the way specified in § do, namely: Each 
b<Mindarydiiu‘ is to ])(‘. so described that the piece B lies on the 
left ; and aibn* /> is ('x tended in a plane, each circuit is to be 
ctniiib'd as posit/ive or negative, according as it is described 
in tho direction of ine.r(xi.siug or of decreasing angles. 

W(* liavr yot, t,() ('.all attention to a special condition. It may 
lmpj)mi 1 hath )()iin{hiry-])ieees, -which belong either to different 
boundary linos of the second kind or to one such line, meet 
in .uii.'di* points >V. In such cases different conceptions are 
p(.,.,'.iblo, both in r(*ga,.rd to how a boundary-line shall be con- 
tinued beyond a, ))oint jS, and also in regard to the connection 
(vf the siirfaec-q )i('.e(^s contiguous to S. 'Sow formula (8) re- 
mains always vndid, if we hold a conception once chosen. Yet. 
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ill order to remove all difficulties -wliicli may thereby occur^ 
and ill order to have something definite, we will assume that, 
Avhen two boundary-pieces which belong to boundary-lines of 
the second kind meet in a point they are connected by an 
infinitely small cross-cut, he., by an infinitely small boundary- 
line of the first kind. The advantage is thereby secured, that 
every boundary-line of the second kind without exception, if 
it be considered by itself, that is, apart from boundary-lines 
of the first kind which may possibly meet it, forms a simply 
closed line. 

Tormula (6) holds quite generally for surfaces which contain 
only boundary-lines of the first kind. Formula (8) on tlie 
other hand, for surfaces which possess both kinds of boundary- 
lines or only those of the second kind, holds only under the 
condition that the surface-piecies which arc removed can be 
extended in planes. But if this condition be satisfied, then 
(8) remains equally valid, whether or not T itself can be ex- 
tended in a plane. We will enqduisize a case in which T can 
be so extended, and in which then formula (8) can be again 
reduced to the simple relation (j — y — U -\-l. If we assume 
that the complete surface \V is elosiul at infinity, and if the 
case occur in which all the v points at infinity have been 
removed from T by means of boundary-limm of the second 
kind, which together make ii, c.irc.uits, tlum T ea.n bo extended 
in a plane. ^ If this case oexuir, the. outcu- boundary-lines iiuike 
n circuits, and the other V ~ a c.i remits arise from the innen* 
boundary-lines. Tlu^ latter will, ac.(*.ording to the hypothesis, 
he so described that the picec'.s B which a,.re rcmioved lie on 
the leit, and T therefore on the right. Hut if we ]i’('vau'se the 
direction of descrijhhon, in order to est.a.blish a, gain the ciistoin- 
ary hy])orhesis that T lies on the hd't, (cich circaiit at the saaii(‘ 
time changes its sigai, a,nd (‘.ons(a]uently 

>i~V 

1 This is perhaps the only case*, in which T itself and also the piemes 
which were reniovcMl can he ('xuaidcd in ])lan(\s ; hut it may Itc' ktr, un- 
decided whether this cannot occur in still other cases. 
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is the number of positive circuits for these boundary-lines. 
But the case is diherent with the outer circuits. Bor a posi- 
tive circuit (in the direction of increasing angles), in a piece 
Avhich is removed and which contains a point at infinity, forms 
a negative circuit in T when that surface is extended in a plane. 
Therefore, if we also reverse here the circuit-direction, it re- 
mains a positive circuit. Thus the outer boundary-lines make 
n positive circuits, tire inner boundary-lines n — V such cir- 
cuits, and consequently the boundary-lines of the second kind 
contribute 2n--V (9) 

to U. 

This value is increased by -|- 1 by every cross-cut, for boun- 
dary-lines of the first kind (p. 229), while every slit leaves it 
unchanged; for a change of direction equal to tt occurs at 
one end of a slit, and a change equal to — tt at the other. 
To determine the number of cross-cuts, which are contained 
oidy in boundary-lines of the first kind, we vdll divide these 
into two classes; let the first class include those which are 
(connected with boundary-lines of the second kind, the second 
class all the others. The values of e and K which refer to 
tlie.se two classes may be denoted by Ci and Ki, and eo and Ah 
res[)ectively ; then 

Cx At ^2 — "b -^2 — 

'Let us keep in mind, in reference to the first class, that 
wlam the sections discussed in § 50 are made in a line-system, 
the number of simple line-segments arising is always the same ; 

iiey + IQ, 

even wliou the sections are so effected that simply closed lines 
arisi',. Ifeiice we can so direct the sections in the line-sj'stem 
under (lis(;ussioii that all the bonndary-lines of the second kind 
contained in it bec.oine simply closed lines. Then the bormdary- 
liiics ol' the lirst kind which are left form l(ei + Ai) simple 
luuuse-numts, and of these, since all the end-points lie in 
the. interior, _ e^) 

are non-dividing cross-cuts. 
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The second cUes of honnacy-lme. of the first kind, is those 

The secon boundary-lmes of tlie second kind, 

«1.m ° distinct s,ste»s. If n ton.dnry-point be .ssn.ned 
on eaoh of the letter, they form by 0) 

i(K.2 - e«) + P 

non-dividing cross-cnts. Since, hoyever, every boundary-point 
represents a negative circuit, they furnish 

- P -f ~ 

r'nnqpniientlv the number 2n— F found 

onder (d) is to ‘t “ .«d ty K-ff. - C) f «- 

ISIT We Ls oburn, with nttentro. to (10), the ehlrre 

U=2n-V+-KK-^) 

n TT nf nositive circuits made by the aggregate 

rfb^ry-lLs ; by meens of this relation (8) rs r.d.reed to 

q z=z g — U + 

I-rom the resnlts of this perastaph we can now enunciate 

tlie proposition : 

It— £::s. 

of sheets ^ DO), can he modified into 

f d ~:f<» d./ — 0/ d "-d- »/ 

cross-cuts. 

<=,n AVe vill now conclude these investigations iiy making 
57. VVe via ui fh„ ,h>irnnhiutioii of the relutie>7t 

another application, namely, p„,, 

y,Mch exists beticeen the numlun of u»nns, ,uj , 
an arhilrary body bounded by plane surfaees 

If .ve denote these niiinbcrs in order bye, h, and/, then, 

according to a proposition by Euler, 

e _/,:+/= 2. 0) 

IF. Lippich, “Zur Theorie dcr Polyeder,” HUz.-Ber. d. Wien. Aluid., 

Bd. 84, Abtli. II., Juni-Holt, 1881. 
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But this relation does not hold for every arbitrai-iiy formed 
body with plane faces ; on the 
contrary, a number which de- 
pends upon the order of con- 
nection both of the aggregate 
of surfaces, and also of the 
individual lateral faces, must 
in general be added to the 
right side. For instance, the 
Eulerian relation does not 
hold for the body represented 
in Fig. o2, in which a smaller 
parallelepiped so rests upon 
a laiger that the face of the smaller covers a portion of the 
inteiioi of a face of the larger. W'e can at once convince our- 
selves of this by an enumeration. For in this case e=16, 
Ic = 24, /= 11 ; therefore 



e — Ic /*= 3, and not 2, 

as the Eulerian relation requires. In like manner this relation 
docs not always hold if there be a cavity in the body, or if it 
be closed after the manner of a ring. 

We will now assume that the aggregate of surfaces of the 
body is (g + l)-ply connected ; that therefore q cross-cuts 
modify it into a simply connected surface. Since this surface 
is closed, we must, by § 46,, assume a boundary-point. Let this 
be denoted by a, and be situated on an edge (Fig. 52), Xow 
the edges form a line-system in the surfaces of the body. This 
can either be wholly connected or consist of distinct parts. 
Let the number of such parts be n, where n can also be equal 
to unity. This line-system could, by § 51, have been regarded 
as a system oi cross-cuts, if it had satisfied conditions (1) and 
(2), given in that paragraph. Condition (1) is indeed satisfied, 
since the lines possess no end-points in the interior of the sur- 
face ; but not (2), since, in case n be not equal to unity, the 
lines are not all connected with the boundary-point a. Never- 
theless we can cause this condition to be satisfied, by also 
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assuming one boundary-point on an edge belonging to eacli of 
tlie otlier n — 1 parts of tlie system of edges, just as tlie 
boundary-point a was assumed in one of those parts. Let 
these points be denoted by aj, a,>, •••, (In Lig. 52 it is 

necessary to assume only one such point, 4hen tlie sur- 

face possesses n boundary-points, and every line is connected 
ovith some one boundary-point; consequently condition (2) is 
satistied. Therefore, by § 53, the line-system whicli consists 
of the edges, now forms a system of cross-cuts, quite dednite 
in number ; let this number be 

But now, after n — 1 new boundary-xioints are taken out of 
the surface, its order of connection is Bicreased by n~l. 
Thus q-T n — 1 cross-cuts are necessary to chaitge it into a 
simply connected surface. If we imagine the surface to be 
cut through along the edges, Avhich form .s cross-cuts, we 
resolve it into distinct p)icces; namely, into the individual 
hounding-faces of the body, the number of Avhich was /. 
These are not, in general, all simply connected. (In Tig. 52 
one was not, namely, that one upon which tlic smaller body 
rests.) If we denote by p the total number of cross-cuts 
which are necessary to make all the bounding-fact^s simply 
connected, and if tve add these cross-cuts, none of which 
dWides a face, tve again obtain / distinct pieces; tlusso pieces 
are notv, however, all simply connected. Consecpieutly Ave 
have: The h n)-ply connected aggregate of surfaces of 
the body, after the removal of the n — 1 boundary-points, is 
resolved by cross-cuts into / distinct pieces, each of 

Avhich is by itself simply connected. 

But now, on the other hand, Ace can first change^, tlui same 
surfaces into one simply connected surface ])y numns of 
p m u. — 1 cross-cuts, and then rc'solve tJiis suihuu* into f 
distinct pieces by means of /—I additional cross-c.uts. The 
former surface is therefore also resolvable into f distinct 
pieces, each by itself simply connected, by means of 

(p -f n — 1) -j- (/ — 1) 
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cross-cuts. Consequently, according to Eiemann’s fundamental 
proposition, 

(g + »i--l) + (/-i) = s+p, 

or n — s f =2 p — q. (2) 

The mnnber n~ s ^vhich appears in this formula can be 
expressed in terms of the numbers e and Iz of corners and 
edges. For at every corner at least three edges meet, and 
hence each corner forms a nodal-point of the line-system 
which consists of tliese edges ; and if we denote by C4, 
er^, ••• the numbers of corners in which 3, 4, 5, ••• edges meet, 
we have 

e = C3 -j- 64 -f- 6^ -g .... 


If, further, we count all the edges which meet in the indi- 
vidual corners, we obtain double the number of all the edges, 
since every edge is counted twice. Hence 

2 = 3 C3 -f- 4 64 -f- o 65 d- * * •. 

If we now wish to resolve the system of edges into the 
,s‘ cross-cuts of whicK it consists, we must make the sections 
discussed in § 50 ; then the cross-cuts appear as s simple 
line-segments, the number of which is half as great as the 
]inml)er of their end-points. Therein, by § 51, each of the n 
]U)ints a, 0,4, cu, •••, must be regarded as forming two end- 
]K)ints. Since, in addition, each corner in which li edges meet, 
as an /i-ple nodal-point, furnishes li — 2 end-points, we obtain 

2 s = 2 u -j- C3 -f- 2 64 -j- 3 65 -j- • • • . 


If the preceding expression for 2h be subtracted from this. 
\v'(^ get 

2 s - 2 7c = 2 n - 2(e., + ei+e^+---) 

= 2 n - 2 e ; 


(',()ns(‘(]uently 
and from (2) 


n — 8 — e — h, 
e - & -f/= 2 +_p - g. 


( 3 ) 
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This is the desired relation. In the general case, therefore, 
the number p — q is added to the number 2 on the right side 
of the Eulerian relation (1) ; in this q is the number of cross- 
cuts necessary to modify the aggregate of surfaces into a simply 
connected surface, and p the number necessary to that end in 
all the individual boaiidary-faces. 

The Eulerian relation therefore holds only when p — q. Tn 
an ordinary polyedron, everywhere convex, this is in fact the 
■case, because thenp = </ = 0. Eor some special cases, and the 
way in which the numbers e, A:, / must be counted in order 
that e(piation (3) may remain valid, we refer to the dissertation 
•cited above. 


SECTION X. 

MODUrn OF J*KHI()I)I(nTY.^ 

58 . Let f(z) denote an a.rbitrary dqehraic. function. Let us 
conceiv(‘. a-s tlio region of tlu^ variable rc; a snrfa,(*.(5 ennsisting 
of as many sheets and c.ontuiining such bra.ne.h-])oints as the 
nature of this function jXz) re(|uir(,‘s. W(^ will surround with 
small c1os(m1 liiu’.s tin*, ])oints of disc-ontinuity of this function 
and thus e.xchude th(nii. W(‘, will assume, provisioimlly that 
all th(' [)oints of disc.ontinuiiy ar(‘ (uudostal in this \va.y, but w('. 
shall very soon s(‘c that (*(‘rta.in kinds of point, s of discontinuity 
n(‘(*d not 1)0 f^xcliKhaL W(‘ will c.all tin*, surhua^ so fornual T. 
Idiis now })oss(‘ss(‘s a iiuit,(‘ onhu' of coniuadlon, a.nd ca.n tluua^- 
for(^, if it ])(^ niult,iply (U)nn(‘c.t,(Ml, b(‘ mo(lili(al int,o a, simply 
c.ouiu'ct(‘d surfa-c.e. by m(mns of a, linit,(‘. nuinhiu* of cross-c'ut.s. 
hor, siiic(' tlu* function in (pu'stion is a,n alg(‘bralc oik*, this is, 
by § dt. at all eve.nts tin* case* b(‘for(* t.lu* (‘xclusion of tlu* 
point, s of discontinuity. Ihit sinc(‘. a.n alg<l)raic function ])os- 
s(‘.ssf‘s only a, linit(* numbiu* of ])oint,s of discontinuity (§ MS), 

^ 'riu* s])(‘cial iiivcsti.iA’Jit.ioii of l.hc I(>,u:ariMimic and cxpoiKSiilal fiiiKdlons 
< 2 :iv(‘n in § 2'i and § 2d may s(‘rvi‘ as ilhistrat.ions of tlu* .ua-iicral (’onsidcra- 
tioiis conta,incd in this .section. Other (‘,Kamph‘,s will lu*. found in § 01. 
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1 hercron* l)y t lH‘ (‘xc.lusioii ot* tliese points only a finite number 
of in‘\v lK)nii(lnry-lin(‘s are added; accordingly by § 56 tlie 
ordtu- oi‘ comieei.ion also remains finite after the exclusion of 
tht‘ points oi discontinuity. Consecpientlyj if the surface T 
be multiply eonnectt‘d, wui will modify it into a simply con- 
nect imI surl’aee by iiu'iins of cross-cuts, and designate the new 
^an•^;^l•e by 7*'. 'VUvn ev(‘ry closed line in T’ forms the com- 
plet<‘ boundary of a portion of tbe surface, in wliicli f(z) is 
finite aitil continuous, lltuua^., if the function defined by the 
iutepa'al 



be formed by integratlmg from a,n arbitraiy fixed initial point 
U, to a point along a.n arbitrary path which lies wholly 
within 7 ", then any tavo such paths together make a closed 
Hm*, and this line bounds c.ompbduly a portion of the surface 
in which j'r.) i;* every vvluua*- c-ontinuous; therefore acquires 
alou'f all such paths, on(‘, and the same value (§ 18 ). 

( 'nu opmuitlv /e u\ a. function of the upp(U’ limit z, and remains 
5;n;birm e-.crv where' within 7 h' 

: 'l h»’ e:i ,r in two patlis taken together form a closed line which 

j..*, 1 • iC . it ••it I . no ('\e.e]>iion to tln‘- abov(n For we can always resolve 
;i hu' nU*‘ N'Woral Niniply e.losiul liiu's. (Fd. Fig. oil.) dlio resolu- 
I (in' t'd in llio followin,!,': way : 

\Vh*je'Oi. in tj-aciic’: the line from 
ii;; .;i (•:!:. iM j'^'int , , , wr liavf n'l.ui'iicd 
1,, p -n;t .i!i‘;id\ ••n<’«* i)a:::'.ed (e.y., 

,, . unn h;is(* fuuM-d a, .simply 

hu' f c , •tlx'ihf', WM* si'parat.ci c 
p, -.1 j. .od tli>- port wliii'li follows 
, .1, :i . \ hr rrnt innnt ion of the. 

, '-.h'-h ]irrerdrd the pa.rt 

. ; ;; ,,r,,p ii {ju . iip'dr of ]»ro('e(liin‘. 
i . J.. ..f . d .1 rttrll :i llir SaiUt' COH- 

All . . Il.rjr i- (innlly left a, 

\\iA id' v.j r . imply rln.fd ; and in Pk;, 58 . 

, . . f 'iv, li Inn- is rr.-;olv<*d int.o 

. p, rh. r<l iimv:. { In th(‘ tigurc the linos which are separated 

.tad -e/Ac, aud that which is hd't is z^^aeifhMz^.) The above 
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But the case is different when we consiaer the function lo 
in the surface T, and when therefore we let the path of inte- 
gration cross the cross-cuts. In order to examine tliis^ we 
will first direct our attention to the case in which no cross-cut 

is divided into segments by a sub- 
sequent one which starts from it. 
hTow both edges of each cross-cut 
belong to the boundary of T) so 
that these are connected^ and we 
can draw a closed line b, running 
entirely in the interior of T', which 
leads from one edge of tlie cross- 
cut to the other edge of the same. 
Let and % (Fig. 54) be ttvo 
points lying infinitely near each 
other on opposite sides of the 
cross-cut. We will now inquire whether 

ic = ( 

when the paths of integration still run entirely in T', acquires 
at Zi and values that are equal (accurately speaking, differ- 
ent by an infinitesimal quantity) or different. But if wm 
denote the values of ic at and ;^2 by tci and tco respectively, 
■\re have 

%)dz 

the hrst integral to be taken along an arbitrary patli running 
in T\ the second along a closed line h leading from rq to 
within T. Thus 



integral, extended along the simply closed hues, is now equal to zero, and 
there lore it is also zero taken along the given line, since this integr;il 
is equal to the sum of the loreceding. Then, if the given path be formed 
by two paths leading from Zq to rj, the integral has the same value along 
both paths (§ 18). 
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Hen(',(^ and 1^2 liave the same or different values according 
as the integTal 

jife) dz, 

ext('n(l(Ml a, long the closed line b, is zero, or has a value A dif- 
fercnit from zero. In the first case iv remains continuous on 
crossing the c.ross-cut : in the latter case lu springs abruptly from 
1,0 v/n = ?./;i+^4, and is therefore discontinuous. But this 
abrupt (luinge is the same at all places of the same cross-cut, 
l)(S‘aiis(‘. tli(*. value of the integral does not change, if we enlarge 
or ('oiitra.(‘.t the closed line h in such a way that it begins and 
ends at two otluir infinitely near points on opposite sides of 
ib(‘, sa,m(^ x*-ross-cut (§ 19). This quantity A, v-hich is thus 
roN.^tdiit a-long the entire cross-cut, and by which the function- 
valiums on oium side of the cross-cut exceed those on the other, 
is ca,ll(‘d Hum of periodicity corresponding to this cross- 

cait.. Tlum casim is exactly similar for every cross-cut, because 
iavo (‘(Igims o{' each one are connected, and therefore a closed 
liium ca.n Ixm dra,wn from a point on one side to an infinitely 
luair point; on i.lie other side through the interior of T. Thus 
to (‘V(‘ry (U“oss-cut corresj)onds a modulus of periodicity, which 
remains (monstn-nt for one and the same cross-cut (yet always 
undm* the hypotlu'sis that no cross-cut is divided into segments 
by a. subsimipumiit oium). But if we now assume that the function 
ir proc(*c(ls cout.l mionAy in T also, and hence also over the 
('I'oss-eiiti, it a,(*,(pi i r(‘s at on the path which crosses 

th(‘ cross-(uit,, a, vabum greater by the modulus of periodicity 
than tilu‘ valium a.e(|uir('-(l on the path vhich does not cross 
the cross-cut. hor in th(m former case the value of w at Zi is 
rc'cardcd as the uninterrupted continuation of tCo, while on the 
second i)a,Ui c: a,(',(piir(‘s the value 'c;,, and 

?/;o = Wi 4- A. 

d'lici’o oci'urs liei’(‘ a, ('oiulitiou similar to that vhich ve found 
1,0 (‘\isl. in the (sisim ol ])ra,nc.h-(nLts (cf. § 1'"^); and as long as the 
surluiM* 7^ consist, s ol only a, single sheet, we can also regard 
eviU'Y cross-cut a,s actually a branch-cut, over wdrich the surface 
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continues into aiiotlier slieet. But we must tlien su^^pose tliat 
infinitely many sheets lie one below another, since, for every 
new passage of the cross-cut, the value of the function lu is 
increased by A, and the original value never occurs again. 
If the surface T itself already consist of several sheets, that 
mode of representation would indeed be possible, but yet it 
would be too complicated, and hence would oiler no real 
advantage. 

The sign of A changes if the closed line h be described in 
the opposite direction ; but we will always so assume the 
modulus of periodicity that it is equal to the integral taken 
along the closed line h in the direction of increasing angles. 

If we now conceive all possible paths which legd from an 
initial point to an arbitrary point z through the interior of 
T, then these paths can either cross none of the cross-cuts or 
intersect one or more cross-cuts one or more times. Hence w 
can acquire at one and the same point very different values, 
according to the nature of this path, and it is therefore a 



multiform function of the upper limit of the integral. But 
since this diversity of values of ?r at the point 2; is due solely 
to the passages over the cross-cuts, these different values can 
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differ from one another only by multiples of the moduli of 
periodicity. Hence, if Ho, H3, ••• denote the moduli of 
periodicity for the single cross-cuts, n^, ^3, ••• positive or nega- 
tive integers, and lo and iv' Uvo different values of tv at the 
point 2^, then 

ic ' = to -f + OuAo -f 713^3 -| . 

An example may make this clear. Pig. 55 represents a 
triply connected surface •, let the cross-cuts be ab and cd, and 
let the moduli of periodicity for the same be A^ and A, re- 
spectively, so taken that the passage from one side of the 
cross-cut to the other side along a closed line is made in the 
direction of increasing angles. If we designate the value 
acquired b}" the function tv on a path by adding the path in 
brackets to the letter w, we have 

tv(z^)ez) =: 7 c(:^o^) -r -^2, 
tv(zjgz) = w(z^z) — Hi -f Ho, 
tv(zjiz) = ic(Z(^) + Hi. 

Prom this it is evident that the function defined by the 
integral 

iv=jy{z)dz 

possesses a multiformity of a quite peculiar kind ; namely, that 
the diiferent values which it can acquire for the same value of 
2; differ from one another only by multiples of constant quanti- 
tiim. If we now take the inverse function, i.e., if we regard ^ 
as a function of tv, then this is a periodic function, since it 
rcniiains umdianged when we increase or diminish the argument 
by arbitrary inultiples of the moduli of periodicity, ht this 
alsci the. name modAas of periodicUy is justified, since we can 
say, analogously to the language of the theory of numbers, that 
2: acupiircs equal values for such values of tv as are congruent 
witli one anotlier to a modulus of periodicity, ?.e., as have a 
difhmmce equal to a multiple of the modulus of periodiciH . 

59 We have hitheito assumed that the cross-cuts are so 
drawn that no one of them is divided into segments by a subse- 
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quent cross-cut which starts from it. But if one be so divided, 
as for instance in Big. o6, where the one cross-cut ad is divided 
by the second ce into the two segments ac and cd, the nioclulus 
of periodicity of the one segment ac may possibly differ 
from that B 2 of the other segment cd. Bor Bi is equal to the 
integral J'f(z)dz taken along the line bi, Bo is equal to the same 

integral taken along bo. If these integrals have different valuesj 
then the moduli of periodicity Bi and Bo are different. Thus 



the modulus of periodicity does not now remain constant along 
an entire cross-cut, but only from one node of the net oJ‘ cuts 
to the next. But now a modulus of periodicity 7B corresponds 
to the cross-cut ce, and hence there are three moduli of ])(n*i()- 
dicity, notwithstanding that only two cross-cuts are mau'ssiuy 
to modify our surface into a simply connected su]‘fa,c-e. B)ut in 
such a case there always exist relations between tlui singh' 
moduli of periodicity. In our example the integral taken along 
bo is equal to the sum of the integrals taken along dj and /o 
(§ 19k and hence 

B, = B,^B2-, 

thus we have in fact only two moduli of periodicity which are 
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indepeiuknit of each other, i.e., just as many as there are cross- 
(Ults. 

11 (.)W ill P^oiieral tliat there are always only as many 
moduli (){ |)(uu()(li(uty iiulependent of one another as there are 
(Toss-ciits, we observe that the cross-cuts in most eases can be 
drawn in vaalous ways. Ihit there is always one mode of 
rosolution in wliieh no cross-cut is divided into segments by a 
subse(|U(‘nt, (U'oss-c.iit. This is alwaiys ehected by beginning 
every eross-eiit at, a, [loint of the original boundary and also 
(uiding it, at, smdi a, ])oint. ff the surface be closed and hence 
possess only a. singh^ boundary-point (§ 40), tve have only to 
bi'gin and (Uid t‘a,(di cross-cut at this ])oint. 

Now l(‘t, an (// -f I )-ply (‘onnected surface first be so resolved 
into a simply (‘onnec.tml surface by means of n cross-cuts that 
tliereby no e.ross-emt is divided into segments by another : we 
t hen iia.v(‘, lor t.liis inod(‘. of resolution, exactly as many moduli 
of periodi(uty a.s (u-oss-caits. L(d', tlu'nc be 

-In A,, A. 

N<''d lei th(' sa.ine snihic.e he I’ltsolvcd in another arbitrary tvay. 
'I'lnu’eliN tli(‘ single e.ross-e.uts are divided into segments with 
diifereiit moduli ol’ p('riodieil,y, and the number of the hitter is 
"'I’lCit er than ii ; let, t,h(‘sc l)(‘. 

/>,, />b, •••, 7)h > 'c,). 

Now let t.he va,riabh‘- rj d(‘.scril)(‘ from any arbitrary point a 
• do, {‘d lim* whieh e.ross(‘s only one eross-cut of the first system, 
and let tin* inodnliis of piuuodie.ity for this cross-cut be A^,', 
then, if and hj d(‘nol(‘- the values of the funetion at the 
bo unnin;’’ a, ml al’l.iu’ t,h(‘. ('-omplidion of the closed line, we have 

W .:n w^, -I- A„. 

IPii if \v(‘ now snpf)os(^ the surlfu'.i'. t-o be resolved in the second 
va-, , (he :mrne closed liiu' ina,y (u-oss several cross-cuts of the 
;.oc(md iwsteni ; inuie(‘ ly ii bS th(‘. value of ve must be obtained 
;d..o in t lie forin 


y/j ; //’(I I T b ’*■ H 
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wherein h denotes a positive or negative integer (zero included). 
Consequently 

jij. = hiBi + /ioSo + • • • -[- 

ISTow, conversely, let the variable 2 ; describe from ;^o ^ closed 
line which crosses only one cross-cut of the second system, 
and let the modulus of periodicity of this cross-cut be ; then 
the final value of the function is first 

IV Q ; 

but, if the crossings of the cross-cuts of the first system be 
considered, that value is also obtained in the form 

wherein g likewise denotes a positive or negative integer (zero 
included). From this follows 

“b i/2-^4.2 +•••-}- Pn-^ln' 

Consequently Ave obtain between the tAvo systems of the 
moduli of periodicity A and B the folloAving tAvo sets of 


equations 


f Ai — hi'Bi 

+ lioB^ + 

•• + 


(1) j 

\ Ao = h'B, 

-\-hoB.y fi- • 



1 

[ A„ = 


•• + 

and 


f -Si =f/,'A, 

+ g-iA, +. 

‘ • + 9n 'An 


(2) 

B, = 

+ gAA, +.. 

-+9n"An 


1 


+ -f ■■ 


Since ; 

now according to 

the assumption Ave can 


eliminate the n quantities A from equations (2) and there! )y 
obtain m — n relations betAveen the quantities B. Jhit since 
Ave can also obtain these relations by substituting in (2) the 
values of A from (1), they must be homogeneous liiunr equa- 
tions Avith integral coefficients. Therefore Ave conclude: If 
previous cross-cuts he dhuded by subsequent cross-cuts iid:o 
segments AAdiich have different moduli of periodicity, so that 
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in all ?7i moduli of periodicity exist, wliile only n cross-cuts 
occur, then there are m — n linear homogeneous equations of 
condition with integral coefficients between these m moduli 
of periodicity, and of these moduli only 71 , i.e., just as many 
as there are cross-cuts, are independent of one another. 

We can also, without any calculation, reach the same con- 
clusion by a simple consideration. For, after the surface has 
been made simply connected by means of cross-cuts, its boun- 
dary can be traced in a continuous description (§ 53, IX.). The 
cross-cuts and their segments enter in this description in a 
definite succession. If, for each cross-cut, the modulus of 
periodicity be known for that segment at which we arrive 
first in the description, then the moduli of periodicity for the 
other segments are given by linear relations. We will show 
this only in an example. 

In the quadruply connected surface represented by Fig. 57, 
l(d. ah, cd, ef be the three cross-cuts which modify the surface 
into a simply connected sur- 
hute. Let the letters p, q, r, 

,s\ t, vq V, X, y, z denote the 
values acquired by the func- 
tion 70 at the corresponding 
])()iiits which are situated in- 
tiuhcly near the cross-cuts. If 
w(‘ now dcscri])0 the cross-cuts, 
t,.og(Uher with the original 
boundary, in the direction 
(irfr. h^t the moduli of 
|,(uh)di(uty be known for the 
tliro.(‘ s('gnients ac, ef, fc, and 
b('- (buiotial by 

q s — r = A^, s — u = x — v-=A 2 , x — y^Ap, 

Ave th(ui wish to obtain the moduli of periodicity for the 
si^gnicnts eh and/(h and will denote these by 

— t = Xi, — c — Xo. 



u 
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To find these, we remark that continuity exists between the 
function-values at any two consecutive points vdiich are not 
separated by a cross-cut ; that their difference is therefore in- 
finitesimal. Consequently we can let 

Thus we obtain ^ / — 0, 2 : ?/ — 0. 

It — t = u ~ r = {s — r) — {s — u) — ufi — rlo_, 

Xo = z-v = y-~v = {X — v) - (;r - y) = A, - 
by which Xi and Xo are expressed in terms of vfi, Ao, A^. 

60 . AYe have hitherto assumed that all the points of discon- 
tinuity are removed from the 2 :-surface by means of small 
enclosures, so that the function f(z) remains finite in the sur- 
face T so formed. But we will now show that it is in fact not 
necessary to exclude all the points of discontinuity, and will 
inquire for what points the enclosures need not be drawm. 

The modulus of periodicity A for a particular cross-cut is, as 

was shown in § 58, the value of the integral extended 

over a closed line /; which leads from one side of the cross-cut 
through the interior of the simply connected surface T to the 
other side of the same cross-cut. But this integral in many 
cases may have the value zero. Let us assume that the closed 
line h encloses a place removed from the ^-surface wdiich con- 
tains a point of discontinuity a (which is not at the same time 
a branch-point) of the function f(z). Tlien by § 42 the integral 

^ f{z)dz has a value different from zero only when the term 

2 ; — a 

is present in the expression which indicates how f(z) bec-onu's 
infinite ; in all other cases the integral lias the value zcu-o. her 
instance, the integral equals zero wdien f(z) is infinite at a as 
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is infinitGj w]i6r6iii n clBiiotes a positive integer different from 
unity. In such a case the function lo remains continuous on 
crossing a cross-cut ; hence it is not necessary to exclude the 
point of discontinuity, and the cross-cut need not be considered. 
If ^ve assume, for instance, a simply connected piece of the 
; 2 -surface, in tvhich are contained only points of discontinuity 

of the kind in question, then the integral j"/(^)cZ ;2 acquires the 

same value along tAvo paths Avhich enclose such a point of dis- 
continuity, because this integral, taken round the point of 
discontinuity, has the value zero (§ 18). Hence, in such a 
piece of the surface, the function 

10 = r f(z)clz 

Jzq 

is likewise a uniform function of the upper limit, just as 
if the piece of the surface contained no point of disconti- 
nuity at all. 

This is one kind of point of discontinuity which need not 
be excluded. Let us now turn to branch-points. The integral 

taken along the closed line 6, has the value zero 

when this line encloses a ivinding-point of the (m — l)th 
order at which f(z) becomes infinite of an order not higher 

than (§ 21) ; and, in general, ivlien the term ivhich is 

infinite of the first order is Avanting in the expression Avhich 
iiidi('nles hoAV f(z) becomes inffnite at the branch-point (§ 42). 
In this case, therefore, the discontinuity- and branch-point 
need not be excluded, and thus it is likewise unnecessary 
to ('onsider the cross-cut. But AAm remark that, since the 
r^-surface now consists of seAmral sheets, it may be multiply 
connected Avithoiit the exclusion of ]joints of discontinuity. 
Thus cross-cuts Avill always in such cases be required in order 
to modifv the surface into a simply connected surface, and to 
these Avill correspond moduli of periodicity. 

IT nail y, Ave can also determine in Avhat case the point at 
infinity must be excluded. The value of the integral, for a 



line enclosing tlie point 2 : = co, depends upon the nature of the 
function 

for z = 00 (§ 43). Thus this point must be excluded when 
liin is finite^ and not zero; 

and in general wheip and only when^ in the development of 
f(z) in ascending and descending powers of z, a term of the 
form 

9 

z 

is present. 

If now, for a given function f(z), all those points have been 
excluded from the ^-surface which must necessarily be excluded, 
and only these, then, ivithin the surface T so formed, the integral 

J^f(f)dz, taken along a closed Ime ichieh forms by itself alone the 

complete boundary of a p)ortion of the surface, is alicays equcd 
to zero. 

Tor the portion of the surface so bounded contains then 
either no points of discontinuity at all, or only such as lead 
to the value zero for the integral taken along the boundary. 
In this it is, of course, assumed that the closed line does not 
pass through a point of discontinuity or a branch-point. 

61 . We will now apply the preceding considerations to some 
examples. 

1. The Logarithm. 

We vdll recall first the function logy, or the function defined 
by the integral 



already discussed in § 22 and § 23. In this f{z) = ~ is unifoian, 

and hence the ^-surface consists of one sheet. Further, z ~{] 
is a point of discontinuity, and 

lim = lini ~ j 
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Hence tliis point must be exclndecL It we now assume that 
tlie ^-surface is closed at infiiiity, the point 2 ; = co must also be 
excluded, because 

lim [^/( 2 )] = 1. 

By the exclusion of these two points, the surface T is made 
doubly connected, and a cross-cut wdiich connects the circles 
enclosing the two points 0 and 00 modifies it into a simply con- 
nected surface (Fig. 58). 

The modulus of perio- 
dicity H is equal to the 
value of the integral 

rdz 

Jr 

taken along a closed line, 
which makes a circuit 
round the origin in the 
direction of increasing angles, and hence 

A = 2 TTl. 

Sucli a line also encloses the point co at the same time, and 
for this we obtain (§ 43) 

= _2 lim 

if tlui int(\gration be extended in the positive boundary direc- 
tion, and if, tlierefocc^, the cross-cut be crossed in a direction 
<)[)})()site to the fornier. 





2. The Inverse Tangent. 



dz 

1 
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is likewise uniform and becomes infinite of the first order, for 
z — i and z — — i] on the other hand, 


lira [2/(«)],.„ = lim 


2 


= 0 . 


Hence need exclude only the points 2 ; = ?* and z = — i by 
means of small circles (Fig. o9), and we then obtain, assuming 
the 2 ;-surface to be closed at iniinity, a doubly con- 
(2) liected surface ; this is changed into a simply connected 
surface by a cross-cut which joins the small circles 
round -j- i and — i. The modulus of periodicity A is 
the value of the integral 



© 
Tig. 59. 


taken along a closed line which makes a circuit round 
the point -f in the direction of increasing angles, and 
hence, as we haye already found in § 20, 


A — TT. 


The same line can be regarded as one which makes a circuit 
round the point — i in the direction of the decreasing angles, 
and it then furnishes the same modulus of periodicity. 

If Ave now assume that the ;c'-surface is not closed at 
infinity, but is bounded by a closed line which we then enlarge 
indefinitely, the surface T becomes triply connected tyhen the 
tAvo points -j- i and — i are excluded. Therefore, two cross- 
cuts are in this case necessary to change the surface into one 
simply connected. But now, since the integral 


taken along a closed line, has the value -f- tt or — tt or 0, 
according as the line makes a circuit round -|- i or — i or both, 
in the direction of increasing angles 20), the moduli of 
periodicity in reference to the tAvo cross-cuts have the A’alues 
+ TT and — TT, or the one has the yalue ± tt and the other the 
value zero, according to the mode of draAving the cross-cuts. 
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Hence the function iv = arc-tan 2 : also changes here by mu 
tiples of TT. 

The immerse function tan lo is now periodic with td 
period tt. The representation of the : 2 -surface, assumed to t 
closed at infinity, on the u‘-surface, is here made in a wa 
exactl}’' similar to that shown in § 23 for the exponential fun 
tion ; in place of the circles enclosing the points 0 and co the] 
enter here only those which enclose the points -f i and — 
If we assume that the cross-cut which joins these circles rm 
along the ordinate axis, the ir-surface is divided into stri] 
bounded by straight lines which run parallel to the ordina 
axis, and which pass through 
the points 0, ± tt, ± 2 tt, 

± 3 77 , ••• (.Fig. 60). In each 
of these strips the function 
2 ! = tan IV acquires all its 

values, and, indeed, each but F — 2 — 1 

once, because, except as to 
multiples of the inodulus of 
periodicity, only one value of 
IV corresponds to each value 
of the 2 ;-surface consisting 
of only one sheet. 

We Avill now examine this function in the inverse mann 
by commencing with the periodic function. If z = cf>( 
denote a uniform simply periodic function with the modul 
of i)eriodicity A, that is, a uniform function which possess 
the property that 

-r A) = (f)(tv), 

tlicn the u'-surface can be so divided into strips that the fu 
tion ac'quircs all its values in each strip, and has the same va. 
at (‘Very two ])oints situated in difterent strips which differ 
H (u; a'^ ]]iultiple of A (Fig. 61). For, if we draw any 1 
DO which d(jes not intersect itself, the points uj -f A wh 
arc obtained from the points of the line BC bv addmg 
form a line DE parallel to the line BC. Thus the functioi 
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has the same Tallies along DE as along BC. The same is 
true of all lines which run parallel to these at equal dis- 
tances. Moreover, if ic 
be a point in the inte- 
rior of the strip BCDE, 
then w -b A lies in the 
interior of the adjacent 
strip DEFG, ic-{-2A 
in the interior of the 
next following strip, 
etc. Hence at these 
points the function 
again has the same 
value. Xow, since 
every two points, iv 
and IV -f nA, at which the function has the same, value, 
lie in different strips, it must acquire all its values in each 
strip. 

We will now assume further that the function 
becomes infinite of the first order at only one finite point iv — r 
in one and the same strip; we can then show that it also 
becomes zero only once in every strip and hence acquires each 
value only once. To this end let the points at which 
becoines zero within the strip considered be denoted by 
5 , s’, s'', . . ., and let the number of these points be n and assume 
that none of them lies at infinity. If we now draw, from two 
points IV and iv c situated on one of the two lines ichich bound 
the strip, straight lines to the points iv + A and q- c -h A, 

situated on the other bounding- 
line (Fig. 62), we obtain a ]);ir- 
allelogra]!! with vertices v:, w-Sc, 
ic S- V -r A, IV -r A: and if, as 
was assumed, the points r, s, 
s', s", . . . all lie in the hnite part 
of the surface, we can alwaiys 
so choose the points w and ic-j-c 
that /', s, s', s", . . . lie within the parallelogram. If we now 
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take the integral Jd log along the boundary of this par- 
allelogram, we obtain by § 35, (1), 

y d log ^(^!!) = 2 7ri{n - 1), 

since becomes n times zero and once infinite Tvithin the 
parallelogram. This integral may be divided into four parts, 
taken along the four sides of the parallelogram. But we 
remark that J'c^og<^(^(;) is independent of the path of integra- 
tion as long as this does not cross one of the lines rs, rs', etc., 
oacli of wliicli coiiiiocts points at wliich bocomos infinito 
or zero (§ 22). If we take it along the straight line which 
leads from w 4- A to tv, it acquires the value zero; for in the 
first place it is equal to log - log cl>{iv A), and since 
none of the lines rs is crossed, not only is (ji(w -\- A) = 
but also log -i- A) — log <^(tc). [If one line rs were crossed, 
•we should have log cl>(w + A) = log ± 2 ttL] Tor the same 
reason, the integral Avhich is taken along the straight line leading 
from tv + c to iv q- c + is also zero. But along the two lines 
wliich bound the strip from tv to tv -f c, and from tv -f A to 
w -I- c + A, log (/)(•/,(;) passes through the same values, and since 
th(',se lines are described in opposite directions, the integrals 
taken along them cancel each other. Consequently the inte- 
gral in tlu', preceding equation, to be taken along the entire 
Ixaindary of the parallelogram, is equal to zero, and therefore 

n — 1. 

lienee the function cl>(iv) becomes zero only once in the strip 
considered. But then it can also acquire any arbitrary value 
k only once in the same strip: for, if we form the function 
(l)('iv) — k, this is periodic just as (/>('?,/;) is periodic, and it becomes 
inlinito only once for tv = r just as <ii(tv) does : therefore it also 
becoTues zero only once in the same strip, he., (f>{iv) becomes 
equal to k only once. 

\¥e can nowq by § 29, let 

( 1 ) « = 
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wherein c denotes a given constant, and a function which 
no longer becomes infinite in the strip to be considered, but 
onl}' in the other strips. From this follows 


( 2 ) 


= </• '(«•) = - V --- -;, + '(«0- 

cho {w — 7*)" 


Since now remains finite everywhere in the strip, therefore 

^ also becomes infinite only for ic = r, i.e., only where 2 ; be- 
dic 

comes infinite, and this result must hold in like ^nanner for 

all the strips. But while is infinite of the first order, — is 

clz 

infinite of the second order. Hence, if we regard — as a fimc- 

div 

tion of ; 2 , it is infinite only for = cc, and then of the second 
order. Since, moreover, acquires each value only once in 
one and the same strip, there corresponds only one value of to 
to each value of y. in one and the same strip. Consequently to 
is a function of which has indeed an infinite ninnber of values 
for each value of 2 ;, but these values differ from one another 
only by multiples of the modulus of periodicity, i.e., by constant 

quantities. Accordinglv — is a uniform function of 2 ;, since 

dz 

the constants vanish in the differentiation. Hence the reciprocal 
dz 

function — must likewise be a uniform function of 2 ;. If we 

... dz 

combine this with the preceding results, it follows that — is 

dio 

a uniform function of 5^, which becomes infinite only for z — zc, 

and here of the second order. Consequently — is an integral 

dw 

function of 2 ; of the second degree (§ 31). Such a function 
must by § 36 also twice acquire the value zero. If we denote 
by a and b the values of 2 ; for which this occurs, and by C a 
constant, we have 

0 ) 

and hence 





C(z - a)( 




- 0- 
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Tlierefore a sinix:)ly periodic function^ wliich. becomes infinite 
of tlie first order only for one finite point in eacli strip^ is the 
inverse function of the preceding algebraic integral. 

The quantities a and h cannot have equal values in this 
integral^ for in that case the function 

C clz 

“ J C(z - ay 

would be a uniform function of the upper limit (§ 60)^ and 
then 2 ! could not be a periodic function. 

The constant C can be expressed in terms of c ; for from (3) 
we get 

f dz] 


and with help of equations (1) and (2) 
r ~ c 

C = lim 


(ic - r)' 




1 ^ b ^(^^0 I I • 

(tc — r ^ ^ ^ ^ 


or 


C=lim 


— c 4- — ry xl/yuS) 


1 

c* 


We then have 



— clz 

-a){z-b) 


The modulus of periodicity A is equal to the value of tliis 
integral, taken along a closed line which encloses either tlie 
point a or the point h. If we integrate round a in tlie direction 
of increasing angles, we obtain 


A — 2 TT? lim 


— c(z — a ) 

(z — a)(z — //} 


h — a ' 


for integration round h we should obtain the opposite value. 
If Ave assign the value h to the loAver limit, he., if 2 : acquire the 
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value h at the point to = 0, we have, since for w = r and to = s, 
z = cc and 2 = 0 respectively. 




— cdz 


(z — a) (z — b)’ 


-j: 


■ cdz 


(z — a) (z — b) 


3. The Inverse Sine, 
dz 


-s: 


Vi- 

Here the ^-surface for the function 

1 


- 2 ;- 


f(^)- 


Vi - 

consists of two sheets. We have the two branch-points z = + l 
and z = — l, which are at the same time points of discontinuity. 
But these points need not be excluded, since f(z) becomes in- 
finite at them only of the order | ; on the other hand the point 
z = c/D must be excluded, because 

1 


limf- 


\Vi — zy^=^ V— 1 

is finite, and in fact the point oc must be excluded in both 
sheets, since it is not a branch-point. Bor this reason the 

connection of the surface in 

n 

this example remains the 
same, whether we assume 
that the two sheets of the 
2 ;-surface are closed at infin- 
ity, or imagine a closed line 
drawn in each sheet as a 
boundary, and then enlarge 
these lines indefinitely. In 
Big. 63 tlie latter mode of 
representation is chosen on 
account of its greater prac- 
ticabilit}'. The brnnch-cut 
is drawn from — 1 to +1, 



Fig. 63, 
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and tlie lines running in the second sheet are dotted. Th 
surface, T, is doubly connected, and the cross-cut, in order n< 
to divide the surface, must cross the branch-cut. It is denote 
by the line adc, the part dc of which runs in the second shee 
The modulus of periodicity is the value of the integral 

Vi - 2“ 

taken in the direction of increasing angles along a closed li: 
v'hicli encloses the two points — 1 and -f 1 : this line may 
drawn either in the first or in the second sheet. If we assui 
that the positive sign is to be attached to the radical at t 
points vdiich lie in the first sheet in the immediate vicinity 
the branch-cut, and on the left side of the same taken in t 
direction from — 1 to +1, and if we let the closed line run 
the first sheet, we can contract this line up to the branch-c 
and we then have 


.d = 


r-^ dz 

J-i vr^ 




We have seen (§ 43) that we can determine the value of t 
integral by regarding the closed line as a line which enclo 
the point and consequently we obtain 


For a line running in the second sheet we should have obtah 
the value +2-; and, in fact, a line which makes a circ 
round - 1 and -h 1 in the second sheet in the direction 
increasing angles crosses the cross-cut in a direction oppo; 
to that oFa similar line in the first sheet. ^ Hence the inve 
func.tion sin^e of the preceding integral is periodic with 

period 2-. . 

In order to determine tire mode of representing the «-surl 
on the ,6-surfaee, tve ivill let « describe the entire boundary 
T in tlie positive direction, beginning at a, where lu ha 
value denoted by If the outer boundary situated in 
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first sheet be described by the variable then ic goes from 
to iL\ — 2 TT along a line the form of which depends upon the 
form of the boundary-line in 2 ; (Fig. 64). Xow let 2 ; go from a 
to c along the left edge (directed from a to c) of the cross-cut 
ac, and ic from ic^ — 2 tt to a value which may be denoted by 
u-,. The line along Avhich iv moves may again differ in form 
according to the form of the cross-cut ac. Let next describe 
from c the outer boundary of the second sheet ; then goes 
from to 4 - 2 tt along a curve 
wdiich depends only upon the outer 
boundary of the second sheet of the 
2 ^-surface. Finally closes its circuity 
by returning along the left edge (di- 
rected from c to a) of the cross-cut ca 
to the initial point ; then lo also re- 
turns from zL'c + 2 TT to to a- '-LTie line 
along which ic last moves must be 
parallel to the path (u;,, — 2 tt, u\), 
because these two lines correspond to 
the two edges of the cross-cut; and 
because lo has values which differ by 27r at every pair of infi- 
nitely near points on the two edges. If we now enlarge indefi- 
nitely the outer boundaries of the surface T, tlien the lines 
(zr^; — 2 7 r) and (lo^, lo^ -l -2 7 r) move away to infinity, and 2 ;, 

or sin zr, acquires all its values in one strip, which is bounded 
by the parallel lines A.B and CD. But in such a strip 
acquires all its values twice ; for, since the ;i;-surface consists of 
two sheets, there correspond two values of u: to each value of 
not taking into consideration the modulus of periodicity, and 
hence 4 or sintc, acquires the same value at two different 
points ic. 

If we assume that the cross-cut ac runs along the ordinate 
axis, so that on both its edges z = iy (where y is real), we 
obtain 


B D 




y (hj 

Vi 
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thus iv is also a pure imaginary or differs from a pure imaginary 
quantity by multiples of the real modulus of periodicity 2 tt. 
The 2 c'-plaiie is then dhucled into strips 
by parallel straight lines, which run 
parallel to the y-axis and pass through 
the points 0, ± 2 tt, ± 4 tt, etc. 

In order to determine the relation 
between two points v: and vl in the 
same strip, to which correspond equal 
values of 2 ;, we let the latter variable 
first pass from the point 0 in the first 
sheet to the point O' in the second sheet, situated immedi- 
ately below 0, without crossing the cross-cut. This is done 
(Fig. 65) by passing along the branch-cut round -f-1; next along 
the other side of the same and then across the branch-cut into 
the second sheet. On this path we obtain at 0' the value 




Consequently, the point v: = tt corresponds to the point z = 0' 
situated in the second sheet. If now go from 0 to 2 : in the 
first 2 ;-sheet, zc goes from 0 to zc. But if go in the second 
sheet from 0' to z', where z' is situated immediately beloAv 
then zv starts with the value tt, and because the radical Vi — 
has the negative sign in this p)art, it acquires at z' the value 


zv' = 



but 

and consequently 


ciz 

VI — 2^ 
v: -P ?r' = tt. 


or the sum of the two values of iv. for which 2 :, or sin v.\ 
accpiircs the same value, is equal to half tlie modulus of perio- 
dicity, not taking into consideration multi] )les of the latter. 
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4. The Elliptic Integral, 
n dz 

y-' — I — - — • 

V(1 - zp (1 - Jc:^) 

Here tlie 2 ;-surface consists likewise of two sheets^ and lias 
tlie four discoiitinnity- and brancli-points -f- 1; — -f- 

Jh 7h 

Xone of tliese points need be excluded, because the function 
under the integral sign becomes infinite at each of them only 
of the order The point oc also need not be excluded, since 


lim = liar 


.V(l 


-0. 


Consequently, in this case no point need be excluded. This 
is in conformity with the condition that the preceding in- 
tegral, as we haye already seen (§ 45), remains finite for every 
value of 2 ^, and hence can become infinite only by the addition 
of an infinitely great multiple of a modulus of periodicity. If 
we assume that the ;i^-surface is closed at inhnity, we have to 
do with a surface ivdiich is not bounded at all (or only by an 
arbitrary point), but which is multipH connected. In such a 
surface we let the first cross-cut be a line returning into itself 
(§ 47). If we assume that the points — 1 and -j- 1 on the one 

hand, and -f ~ and — - on the other, are connected by branch- 
k k 

cuts,^ we will take for the first cross-cut a line ryj, which 
encloses the two points — 1 and + 1 in the upper sheet 
(Fig. ()6). Such a line does not divide the surface, since ^vc 
can pass from one side to the other side of the same. The 
way in which this passage is made (cf. § 4(), v.) indicaites 
hov' the second cross-cut is to be dravui ; namely, i’roni 


Hn Fig. 6C it has been likewise assumed that Jc is real and less than 


unity; then the branch-cut drawn from -f i to — ^ passes tlirough cc'. 
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a point a of tlio first cross-cut across tlie branch-cut ( -}-l ) 

into tli6 second slicetj then across the other branch-cut back 
again into the first sheep returning in this sheet to the initial 
point, but on the other side of the first cross-cut (to These 
two lines now form together a continuous path, in which each 





of the two cross-cuts is described twice in opposite directions. 
The arrows indicate this description in the positive direction. 
In this surface T every closed line forms by itself alone the 
complete boundary of a portion of the surface, and hence the 
surface is simply connected. Its boundary is formed by 
the two edges of the cross-cuts. Thus the original surface 
was triply connected. 

The modulus of periodicity for the cross-cut gi is the 
integral J dw^ taken in the direction of increasing angles 

along a closed line which leads from one side of the cross-cut 
to the other side of the same, e.g., along This line can be 
contracted until it coincides with two straight lines, one of 

Avhich leads from - to 1 in the first sheet, the other from 1 to ^ 
Ic 

ill the second sheet. If we then assume that the sign + is to 
be attached to the radical in the first sheet, and if for brewty 
Ave let 


Ave have 


V(1 - Z-) (1 - A(z, k), 



7i 


dz 

Ji A(z, Ic) 



dz 

A(z, k) 
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The modulus of periodicity Ao for the second cross-cut is in 
like manner equal to the integral taken along the line and 
this line^ as in the former case, can be contracted up to the 
hraiich-cut 5 then, as before, 

dz 

Li A(^, ky 


The elliptic integral therefore has two different moduli of 
periodicity; consequently the inyerse function, the so-called 
elliptic function, which is designated after Jacobi by sin am to, 
is doubly periodic. 

If we now represent the :^-surface on the 'ic-surface, wo 
obtain the following results : If 2: go from a along the (-.ross- 
cut qi in the direction of increasing angles and at the same 
time in the positiye boundary-direction, and tluu’cd’ore r(‘tiirn 
to a on the inner edge of the line Qi (in Tig. G() from ((, to 0/), 
then v: increases from to to iv -p Ao. In this vr ])ass(‘s along a 
line (Tig. 67) the form of which depends upon the form of th(‘, 
line r/i (to be chosen arbitrarily) : if next go along tin*. liiuj 

^0 in the same (lin‘c.tloii to <1 
w+SA,+A, again i'roni a' to n"), w 

increases from v/? -p A., lo 
v: + Ai + ylo. along a lin(‘. 
which chang(‘s its form with 
that of 70. It' rj ih(m de- 
scribe th(‘ liiH^ 7, sta.iiing 
from ah, always in (In* posi- 
tiye boumhuy-direel ion, bnt, 
now in the direction of decreasing angh's (7.c., from ((" to 
cd"), w goes from ic + A^ Y A. to w -f becansc^ it is dimin- 
ished by Ao. The line along wdiich tins movmmmt of //' t.alnss 
place must be parallel to the line fv, w -f- Af, l)(‘ea,us(' tin*. I, wo 
values of lo at every two infinitely near points on the two (ulg(‘s 



J-i i\(z, k) A(z, k) 


or also, as is evident. 


A, 


•^0 . 


dz 


A(z, k') 
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of the line differ by the quantity Ai, and hence two dif 
but parallel lines in ic correspond to the two edges o: 
cross-cut. Finally, if 2; go from to a along the cro 
^2? then ID goes from tD-{-Ai to id along a line which fc 
same reason as before must be parallel to the line (w 
ID -j- Ai + A)* Thus to the two edges of the cross-cut < 
respond the parallel lines {id, id-^A{) and (zc + A^, ic^Ay 
and to the two edges of the cross-cut the parallel 
{id, iz; -f JLj) and {w Ao, w^Ai-\-A^. Flow to al 
points z in the whole infinite extent of the 2J-surface corre 
only such points w as lie within ^ the curvilinear boi 
parallelogram, for a line can be drawn through any arb 
point of the 2:-surface which leads from one side of q^ 1 
other side of q^, without crossing a cross-cut 5 hence th 
responding line w leads from the line {id, w + A^ throng 
interior of the parallelogram to the line {w -t- Ai, id + Ai - 
Consequently 2^, or sin am id, acquires all its values h 
parallelogram, and indeed each value twice, since the 2;-si 
consists of two sheets. 

Other parallelograms now adjoin this parallelogram ' 
sides. For if we let 2; go from a to a"’, for instance, tl 
goes from to to id -f Ai. But if we now let vj proceed co 
ously across the cross-cut Qi, then to starts with the value tc 
hence to the side {w + A^, id + -f- Ao) is j oined a new 

lelogram, at the corners of which to has the values 

to -f- Al, to -f- Al -j- Ao, zc -j- 2 Al -f- Ao, to -|— 2 Ai. 

Similarly for the three other sides. In this way the 
?/>plane is divided into parallelograms by two sets of p; 
lines. If we assume that k is real and less than unity, th 

points +1, — 1, -r -, — - lie on the principal axis; if w 
k k 

contract the two cross-cuts, so that they run along th 
edges of the princix')al axis, the parallel lines become st 
lines, which run un.rnnel to tlie :r- end tlm ?y-axis resneei 
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In this case, then, 



dz 

V(1 -- 


is real. We usually designate the value of this integral after 
Jacobi by K. The other integral 






on the other hand, is a pure imaginary. If we let Vl — 
and transform the integral by the substitution 


, _ Vl - kV 

k ' 

dz' 

— - 

0 -yy(i-z''%i-kvy 

which is designated by *— iK'. Consequently the moduli of 
periodicity, except as to signs, are 


4 /C and 2 f AT 


We can in this example also determine the relation between 
every pair of values of w which correspond to the same value of 
2 :;. i.e., to two points of the 2 -surface lying one immediately 
below the other. To the value z = 0 in the first sheet cor- 
responds iv = 0. In order to come to 0' in the second sheet, vn 
can conceive the cross-cut to be so enlarged that it also 


encloses the origin as wmll as the points 1 and -• We can pass 

k 


Avithin T’ from 0 along the branch-cut round the point -j- 1 
to the other side of the branch-cut and then across the same 
to 0' (cf. p. 269) ; lo then acquires at 0' the value 


p dz r\ 
J^) LS.{z,k) Ji L 


A(z,lc) 




and is therefore equal to the half of one of the moduli of 
periodicity. If 2 : now go from 0' to 2 ', where 2 ' lies in the 
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second sheet immediately below z, we have, designating the 
value of w at a;' by iC, 


tv' 


2K- 


dz 

Jo fc) ^ 


but 

and, therefore, 


IV 


n dz 

Jo \(z,k)’ 

tv -\rw’=^2 K. 


If we take the integral J dtv along a closed line which 

encloses all four branch-points, such a line runs entirely in the 
first sheet (hig. 66), and hence forms by itself alone a com- 


2 ^. 



plcto boundary. Consequently, this integral has the value 
z(U’o. If we now contract this line up to the principal axis, 
on wliich ai‘(‘. the four branch-points, the integral is divided 
into the following parts (the lines may be described in the 
(Ur(U‘.tion of decreasing angles): 

(I) — 1 to + 1 ; _1 through xto +^; 

(tlj from -j- \ to + - ; ^ 

^ (o) from + - to 4- 1 ; 

1 1 ^ ^ k 

(:\) from -i- - through cc to , -i 4 -^ -i 

^ }c Ic (6) from + 1 to — 1- 

Thr. ludioal is to be taken negatively in (6) and (4), because 
for ih(‘.s(i the path of integration lies on the right side of the 

l,nuu-,h-cuts (- 1, + 1) arid -|); all the others it is 
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to be taken positively. Consequently (2) and (5) cancel eacli 
other, and (1) and (3) are to be doubled. Since, further, 


we obtain 


and hence 


( 1 ) = 2 ( 3 ^ = 2 , 

^ ^ Jo A(z,ky ^ ^ Ji ^(z,ky 

k 

f - A v -+ r_^=o, 

Jo ^(Zyk) J\ A(a:, Tc) 

k 

Ji ^(z, k) 


Prom this result follows also the value of the integral 
between the limits 0 and oo : for since this is divided into the 

parts 0 ••• 1, 1 ••• y, y oc, we obtain 


£ 


dz 


^{z, k) 


= K - iir -K=- iir, 


or, since we can add to this value the modulus of periodicity 
2 also 



dz 


=:iE\ 


Thus 2 ! becomes infinite within the parallelogram with the 
corners 0, 4 /i, 4 /l 2 iK\ and 2 iK' for to = iK' and 
w = 2 K+ UN. 

We will also in this exainpile, following the method of 
Riemann, consider the relation bef-weeii the doubly periodic 
function and the elliptic integral in the inverse manner, /.c., 
starting from the doubly periodic function. Let be a 

unifoion doubly periodic function, and therefore possess the 
property that simultaneously 


-p ^dj) = (p{id) and + ^L) — 


Then the straight lines which represent the complex quantities 
and A., must have different directions. Por if they have 
the same direction, Ai and Ao must possess a real ratio (§ 2, 3). 
This can be either rational or irrational. If it be rational. 
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Ai and are commensurable, and hence are multiples of one 
and the same quantity B. We can thus let 

A^ — mB, Ao = nB, 

wherein m and n denote two integers, which are relatiyely 
prime to each other, and we then obtain 

-b mB) = -U nB). 

Xow since in this case there are two integers a and h connected 
by the relation 

ma — nh = 1, 

and since, moreover, 

+ maB — nhB) — <;/>(w), 
we also have + jB)= <#>(u'), 

and hence in this case the function <l>{io) is simply and not 
doubly periodic. But if Ai and Ao have a real irrational ratio, 
so that they are incommensurable, there are always two integers 
m and n for which the modulus of mAi + 71^2 becomes less 
than any assignable quantity.^ Since now also 

cj>(iv -{- mAi -r 71 Ao) = </>(u'), 


1 If we let '^=z a, then, according to the assumption, a is real and 
Ai 

irrational. If we develop the absolute value ^ a | of a in a continued frac- 

yU, 

tion, and if we denote two consecutive convergents of the same by - and 

uj 

then, as is well known, for the absolute value 

v' 

fM I 1 

tv J vv 


and hence 


(^- V I a '■)<-' 
v’ 


But since the denominator of the convergents increases indefinitely, we 
can make this expression as small as Ave please by continuing the develop- 
ment sulliciently far. But we have 

inAi -1- 71 Ao - Ai (7/1 -r ?za); 

hence if we let m = fx and - T according as | a ! = ± a, we can 
make m ?ia, and therefore also the modulus of mAi + 7iA2i as small as 
we please. 
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the function cjiiic) maintains the same value for an indefinitelT 
small change of the variable^ and hence is a constant. Conse- 
quently the ratio of the tAvo moduli of periodicity of a doubly 
periodic function must be imaginary and therefore the straight 
lines Ai and jU must have different directions. Then we can 
■divide the zc-plane into parallelograms by two sets of parallel 
lines in such a Avay that acquires the same values on any 
tAVo parallel lines ; moreoA^er^ it then acquires all its Amlues in 
each parallelogram, and has the same value at every two corre- 
sponding points of different parallelograms. 

Since the uniform function cli(z) must become infinite for 
some one value of tv (§ 28 ), it must become infinite in every 
parallelogram. Let us, therefore, select any p)arallelograin 
(Fig. 68), and let r, A, r", etc., be the points of the same at 
wFich </)(a') becomes infinite. If AA*e form the integral 

J" 4>(v:)dtc, 

taken over the boundary of the parallelogram, then by § 19 
this is equal to the sum of the integrals taken round the points 
of discontinuity r. r'. r", etc. Therefore, if 0('ie) at these 
points become infinite in the same Avay as 


respectively do, aa'c have 

^ ct)(io)rhc — 2 7ri(c + + c" -}- •••). 

But has the same values on the side CE as on DF, the 
same Amines on CD as on EF. and in the description of the 
boundary of the parallelogram the parallel sides are described 
in opposite directions ; hence the integrals taken along these 
sides cancel each other, and thus 

j'cj>(tt)clic = 0, 

consequently, also c + c' -}- c" = 0* 
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rroiii this \v(‘ (•oiuiltuio that </>(?.(;) must become infinite more 


ihiui in (‘ach panillelo- 

and a.f least, iniinite of 
the tirst order a.t. t.wo points or 
of ihe soeond ordtn* aX one 
point. If // (h‘not,(‘, the niulti- 
plieit y of t,h(‘ intinit,(^ vaiiie (or 
value:.) of </>(//') in ('aeh paral- 
lelo;»Taiii, we (v'Ui tirst show that 
«/>! /^\) must. ac(pur(‘ (‘ach value h, i 
that. ]>ur])os(‘ w(‘. will e.onside 



n each parallelogram n times, 
r th(‘. integral 




:/)(w) — h! 


taloMi aloiev tlu‘ hounda.ry of t.h(‘. pa.ralh‘logram. This also has 
the \alue zero, heea.us<‘ both </>(//■) -//.and f/)'(ve) have the same 
'value.; on the opposite sides of t.h(‘. pa.ralhd()gram. Ihit on the 
othoi' iiand (hi;; int(‘:',Ta.I is (‘(pud to t.lu^ sum of the integrals 
round tlio:;(‘ points a.t. which Ix'.eonies iniinite, and 

I’.. and thooi- at. wldudi </>(/e) // vanislu'.s. Th(‘. fornu^r are the 

■ .;nio a . tlio:‘.f at. whi<di </>{/e) or h h(‘.e.()ni('.s intinit(‘ (§ 29). 

Nov, if in ■ouHu-al e. he. a. point, a.t. whie.li h, bcu-onies either 

isiiiinn-. iimil or itdinit(‘, and tha.t of t.lu^ /dh order (y) positive 
tor iniinite. inial v;due::i, W(‘ ea,n pul (§ .’M) 


tfnir) li (ir ■ uy'\[j(tr'), 

r, lu roin t/ ( c !. for /r 
« t'h! .11 u 

. j (/u /'-) 

d'lH-ridoro I (I !(»;'■ I // | •' 2 7rv.i2//, 

1 »•;; rn nei Uu- mdire paralhdogra.iii, aaid lumce 


is n(‘ifher /.(‘.ro nor iidinitie. We then 



0 . 
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Now </)(^c)— h becomes n times infinite^ just as <^(w) does* if 
m denote the number of times that it becomes zero^ we have 

=: m —n = 0, 

and hence m = n. 

Since^ therefore^ ?i must become zero n times, c^(zc) also 

becomes 7i times equal to li. 

We Avill now consider in the following only the simplest 
case, in which cji(io) becomes infinite twice in each parallelogram 
and therefore also acquires every value twice. We will first 
assume that <^( 20 ) becomes infinite of the first order at two 
points r and s. Then, denoting by 2 ^, we can put 

c 

z = (f3(iv^= 1 h ^(yS), 

v: — r Vj — s 

or, since c 4- c' = 0, 

z= (j>(vS)=— 0 ) 

w'herein c denotes a given constant, and a function which 
no longer becomes infinite in the parallelogram under consider- 
ation, and therefore only in the other parallelograms at the 
points T -f niAi + nA<^ and 5 -f mA^ + uA., (wherein m and n 
are to have all positive and negative integral values). We will 
first determine the relation between the two values of vj for 
which has the same value. Tor this purpose let 

•?; = r s — tv. 

If we substitute v for tv in (4), we get 

<#>0 = — ^ — + 

V — r V — s 


But since 

V — r = — (tv 

-■J 


V — S = — ('iC' 


it follows that 

^ HU ^ 
tv — ,s* tv — r 



4.(tv)- = V'C'-)- '/'O- 


and hence 
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Tlieref ore this difference remains finite in the first parallelogram. 
In an adjacent parallelogram cj>(yS) becomes infinite at ic=r-\-Ai 
and vj = s -h yli ; hence we can also let 


<#>(«■)= 



IV 


s ~Ai 




wherein now remains finite for all points of the second 

parallelogram. If we now substitute 

Vj ~ r "h ^ "h ^ Ai — 


we get 10 — r — Ai~~ (v^ — s ~ A^ 

10 — s — Ai:= — (vi — r — Ai)f 

and hence also 


4>{vi)=- 


+ 

w — s — Ai 



+ ? 


consequently <l>{to) — 

and ]-emains finite within the second parallelogram. But since 
Vi dilfcrs from v only by twice the modulus of periodicity A^ 
it follows that 


hence the difference (l>(iv)— (l)(;v) 

rcuuains finite in the second as well as in the first parallelogram. 
!(■ wo continue in this way from parallelogram to parallelo- 
granp we conclude that this difference does not become infinite 
in any pa,rallelograni and hence not at all: therefore it must 
])(\ a constant. To find the value of this constantj we let 


■ + 5. 


then 




aud since the function is uniform, also 

cl)(v) = c^Cw)- 
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Therefore, since the difference ^(u-)— has the valne zero 
for one valne of iv, it has this value always, and hence 

</)(?' 4 - s — iv) — 

Consequently v: and r + s — ic are the two corresponding values 
of 10 for which the function acquires the same value. 

From ( 4 ) it follows that 


dw (?c — (lo — s)- 


therefore, not taking into account the moduli of periodicity, 
the derivative <^>'(10) is infinite only for lo = r and lo = .s, but 
for these it is infinite of the second order. Flence it becomes 
infinite four times in every parallelogram and therefore also 
acquires each value four times. It is likewise a uniform func- 
tion of v : ; but it is important to inquire whether it is also a 

uniform function of dsow the derivative — acquires the 

dio 

same value at every pair of corresponding points of different 
parallelograms at which has the same value. Thus we have 
to consider only the points v and to of the same parallelogram. 
If we differentiate the equation 


<f,(w)= <l>(v) 


as to u’, we obtain = — (!>'(v), 

dv 

since — = — 1 . 

die 


Consequently does indeed take the same value for v and u, 

but — - opposite values; therefore — is not a uniform func- 
d'.r die 

tion of y, since it can acquire two different values for the same 

value of But since these are numerically equal and of 

opposite signs, it follows that f —^1 is a uniform function 

dZ n 

of 2^. Xow — is infinite onlv wdiere 2; is also infinite, but it 
dw 

is infinite of the second order while is infinite of the first 
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order; consequently is infinite of the fourth order. 

Therefore is a uniform function of 2 ;, which becomes 

inhnite only for 2 ; = go and that of the fourth order : accord- 
ingly it is an integral function of the fourth degree. Such a 
function is also four times zero. If we denote by a, fS, y, 8, 
the values of for which it becomes zero, and by (7 a constant, 
we have 

(5) (^£J = C(z - a)(z -IB)(z- y){z - 8) ; 

from this is obtained 

_ r cfe 

^ V C(z — a)(z — p)(z — y)(z — 8) 

Hence a doubly ^Deriodic function which becomes twice infinite 
of the first order in every parallelogram, is the inverse func- 
tion of an elliptic integral. The constant C can be expressed 
in terms of c. Tor since by (5) 
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This integral admits of the same treatment as the former 

dz 


f 


V(1 - z^)(l - A:V) 


if we put the four branch-points, a, /3, y, S, in place of + 1, 
— 1, -f--, — it can also be transformed into the latter. 

fv hj 

We now proceed to the case in which the function 
becomes infinite only at one point, but of the second order. 
In this case we must put 


= (j)(tv)z 




(tv — ry 

for the term containing (to — must be wanting in order that 
cf)(w)dtv, extended over the boundary of the parallelogram, 

may have the value zero. We infer in this case, just as before, 
that 

cA(2 — w)= <l)(io), 
by letting 5 = r, and hence 

\2 r — to) = — '(^^0* 


Therefore 


dz 

die 


is not a uniform function of but again 


is a uniform function of 

dz 
dio 


In this case 
2c 


'\dwj 


(la - r)" 


'CO; 


dz 


thus — becomes infinite, of the third order, only where is 

div ' "" 

infinite of the second order. Therefore — , as a functio]) of ; 2 , 

dvj 

is infinite of the order 4 for 2 — cc, and consequentlv ( — 

\dic^ 

is infinite of the third order. Accordingly in this case we have 
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Therein 


C = lim 


die 


= lim 






_(iv - ry 






consequently 


and 


f -— 

Viz - a){z - (i)(z - y) 
which is likewise an elliptic integral. 


We here close this discussion, because it is not the purpose 
of this book to enter more in detail into the investigation of 
periodic functions ; but the cases treated are to be regarded 
only as examples illustrating the general considerations. 



SUPPLEMEXTAEY XOTE TO EtEMAXX^S FuXDAMEXTAL PrOP- 
osiTiox OX Multiply Coxxected Surfaces. 


Piemann originally gave to tlie projiosition bearing Iris name 
(§ 49) a somewhat different and more general enunciation, 
rvliich presents many advantages, while it removes at once 
a difficulty which otherwise requires supplementary exami- 
nation. 

This differs from the form of the proposition as enunciated 
in § 49 in the following manner: If the surface T be first 
modified by qi cross-cuts of a first mode of resolution into 
a system Ti, Avhich consists of fq pieces, and a second time 
by ^0 cross-cuts of a second mode of resolution into a system 
To, tvhich consists of do pieces, then in contradistinction to 
the enunciation of § 49 it is only assumed that the pieces 
of the system 1\ are all simply connected, while the rq pieces 
of the system To may be arbitrary ; then the property that 

qo — an cannot be greater than holds, and therefore 

q-i - ^^2 < T - ^^1- 

In the proof of this property, the first main division of the 

proof remains exactly the same as in §49 or § dl. I'y tlie 

superposition of the two systems of cross-cuts a ncnv system 
of surfaces Z is produced in two ways, and it is proved tliat 
if the lines of the second mode of resolution, wh(‘u drawn in 
Ti, form m cross-cuts in that surface, then tlie liiu^s of 
the first mode of resolution, when drawn in T,, also ('onsist 
of q^^m cross-cuts. Since, moreover, 7), according to the 
liypothesis, consists of tq simply connected pieces, tliereforc 
Z consists of 

^ — Cf-i “b 7^ “h 

pieces. 
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tlie system Z is also derived from whicli consists 
of cu pieces, by 4- "iii cross-cuts. Tberefore the number ^ 
of pieces of v'hich ^ consists can (by § 48, V., note) be not 
greater than Wo + (p -f- "tn, but on the contrary 

^ ^ ^2 "b “b 

i.e., «! -b Qo + 'in ^ «2 + m ; 

from tbis follows immediately 

P - «2 ^ qi — «i, 
which, was to be proved. 

Therefore qo — cco cannot be greater than — oci ; and if 
the case occur, that the numbers and Uo of pieces arising 
from the two modes of resolution are equal to each other, 
then 72 cannot be greater than qi. 

Conversely, if To consist of only simply connected pieces 
(in number fq), while the pieces which form the system 
Ti are arbitrary, we have 

qi - p ^ T ” «2- 

Eut if both systems T^ and To consist of only simply connected 
pieces, then q. — do cannot be greater than — «i, nor — Ui 
be greater than 70 — «2 5 hence in this case 

7 i — CC][ = 72 — ^ 2 ? 

and iliis is the principle of § 49. 

I'rom the above form of Ttiemann's fundamental proposition 
is at onc.(! derived the second proposition of § 52, upon which 
th(‘ classilic-ation of surfaces depends. It is here assumed that 
a, niiiltiiily connected surface T can be changed into a simply 
c()iincct(:(i surface T, by q cross-cuts drawn in a definite manner, 
and it will be proved that this modification is always effected 
hv means of q non-dividing cross-cuts, in whatever way also 
tiio latvor mav be (Imwn. rrom the above proposition follows, 
first, that the surface T cannot be made simply connected by 
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less than q cross-cuts ; hence by § 48^ 14*? is possible to draw 
q cross-cuts in such a definite way that T is likewise not 
divided. Then a surface To, which consists of a single piece^ 
again arises. But this cannot be multiply connected ; for if it 
were^ we could still draw in it at least one non-dividing cross- 
cut (§ 48;, II.) and thus obtain by g + I cross-cuts a surface 
consisting of one piece, Avhile the simply connected surface 
arose through q cross-cuts ; but this contradicts the above 
proposition in the original Kiemann form. 

The property proved in § 53, Y., also requires no further 
proof if this form of the proposition serve as the basis, but 
follows at once. The question here is concerning a (cj -f- l)-ply 
connected surface T, which is therefore made simply connected 
by q cross-cuts and is divided by one additional cross-cut into 
two pieces. If a dividing cross-cut be lirst drawn instead of 
these, by which Tis divided into two pieces .1 and B, and if in 
these pieces additional cross-cuts be drawn, we still have two 
pieces, if neither A nor B be divided by tlio now cn'oss-cuts. 
But then the number of these new cross-cuts ])ossible in A. and 
B cannot, according to our proposition, be grcntcu* than q, and 
is therefore a finite number; from this the remainder follows, 
as in § 53, Y. 



